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Preface 


The aim of this book is to review the theory of some basic topics in 
Analysis and accompany the theory with problems and their solutions. 
With the problems the reader can test his/her understanding of the 
theory and also discover extensions of the theory and additional results 
which are not so standard in the literature. The topics covered span a 
more or less standard advanced undergraduate and graduate curricu- 
lum in Analysis. More precisely, we focus on the following subjects: 


1. Metric Spaces 

2. Topological Spaces (here there is also some introductory material 
on Algebraic Topology) 

3. Measure, Integration and Martingales (including L?-spaces) 

4. Measure and Topology (covering issues concerning the interplay 
between measure theory and topology) 

5. Functional Analysis (with emphasis on basic Banach space 
theory). 


Each one of the above five subjects corresponds to a different chap- 
ter. In the first part of each chapter, we present the basic theory, with 
all the main definitions and results. We also include comments and 
remarks expanding on the concepts and results, but no proofs. This 
review material will help the reader refresh his/her knowledge of the 
theory before tackling the problems. In each chapter the theory is fol- 
lowed by problems and their detailed solution. In each chapter, there 
are at least 170 problems, marked with *, «« or * * * according to 
their difficulty. Some of those problems complement the theory, while 
the rest check the reader’s understanding of the theory. We strongly 
encourage the reader to put some substantial personal effort in trying 
to solve the problem, before looking at the solution. Otherwise, they 
will get no benefit from reading the book. On the other hand, a serious 


Vv 
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effort to solve the problem themselves and subsequently compare their 
solution with the one provided (or checking to see where they failed 
to come up with the right arguments to produce a solution) will help 
them to achieve a solid understanding of the theory. 

It is not easy to provide the origin of each of the problems and of 
their solutions. They can be traced as problems included in the books 
mentioned in the literature (where they are stated without proofs), or 
they can be found in the problem books listed in the References, or they 
are standard exercises in the public domain, or they were accumulated 
through the years from teaching undergraduate and graduate courses 
on these or closely related subjects. In any case, the books mentioned 
in the References can be a valuable source for additional theoretical 
material and more problems. Our book is only the starting point 
(helpful we hope). 

The authors express their gratitude to Springer, New York, for 
its highly professional assistance and above all we want to thank our 
editor, Mrs. Elizabeth Loew, for her strong moral support, patience 
and kind understanding. 


Krakow, Poland Leszek Gasifski 
Athens, Greece Nikolaos S$. Papageorgiou 
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Chapter 1 


Metric Spaces 


1.1 Introduction 


1.1.1 Basic Definitions and Notation 


Definition 1.1 

A metric space is a pair (X,d,.) of a set X and a function d, : X x 
X —R, which has the following properties: 

(a) d,.(x,y) > 0 for all x,y € X and d,(x,y) = 0 if and only if 
= y; 

(b) d,(z,y) =d,(y, x) for all x,y € X; 

(c) d,(x,y) < d,(x,u) + d,(u,y) for all z,y,u € X (triangle in- 
equality). 

The function d,(-,-) is called a metric or distance. 


Remark 1.2 

If (a) in the above definition is replaced by a weaker requirement: 

(a)’ d, (x,y) > 0 for all x,y € X and if x = y, then d, (x,y) = 0, 
then d, is said to be a pseudometric or ecart or semimetric and 
(X,d,.) is a pseudometric space (or semimetric space). 


Example 1.3 
(a) Suppose that { (Xz, dy, eee are metric spaces and set 


N 
xX = [[ X% 
k=1 
L. Gasinski and N.S. Papageorgiou, Exercises in Analysis: Part 1, 1 
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and 


N 
L 
d, (x,y) — (So dy, (@kun)”)? Vege xX, 
k=1 


a Cosy = max (dy, (x, Yk) ° Lek N) VauyEeXx, 
where 1 < p < +00, x = (xx)P_1, y = (yx)AL, € X. Then (X, d,) 
(1 <p < +00) and (X,d_,) are metric spaces. In particular, if X; =R 


and 
dz (x,y) — |x —y| Va,y ER, 
then d, is a metric on R. For N 21, d, is the Euclidean metric on 


RX. 


(b) Suppose now that we have an infinite family {(Xis de, has of 
metric spaces and assume that 


sup {dy (x,y) : r,y € X, Res} < +00. 


We set 
xX = [[X 
k>1 
and 
is 1 
dx (@,y) = an ex, (te, Yk) Va={tehesi, y= {Yebesi © X- 


k>1 
Then (X,d,) is a metric space. 
(c) Let X be an arbitrary nonempty set and let 


7 _ 0 if r=y, 
di (x,y) = { eae. Vau,yEeX. 


Then (X, di) is a metric space and ae is called the discrete metric 
on X. 


(d) Let X = Cla, b] (the space of continuous functions on [a, b]). We 
set 


b 
dy (f,9) = if |f(t)—g(t)|dt and d¥(f,g) = max, [FO — 9| VAGEX. 
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Then (X,di,) and (X,d%) are metric spaces. However, as we will 
see later (see Remark 1.82) these metric spaces are fundamentally dif- 
ferent. We call a. the L'-metric and d>> the uniform metric or 
supremum metric on X = C{a, b]. 


(e) Let X = RU {+00} (extended real line) and set 


Arg) = |tan~! 2 — tan! y| Vau,yex 


(recall that tan~'(-+oo) = +3 and tan™ is injection). Then (X,d,) 


is a metric space. 


Proposition 1.4 
If (X,d,.) is a metric space and 


7 = d(x, ¥) 
ify) = 1+d,(a,y) ¥ aye A; 


then (X,d,) is a metric space. 


Remark 1.5 
Note that 


a (@ yy <I Va,ye xX. 


Moreover, using this proposition, we can see that the space X of all 
real sequences equipped with the distance 


Ll la, — 
dc(0.y) = D> gp eh 


art 2k 1+ |rp — yp 


is a metric space (see Example 1.3(b)). 


Definition 1.6 
Let (X,d,.) be a metric space. 
(a) The open ball centred at x) € X of radius r > 0 is defined by 


B, (ao) = {@€ X + d,(a,%9) <r}. 


(b) A set C C X is said to be bounded if it is contained in some 
open ball. The set C is unbounded if this 1s not the case. 
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(c) The diameter of a set C C X is given by 
diam C = aup {d,(o,3)': z,yeC} 


(if C=, then diam C = 0). 
(d) For any x € X and A,B C X, we define: 


dist(z,A) = inf {d,(z,a): ae A} 


and 


dist(A,B) = inf {d,(a,b): ae A, be B}. 


1.1.2 Sequences and Complete Metric Spaces 


Definition 1.7 
Let (X,d,.) be a metric space and let {in},5, C X be a sequence. 
(a) We say that the sequence {tn}n51 C X converges tox € X if and 
only if 
d,(%n,£) —>+ 0 as n—->-+00, 


i.e., for anyr > 0, we can find an integer no = no(r) > 1 such that 
In € B,(x) Yn >no. 


The point x € X is said to be the limit of the convergent sequence 
{ln}n>1- 

(b) Let (X,d,,) be a metric space. A sequence {in}ns1 C X is said to 
be a Cauchy sequence if for any given c > 0, we can find an integer 
No = No(e) > 1 such that 


Gea te) Se VY nik 2S 1p. 
(c) A metric space (X,d,) is said to be complete if every Cauchy 


sequence in X is convergent in X. 


1.1.3. Topology of Metric Spaces 


To be able to proceed further with the study of metric spaces, we need 
to introduce some topological material associated with them. We will 
return to these concepts in a more general setting in Chap. 2. 
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Definition 1.8 

Let (X,d,) be a metric space. 

(a) A set U C X is said to be open if for every x € U we can find 
r=r(e) >0 such that Ba) CU. 

(b) A set CC X is said to be closed if the set X \ C is open. 

(c) The family of open sets U C X is called the topology determined 
by the metric d, (metric topology). 

(d) A set AC X is called a neighbourhood of a point x € X if there 
exists r > 0 such that B,(x) C A. 


Proposition 1.9 

If (X,d,,) is a metric space, then 

(a) 0 and X are open sets; 

(b) if {Uihier is any family of open sets in X, then U U; is an open 


ier 
set too; 
N 
(c) if {Uys is any finite family of open sets in X, then () U;, is 
k=1 


an open set too. 
Using de Morgan laws and Definition 1.8(b), we also have 


Proposition 1.10 

If (X,dx) is a metric space, then 

(a) 0 and X are closed sets; 

(b) if {Ci}ier is any family of closed sets in X, then () C; is a closed 

EL 

set too; 
N 

(c) ig is any finite family of closed sets in X, then U Cy, is 
k=1 

a closed set too. 


We can characterize sets in terms of convergent sequences. 


Proposition 1.11 

If (X,d,,) is a metric space, 

then C C X is closed if and only if every convergent sequence 
{In}no1 © C has limit in C. 
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Definition 1.12 
Let (X,d,) be a metric space and E C X. The subspace (metric) 
topology on E induced by the metric d, is the family 


{ENU: UCX open}. 


Definition 1.13 

Let (X,d,,) be a metric space and let EC X. 

(a) We say that x € E is an interior point of EF if there exists r > 0 
such that B,(a) C E. The set of all interior points of E is called the 
interior of E and is denoted by int E. 

(b) We say that x € E is a limit (or cluster or accumulation) 
point of E if B(x) (E \ {x}) 40 for every r > 0. The union of E 
with the set of all its accumulation points is called the closure of E 
and is denoted by E. 

(c) The boundary of E is defined by OE = EN E¢. 

(d) We say that x € E is an isolated point of E, if there is an r > 0 
such that B,(x)(E\{x}) =0. Hence {x} is a relatively open subset 
of E. 

(e) We say that E C X is a perfect set if every point of E is an 
accumulation point. 


Theorem 1.14 

Let (X,d,,) be a metric space and let EC X. 

(a) x € int E if and only if there exists r > 0 such that B,(x) C E. 
(b) x € E if and only if for every r > 0, we have B,(z) NE #0. 

(c) x € OE if and only if for every r > 0, we have B,(x) NE #9 and 
B-(z)\ E490. 

(d) x is an accumulation point of E if and only if we can find a 
sequence {In}p>1 C E\ {x} such that tp, — x. 


Proposition 1.15 
Let (X,d,,) be a metric space and let E,F C X. If E C F, then 
int FE Cint F and EC F. 


Definition 1.16 
For every r > 0 and for every x € X, we define a closed ball 


B,(z) = {ue xX: d,(u,z) <r}. 
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Remark 1.17 
Any closed ball is a closed set (in the sense of Definition 1.8(b)) and 
we always have 


B,(z) C B(z) VaxeEX, r>0. 


The above inclusion in general cannot be replaced by equality. To 
see this let the set X has at least two elements and let (X, d?) bea 
discrete metric space (see Example 1.3(c)). If x € X, then 


Bi) = {2} © X = Bye). 


Proposition 1.18 

If (X,d,) is a metric space and E C X, then 

(a) int FE is open and is the union of all open sets contained in E, i.e., 
int E is the largest open set contained in E (see Proposition 1.9(b)). 
(b) E is closed and is the intersection of all closed sets which con- 


tain FE, i.e., E is the smallest closed set containing E (see Proposi- 
tion 1.10(b)). 


Corollary 1.19 

If (X,dx) is a metric space and E C X, then 
(a) E is open if and only if E = int E. 

(b) E is closed if and only if E = E. 


Definition 1.20 
Let (X,d,) be a metric space. A set DC X is dense in E C X if 
ECD. We say that D is dense (or everywhere dense) if D = X. 


Definition 1.21 

Let (X,d,.) be a metric space and x € X. 

(a) A family of open sets {U;}ie7 all containing x is said to be a local 
base at x if for every open set U containing x, we can findi € I such 
that U; C U. 

(b) A family {U;}ier of nonempty sets in X is a base for the metric 
topology of X if every open set in X is the union of a subfamily of 
{Uy er: 

(c) We say that X is second countable if it has a countable base for 
the metric topology. 
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(d) A family F of open sets in X is an open cover of X if 


LJ v=x. 


UEeF 
An open subcover of F is a subfamily of F which is an open cover 
of X. 
(e) We say that X is Lindeléf if every open cover of X contains a 
countable subcover. 
(f) We say that X is separable if it has a countable dense subset. 


Proposition 1.22 
Every metric space has a countable local base at every point. 


Remark 1.23 

The above proposition explains the name “second countable” in Def- 
inition 1.21(c). As we shall see in Chap.2, for a topological space 
the property of having a countable local base at every point is called 
first countability. The above proposition says that every metric 
space is first countable. This is the reason why sequences suffice to 
describe the various topological notions of a metric space. However 
note that not every metric space is second countable. 


Proposition 1.24 

Let (X,d,,) be a metric space. The following three properties are equiv- 
alent: 

(a) X is second countable. 

(b) X is Lindeléf. 

(c) X is separable. 


1.1.4 Baire Theorem 


One of the most important properties of a metric space is complete- 
ness and many fundamental results of analysis depend critically on 
this property. A main device through which completeness becomes a 
powerful tool is the so called Baire category theorem. 


Definition 1.25 

Let (X,d,) be a metric space. A set E C X is said to be nowhere 
dense if intE =. A set E C X is said to be meager or of first 
category if E can be written as a countable union of nowhere dense 
sets. If FE C X is not of the first category, then we say that it is of 
second category. 
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Theorem 1.26 (Baire Category Theorem) 
If (X,d,,) be a complete metric space, then 
(a) the intersection of countably many open dense sets is dense in X ; 
(b) if X = U Cy with C, C X closed, then for at least one no > 1, 


n>1 


we have intC,, #0. 


Corollary 1.27 

(a) A complete metric space is of second category. 

(b) In a complete metric space a meager set has empty interior, 1.e., 
its complement is dense in X. 


Theorem 1.28 (Cantor Intersection Theorem) 

If (X,d,) be a metric space, 

then the following two statements are equivalent: 

(a) X is complete; 

(a) every decreasing sequence {Cn},51 (t-€., Cnti S Cn for alln > 1) 
of nonempty closed sets in X such that diamC,, \, 0 as n > +00 has 
singleton intersection. 


1.1.5 Continuous and Uniformly Continuous Functions 


Definition 1.29 

Let (X,d,.) and (Y,d,,) be two metric spaces. A function f: X —> Y 
is said to be continuous at x © X if for every ¢ > 0, there exists 
56 = 0(x,¢) > 0 such that 


d,(a,y)<5 => d, (f(x), fly)) <e. 


We say that f: X —> Y is continuous, if it is continuous at every 
LEX. 


Proposition 1.30 

If (X,d,) and (Y,d,) are two metric spaces and f: X —> Y is a 
function, 

then f is continuous at x € X if and only if for any sequence 2, —> x 
in X, we have that f(an) —> f(x) in Y. 
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Corollary 1.31 

If X,Y,V are three metric spaces, f: X —> Y is continuous atx © X 
and g: Y —+V is continuous at f(x) EY, 

then the composition go f: X —> V is continuous atx EX. 


Proposition 1.32 

If (X,d,) and (Y,d,) are two metric spaces and f: X —> Y is a 
function, 

then the following statements are equivalent: 

(a) f is continuous; 

(b) for every open U CY, the set f-'(U) C X is open; 

(c) for every closed C CY, the set f-'(C) C X is closed; 

(d) f(E) C f(E) for all EC X; 

(e) f(A) C fA) for oll ACY. 


The last proposition leads to the following definition. 


Definition 1.33 

Let X,Y be two sets and let E be a proper subset of X. If f: EH — Y 
is a function, then f: X —+ Y is said to an extension of f, if 
Ali = f. The function f is called the restriction of f on FE. 


Theorem 1.34 

If X and Y are two metric spaces, DC X is dense and f: D— Y 
is a function, 

then f admits a continuous extension f: X —> Y if and only if for 
every x € X the limit lim f(u) exists in Y and is equal to f(x) if 
zeD. = 

When the extension exists, it is unique. 


Proposition 1.35 
If X and Y are two metric spaces, ¥ is a nonempty collection of 
mutually disjoint nonempty subsets of X, f: UX — Y and for each 


Ee &, we have EN (U(4 \ {E})) =9 and f|,, is continuous, 
then f: UX — Y is continuous. 


Proposition 1.36 

If (X,d,) is a metric space, 

then the metric d,: X x X —+R is continuous, where in X x X we 
consider any product metric d, with 1 <p < +00 (see Example 1.3). 
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Definition 1.37 
Suppose that (X,d,) and (Y,d,) are two metric spaces and 
f:X — Y is a function. For each x € X, we define 


w f(x) act inf diam f (B,(z)). 


The function wy is called the oscillation function for f. 


Remark 1.38 
(a) Suppose that (X,d,) and (Y,d,) are two metric spaces and 
f: X — Y is a function. The function f is continuous at « € X 
if and only if w¢(x) = 0 (see Problem 1.46). 
(b) If (X,d,,) is a metric space and f: X —> R is a function, then 
for every x € X, we have wy(x) = limsup f(u) — liminf f(u). 

Ura UE 


Definition 1.39 

Let X and Y be two metric spaces and let f: X —> Y be a func- 
tion. 

(a) We say that f is an open function if for every open set U C X, 
the set f(U) is open in Y. 

(b) We say that f is a closed function if for every closed set C C X, 
the set f(C) is closed in Y. 

(c) We say that f is ahomeomorphism if f is continuous, bijective 
and f-': Y —+ X is continuous (i.e., f is bicontinuous bijection). 
The metric spaces X and Y are said to be homeomorphic spaces if 
there exists a homeomorphism f: X — Y. 


Theorem 1.40 

If X and Y are two metric spaces and f: X —+ Y is bijective, 
then the following statements are equivalent: 

(a) f is a homeomorphism; 

(b) f is continuous and open; 

(c) f is continuous and closed; 

(d) f(E) = f(E) for every EC X. 
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Definition 1.41 

Let (X,d,.) and (Y,d,,) be two metric spaces. A function f: X —> Y 
is an isometry if dy (f (21), f(z2)) = dx (x1, 22) for all x1,r2 € X. 
The metric spaces X and Y are said to be isometric. 


Evidently an isometry is a continuous function. 


Remark 1.42 

Using the notions of homeomorphism and isometry, we can speak 
about the topological properties and the metric properties of a met- 
ric space X. Topological are those properties which are preserved by 
homeomorphisms, and metric are those properties which are preserved 
by isometrics. For example openness, closedness or being a convergent 
sequence in X are topological properties of X, while Cauchy sequences 
and completeness are metric properties. Of course the topological 
structure is more flexible than the metric structure. 


The next theorem is a particular case of the so called Urysohn 
lemma (see Theorem 2.136). 


Theorem 1.43 
If X is a metric space and A,C C X are disjoint closed sets, 
then there is a continuous function f: X —> [0,1] such that 


fl, = 9 and fl, = 1 


Similarly the next theorem is a particular case of the so called 
Tietze extension theorem (see Theorem 2.138). 


Theorem 1.44 

If X is a metric space, C C X is a nonempty closed subset and 
f:C —R is a continuous function, 

then f admits a continuous extension f: X —- Y such that 


inf f(X) = inf f(C) and sup f(X) = sup f(C). 
In the definition of continuity (see Definition 1.29), 6 depends on 


x and ¢. If 6 can be chosen independently of « € X, then we have a 
stronger form of continuity called uniform continuity. 
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Definition 1.45 

Let (X,d,) and (Y,d,,) be two metric spaces and f: X —>Y. We 
say that f is uniformly continuous if for every « > 0, there exists 
5 = 0(€) > 0 such that 


(Bi 9) <6 => dy. (f (x1), f(x2)) <i Es 


Proposition 1.46 

Let X,Y,V_ be three metric spaces. 

(a) If f: X — Y is uniformly continuous and E C X, then f|,, is 
uniformly continuous too. 

(b) If f: X —> Y is uniformly continuous, then maps Cauchy se- 
quences to Cauchy sequences. 

(c) If f: X —> Y and g: Y —>+ V are both uniformly continuous 
functions, then so is go f: X —>Y; 


Combining Theorem 1.34 with Proposition 1.46(b), we get at once 
the following fundamental extension theorem. 


Theorem 1.47 

If X and Y are metric spaces, Y is complete, D C X is dense and 
f:D—Y is a uniformly continuous function, 

then f admits a uniformly continuous extension f: xX —Y. 


An important subclass of uniformly continuous functions are the 
so called Lipschitz functions. 


Definition 1.48 

Let (X,d,) and (Y,d,) be two metric spaces, k > O and let 
f:X — Y be a function. 

(a) We say that f is Lipschitz continuous with Lipschitz constant 
k (or k-Lipschitz), af 


dy (f (x1), f(x2)) < kd, (x1, £2) V v1,%2 € X. 


Ifk € (0,1), then we say that f is a contraction or k-contraction. 
Ifk =1, then we say that f is nonexpansive. 

(b) We say that f is a locally Lipschitz function if for all x € X, 
we can find an open set U, such that x € Uz, and a constant ky, > 0 
such that 


dy (f (21), f(x2)) < kydy (x1, 2) Vv 21,72 € Uy. 
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Theorem 1.49 (Banach Fixed Point Theorem) 
If (X,d,) is a complete metric space and f: X —+ X is a contraction, 
then there exists unique x9 € X such that f (xo) = xo (Xo is called fixed 


point of f). 


1.1.6 Completion of Metric Spaces: Equivalence 
of Metrics 


Definition 1.50 

Let (X,d,,) be a metric space. The metric space (Y,d,,) is said to be 
a completion of (X,d,.) if (Y,d,,) is complete and X is isometric to 
a dense subset of Y. 


Theorem 1.51 

Every metric space (X,d,) has a completion and any two completions 
of X are isometric, t.e., if (Yi,d,y,) and (Y2,d,,) are completions of 
(X,d,), then there exists an isometry p: Y; —> Yo. 


As we already mentioned in Remark 1.42, homeomorphic but non- 
isometric spaces need not have the same Cauchy sequences. To guar- 
antee this, we need for the metrics to satisfy the following. 


Definition 1.52 

Let dy. and ae. be two metrics on X. We say that d. and a. are 
(topologically) equivalent if for every sequence {%n}y5, C X and 
xe xX, we have 


dense) —- 0 —+ a — 0. 


Then the metric spaces (X,d\,) and (X,d2.) are said to be (topologi- 
cally) equivalent metric spaces. 


Remark 1.53 
By Proposition 1.30, two metrics dy. and a on X are (topologically) 
equivalent if and only if the identity function 


i: (X,d,) —> (X,d2) 


is a homeomorphism. This is equivalent to saying that the metric 
topologies corresponding to d}, and d2. (see Definition 1.8(c)) are iden- 
tical. This justifies the term “topologically”. Continuing in this path, 
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we say that metrics d. and a on X are uniformly equivalent if 
and only if the identity functions 


a: (Xd_) =) GOA@) and 72 OG) 3 Gd) 
x x x x 


are both uniformly continuous and we say that metrics dy. and de on 
X are Lipschitz equivalent if and only if both the above identity 
functions i and 7’ are Lipschitz continuous. 


Proposition 1.54 
Two metrics a and a. on X are Lipschitz equivalent if and only if 
there exist 0) > B > 0 such that 


Bd, (21, £2) < a (x1, £2) < Od) (x1, 2) V x1,%2 € X. 


Evidently the isometry satisfies all three equivalences (topological, 
uniform and Lipschitz). So, it is the strongest form of equivalence be- 
tween metric spaces. Definition 1.52 and Remark 1.53 prompt us to 
introduce some weaker forms of equivalence of different metric spaces. 
In fact the first one (homeomorphic) has already been introduced in 
Definition 1.39(c), but for the sake of completeness we recall its defi- 
nition here. 


Definition 1.55 

Let (X,d,,) and (Y,d,,) be two metric spaces. 

(a) X and Y are said to be homeomorphic (or topologically 
homeomorphic) if there exists a homeomorphism (i.e., a bicontin- 
uous bijection) f: X —>Y. 

(b) X and Y are said to be uniformly equivalent if there exists a 
bijective function f: X —> Y such that both f and f~! are uniformly 
continuous. 

(c) X and Y are said to be Lipschitz equivalent if there exists a 
bijective function f: X —+ Y such that both f and f—! are Lipschitz 
continuous. 


Definition 1.56 

A metric space (X,d,) is said to be topologically complete if there 
is a metric dy which is (topologically) equivalent to d,. such that the 
space (X,d,) is complete. 
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Definition 1.57 
Let X be a metric space. 
(a) A set E C X is said to be a G5-set if E = () Un, with U, C X 


n>1 
open for alln > 1. 


(b) A set DC X is said to be a Fy-set if D= U Cy, with C, C X 
ne1 
closed for alln > 1. 


The next theorem characterizes topologically complete metric 
spaces. 


Theorem 1.58 (Alerandrov Theorem) 
A metric space (X,d,,) is topologically complete if and only if X is a 
G5-set in its completion. 


1.1.7 Pointwise and Uniform Convergence of Maps 


Next we introduce two modes of convergence for sequences of functions. 
Definition 1.59 
Let X be a set and (Y,d,) a metric space. Consider functions 


fny: X —Y forn>landf:xX 3 Y. 
(a) We say that the sequence {fn}ns, converges pointwise to f if 


dy (fale), f(@)) — 0 asn>+co Vue X. 


We denote it by 
data ate 


(b) We say that the sequence { fnr}ns, converges uniformly to f if 


sup dy (fn(z), f(x)) —+ 0 asn— +oo. 
cEx 


We denote it by 
fn = f. 


Remark 1.60 
It is clear from the above definition that uniform convergence implies 
pointwise convergence. The converse is not true. 
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Example 1.61 

Continuity is not preserved by pointwise convergence. Let X = Y = 
[0,1] with the metric induced from R and consider the sequence of 
functions f,,: [0,1] —> [0,1], defined by 


faa" Vee Dll, a S14, 
Then 
Fn == ve 
where f is the discontinuous (at x = 1) function 


_ f 0 if xe (0,1), 
H(z) = { 1 if e=1. 


The sequence { fn},,5; does not converge uniformly. 


Proposition 1.62 
If (X,d,) and (Y,dy,) are two metric spaces and { fn: X — Y}, 31 
is a sequence of continuous functions such that 


jie = F; 


then f: X —>+ Y is continuous (i.e., the uniform limit of continuous 
functions is a continuous function). 


1.1.8 Compact Metric Spaces 


In Definition 1.21(d), we introduced the notion of open cover. Using 
it we can introduce the important notion of compactness. 


Definition 1.63 

We say that a metric space (X,d,.) is compact if every open cover F 
of X has a finite subcover, i.e., there is a finite subfamily {Ux }*_, C F 
such that X = gna U,. A set E C X is said to be compact if it is 
compact for the subspace metric topology (see Definition 1.12). 


Remark 1.64 

Evidently E C X is compact if and only if every family of open 
sets in X whose union contains FE has a finite subfamily whose union 
contains FE. 


Directly from De Morgan law, we obtain the following result. 
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Proposition 1.65 
A metric space X is compact if and only if every family of closed sets 
with empty intersection has a finite subfamily with empty intersection. 


Definition 1.66 

Let X be a metric space. A family F of subsets of X is said to have 
the finite intersection property if every finite subfamily of F has a 
nonempty intersection. 


Proposition 1.67 

A metric space X is compact if and only if every family of closed 
subsets of X with the finite intersection property has nonempty inter- 
section. 


A direct consequence of Proposition 1.24 is the following result. 


Proposition 1.68 
Every compact metric space is separable. 


Proposition 1.69 

Let X be a metric space. 

(a) Every compact subset of X is closed and bounded. 
(b) Every closed subset of a compact set is compact. 


Definition 1.70 

Let (X,d,,) be a metric space. 

(a) We say that a set E C X is sequentially compact if every 
sequence {n}n>1 C E has a subsequence {In,},5, which converges to 
a point of E. 

(b) We say that a set E C X is totally bounded if for any « > 0 
there is a finite number of open balls Bz(xzp), k =1,...,N, with centres 
tp © X such that 


N 
Eo U B-(&x). 
k=1 
The set fig hy of the centres of the balls is called an e-net of E. 


Theorem 1.71 
Let X be a metric space. The following statements are equivalent: 
(a) X is compact; 
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(b) X is sequentially compact; 
(c) X is complete and totally bounded. 


Definition 1.72 

Suppose that X and Y are two metric spaces and f: X —> Y is a 
function. We say that f is proper if the inverse image of any compact 
set in Y is compact in X. 


Remark 1.73 

Even if f is continuous, f need not be proper. For example a constant 
R-valued function on a noncompact metric space is continuous but not 
proper. 


The next few results relate compactness with continuous functions. 


Proposition 1.74 

If X and Y are two metric spaces, f: X —> Y is a continuous 
function and E C X is a compact set, 

then f(E) C Y is compact (i.e., continuous functions send compact 
sets to compact sets). 


Theorem 1.75 (Weierstrass Theorem) 

If X is a compact metric space and f: X —> R is a continuous 
function, 

then f attains its supremum and infimum, i.e., there exist x,& © X 
such that 


f(x) = inf F(X) and f@) = sup f(X). 


Proposition 1.76 

If X and Y are two metric spaces, X is compact and f: X —> Y is 
a continuous bijection, 

then f is a homeomorphism. 


Proposition 1.77 

If X and Y are two metric spaces, X is compact and f: X —+Y is 
continuous, 

then f is uniformly continuous. 
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Many important spaces in analysis (such as R‘) are not compact, 
but behave locally as compact spaces. 


Definition 1.78 

A metric space (X,d,) is said to be locally compact if each point 
xz € X has a closed ball B,(x) which is compact. Equivalently, we can 
say that a metric space (X,d,,) is locally compact, if every point x © X 
has an open neighbourhood U C X (see Definition 1.8(d)) such that U 
is compact (cf. Proposition 1.69). 


Theorem 1.79 

If X is a locally compact metric space, 

then the following statements are equivalent: 

(a) X = U Ky with each K, C X compact (i.e., X is o-compact); 
n>1 

(b) X is separable; 

(c) there exists an increasing sequence {Un}ys1 of open sets in X 


such that Un is compact and Un, C Un+1 for alln > 1 and we have 
X= Unst Un. 


Proposition 1.80 

Any open or closed subset of a locally compact metric space is itself 
locally compact. Also a locally compact metric space is open in its 
completion. 


Definition 1.81 
We say that a metric space X is a Baire metric space if every 


intersection of a nonempty countable collection of open dense subsets 
of X is dense in X. 


For a given metric space X, let 
O(X) = {f:X —R: f continuous}. 
We furnish C(X) with the supremum metric d™, defined by 
d(f,9) = max | f(x) — g(2)| 


(see Example 1.3(d), where X = [a,b] C R). Then by Proposition 1.62, 
(C(X),d°°) is a complete metric space. 
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Remark 1.82 
If X = [a,b] and instead of d°° we use metric 


b 
(fa) = f se) -9(| at 
(see Example 1.3(d)), then (C(X),d') is not a complete metric space. 


Definition 1.83 

Let (X,d,.) be a metric space and let Y be a family of functions 
f:X OR. 

(a) We say that Y is equicontinuous at x € X if for any given 
E> 0, we can find 6 = d(€,x) > 0 such that 


d,(z,uy<d = > |f(@)—f@)|<e VfeEy. 


(b) We say that Y is pointwise bounded if for every x © X we can 
find M, > 0 such that 


\f@z)| < Mp Vfey. 


(c) We say that Y is uniformly equicontinuous on X, if it is 
equicontinuous at every x © X and the 6 > 0 in the definition (a) 
above can be chosen independently of x © X. 

(d) We say that Y is uniformly bounded if there exists M > 0 such 
that 


lf(z)| <M VfeEy, rex. 


Theorem 1.84 (Arzela—Ascoli Theorem) 

If X is a compact metric space and K C C(X) is equicontinuous at 
each x € X and pointwise bounded, then 

(a) K is uniformly equicontinuous and uniformly bounded on X; 

(b) K is relatively compact in (C(X),d®) (i.e., K° is compact in 
C(X)); 


In fact (a) and (b) are equivalent. 
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1.1.9 Connectedness 


After compactness, we introduce connectedness which is the other fun- 
damental topological notion in the theory of metric spaces. 


Definition 1.85 

Let X be a metric space. A separation of X is a pair of nonempty, 
disjoint open sets U,V C X such that X = UUV. We say that 
X is disconnected if there exists a separation of X and connected 
otherwise. 


Remark 1.86 

Connectedness is a property of a space, not a property of subsets as 
are, for example, openness and closedness. Of course, we can talk 
about connected subsets of X, by which we mean connected in the 
subspace metric topology. In this context we can always consider a 
separation of E C X to be a pair of open sets U,V C X such that 
UNE#4#0,VNEFDand ECUUYV. Note that if the pair {U,V} 
is a separation for the disconnected metric space X, then U and V 
are also closed (such sets which are both open and closed are called 
clopen). Finally, if AC Y C X, then A is connected in X if and only 
if it is connected in Y. 


Proposition 1.87 
A metric space X is connected if and only if the only subsets of X 
which are both open and closed (i.e., are clopen) are 0 and X itself. 


Proposition 1.88 
A nonempty subset of R is connected if and only if it is an interval. 


Proposition 1.89 

If X is a metric space and E C X is a connected set, 
then so is every set A such that EC ACE. 

In particular the closure of a connected set is connected. 


The well known Bolzano Theorem (or Intermediate Value 
Theorem) from introductory calculus is a particular case of the fol- 
lowing more general theorem. 


Theorem 1.90 
The continuous image of a connected metric space is connected. 
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Simple examples show that the intersection of two connected metric 
spaces need not be connected. Under certain conditions, a union of 
connected subsets is connected. 


Theorem 1.91 

If X is a metric space, {F;}icr is a family of connected subsets of X 
and at least one of the following conditions is satisfied: 

(a) Ex; NE; £9 for alli,j € I; 

(b) there exists ig such that A; E;, 4% for alli € I, 


then the set EF = |) E; is connected. 
iel 


Definition 1.92 
Let X be a metric space andx € X. The union C(x) of all con- 
nected subsets of X containing x is called the connected component 


of x. Evidently C(x) is a maximal connected subset of X (see Theo- 
rem 1.91). 


Proposition 1.93 

If X is a metric space, then 

(a) the distinct connected components of X form a partition of X; 
(b) every connected component C C X is closed; 

(c) every nonempty connected subset of X which is both open and 
closed is a connected component of X ; 


(d) ify € C(x), then C(x) = C(y). 


Definition 1.94 
A metric space X in which the connected components are all singleton 
sets is said to be totally disconnected. 


As with compactness (see Definition 1.78), we can have a local 
version of the notion of connectedness. 


Definition 1.95 

A metric space X is said to be locally connected at x if it has a 
local basis at x (see Definition 1.21(a)) consisting of connected sets. 
We say that X is locally connected, if it is locally connected at every 
point x € X, t.e., X has a basis for the metric topology (see Defini- 
tion 1.21(b)) consisting of open connected sets. 
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Proposition 1.96 
A metric space X is locally connected if and only if for every open set 
U CX, the connected components of U are open too. 


This is another notion of connectedness of metric spaces. 


Definition 1.97 
A metric space X is said to be path-connected if for every 11,22 © X 
there is a continuous function (path) f: [0,1] —>+ X such that f(0) = 
gy and Ff) = 29. 


Proposition 1.98 

If X is a metric space and xo € X, 

then X is path-connected if and only if every x © X can be joined to 
xo by a path. 

Proposition 1.99 


A path-connected metric space is connected, but the converse fails in 
general. 


Example 1.100 
Consider E C R?, defined by E = GU 7p, where 


G = 3 (2,22 ER?:0<2, < 2,2. =sint}, To = {0} x |-1, 1]. 
Tv x 


Then F is connected but not path-connected. 


ss ea 0 ea ca I a 


STS) eeeeeenean 


As for connected metric spaces (see Theorems 1.90 and 1.91), we 
have corresponding properties for path-connected spaces. 


1.1. Introduction 25 


Proposition 1.101 

(a) The continuous image of a path-connected metric space is path- 
connected. 

(b) If {Eihier is a family of path-connected subsets of X such that 


() E; £0, then the set \) E; is path-connected too. 
tel ie. 


By Proposition 1.101(b) one can make the following definition. 


Definition 1.102 

Let X be a metric space and let x € X. The path-connected com- 
ponent of x in X is the maximal subset of X containing x which is 
path-connected. 


Definition 1.103 

A metric space X is said to be locally path-connected at x if it has 
a local basis at x consisting of path-connected sets. We say that X is 
locally path-connected, if it is locally path-connected at every point 
x €e X, i.e., X has a basis for the metric topology consisting of open 
path-connected sets. 


Proposition 1.104 

If X is a metric space, 

then the following two statements are equivalent: 

(a) X is locally path-connected; 

(b) the path-connected components of X are open (hence closed too). 


Proposition 1.105 

If X is a locally path-connected metric space, 

then the connected components and the path-connected components of 
X coincide. 

Moreover, X is connected if and only if it is path-connected. 


Remark 1.106 

Another way to view the connected and the path-connected compo- 
nents of a metric space X is the following. We define an equiva- 
lence relation on X, called the connectivity relation (respectively, 
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path-connectivity relation), by saying that x; ~ x if there exists 
a connected subset of X containing both x; and x2 (respectively, if 
there is a path in X from x; to x2). Then X/.~ (the set of equivalence 
classes) are the connected (respectively, path-connected) components 
of X. 


Theorem 1.107 
If X is a connected, locally compact metric space, 
then X is a-compact (see Theorem 1.79). 


Definition 1.108 

Let (X,d,) be a metric space. For x,u € X and e > 0 an e-chain 
connecting x and u is a finite set {co,...,Cn} CG X such that co = u, 
Cn = u and dy (ck, Chi1) <€ for allk € {0,...,n—-1}. We write x © u, 
if there exists an €-chain connecting x and u (evidently for every e > 0 
this is an equivalence relation). We say that X is well-chained if for 
every € > 0 and all z,u € X, we have x ~ u. 


1.1.10 Partitions of Unity 


Definition 1.109 
Let X be a cover of a metric space X (i.e., X is a family of sets such 


that UU AD X). We say that X is locally finite if for every x € X, 
AEX 
there is an open set U > x (a neighbourhood of x) which intersects 


only a finite number of sets in X. 


Definition 1.110 
Let X be a metric space and let f: X —> R be a function. The 
support of f is defined as 


suppf = {reX: f(a) #0}. 


Definition 1.111 

A family {yi}ier of continuous functions from a metric space X is 

called a partition of unity if 

(a) the family {{x € X: v(x) £0} i is a locally finite open cover 

of X; 

(b) for all x € X, we have >> yi(x) = 1 (from (a) we see that for 
tel 


each x € X, the sum has only finitely many nonzero terms). 
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If X is an open cover of X and for eachi € I, there is some U € X 
such that supp y; C U, then we say that the partition of unity {yi bier 
is subordinate to X. 


Since an open cover may not be locally finite, we need the notion 
of a refinement. 


Definition 1.112 

Let X be a cover of the metric space X. A cover Xo is called a re- 
finement of X if for every Up © Xo, we can find a set U € X such 
that Uo C U. 


Theorem 1.113 

If X is a locally compact, o-compact metric space and X is an open 
cover of X, 

then X has a countable locally finite open refinement Xo. 

Moreover, if Up € Xo, then Ug is compact. 


Proposition 1.114 

If X is ao-compact metric space and X is a locally finite open cover 
OFX, 

then X is countable. 


The next result provides a crucial tool to construct a partition of 
unity for locally compact, o-compact metric spaces. 


Theorem 1.115 (Shrinking Lemma) 

If X is a locally compact, o-compact metric spaces and X is a locally 
finite open cover of X, 

then for each U € X, we can find an open set V,, such that V,, CU 


and Xo = {V,, : UE x} is a locally finite open cover of X. 


Theorem 1.116 

If X is a locally compact, o-compact metric spaces and X is an open 
cover of X, 

then there is a partition of unity subordinate to X. 
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1.1.11 Products of Metric Spaces 


Definition 1.117 
Let (Xz, d, a for k = 1,...,N, be metric spaces and for x = 


N 
(v1,---,@n), y=(y1,---,yn) © X = [|] Xz, we define 
k=1 
dS (z,y) = max {dy (Gp, Ue) 2 B= Ligenog it 
(see also Example 1.3(a)). 
Proposition 1.118 
(X,d%°) is a metric space and it is called the product metric space of 


Mien 


Remark 1.119 


N 
Other equivalent metrics on X = [|] Xz, are 


k=l 
i 1 
B(x,y) = (Y5> (dx, (te, ¥n))”)? 
k=l 
with 1 < p< -+oo. Note that 
N 
d® (x,y) < @(x,y) < diay) <nd&(x,y) Va,yeX = ]] Xe. 
k=1 


Thus all the above metrics are Lipschitz equivalent (see Remark 1.53 
and Proposition 1.54). 


Proposition 1.120 


N 
For a givenx € X = [| X_ andr >0, we have 
k=1 


N 


B(x) = [] BX (ex), 


k=1 


where BX*(a,) = {ue Xx: dy (U, 2k) < Pi 
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Corollary 1.121 
The family 


N 
{][ Be (ar): tp Ee Xp, LKKE<KN, r>o} 
k=1 


N 
is a basis for the product metric topology on X = [| Xx. 
k=1 


Proposition 1.122 
If Up © Xz, fork =1,...,N, are open subsets of Xx, 


N N 
then U = [| Ux is an open subset of X = [| Xx. 
k=1 k=1 


Definition 1.123 7“ 
For the given product set X = [|] Xz, we can always define the pro- 


k=1 
jection on the nth factor 
N 
Pn: X =|] Xp — Xn 
k=1 


(= 1gcdagiNy- by 
Pn(x) = In OS igweny tN) EX. 


Proposition 1.124 


N 
Tf Xia a fork =1,...,N, are metric spaces and X = [| Xx is 
a k=1 
furnished with the d3°-metric, 


N 
then the projection map pn: : X = [] Xp — Xy is continuous and 


open. 


Remark 1.125 
The projection function py, is in general not closed. 


Proposition 1.126 

If (Xz, dx ay fork =1,...,N and (Y,d,,) are all metric spaces, 
then f: Y is (X,d2) as kccontaninons (respectively, uniformly contin- 
uous) if and only if for every k = 1,...,N, the composite function 
prof: ¥Y —>+ Xx is continuous (respectively, uniformly continuous). 
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Proposition 1.127 

If (Xi dy, ); fork =1,...,N are metric spaces and E, C Xx, for 
ae 

then 


We can also consider infinite metric products. So, suppose that we 


have a sequence {Bes dy as of metric space such that 


sup {d,, (x,y) : x,yeE X, n> 1} < M 


for some M > 0. Then we define 


i 1 
d, (x,y) = De gr txn (ns Yn) Va,yeX = ][ Xn 


nel n>1 
(see Example 1.3(b)). 
Proposition 1.128 
(X,d,.) is a metric space. 
We consider the family 


B= Bray = T] 82" (en) x II X,i LEX = [] 4». meN,r > oO}. 
n=1 


n>m+1 n>1 


Proposition 1.129 
B is a basis for the d,.-metric topology on X = [| Xn. 


nel 


Proposition 1.130 
(X = |[[ Aad) is a complete (respectively, compact) metric space 
n>1 


if and only if each (Xn,dx,), for n > 1, is a complete (respectively, 
compact) metric space. 


We conclude with a theorem, which is useful in many theoretical 
and applied settings. 
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Theorem 1.131 
(a) If X is any set, (Y,d) is a complete metric space and 


B(X;Y) = {f:X SY: f is bounded (i.e., diam f(X) < +00)} 
furnished with the supremum distance 


d (u,v) = sup d(u(z),v(0)), 
cEXx 
then (Bo(X :¥); of is a complete metric space. 
(b) If (X,d,.) and (Y,d,,) are two metric spaces with Y being complete 
and 
Ch — ee {f EC(X;Y): f is bounded}, 


then (Cp(X;Y),d™) is complete. 


1.1.12 Auxiliary Notions 


Let us introduce some notions that will be needed in the forthcoming 
problems. 


Definition 1.132 
(a) For any function f: X —> Y, the graph of f is the set Gr f C 
X XY, defined by 


Grf = {(2,y)EXxY: y= fe) 


(b) For any function f: X —+R, the epigraph of f is the set epi f C 
X XR, defined by 


epif = {(x,A)EX xR: f(x) <A}. 


Definition 1.133 

Suppose that (X,d,) is a metric space and {En}y51 is a sequence 
of subsets (possibly empty) of X. We define the lower Kuratowski 
limit of the sets {En}ns1, by 


liminf E, = {zx EX: for every r > 0 there is an integer n, > 1, 


N—-+00 


such that B,(x)N E, £0 for alln > n, } 
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and the upper Kuratowski limit of sets {En}ys1, by 


limsup EF, = 1% EX: for everyr >0, we have B,(x) NE, #9, 


n—- +00 


for an infinite number of the sets Ey, }. 


Definition 1.134 

Suppose that (X,d,) is a bounded metric space and Py (Xx) denotes the 
collection of nonempty closed subsets of X. For every A,B © Pr (Xs 
we set 


h(A, B) ae sup {|dist(x, A) — dist(x, B)|: « € X}. 
The metric space (Py (X),h) is called the Hausdorff metric space 
on P(X) (see Problem 1.176). 


We write Ay A for the convergence in the Hausdorff metric 
space (P(X), h) (i654 Ay ay A, if h(An, A) — 0). 


Definition 1.135 

Suppose that X is a metric space and f: X —>+R is a function. 

(a) We say that f has a local minimum at x € X if there exists an 
open set U, containing x such that f(x) < f(u) for allu € Uy,. 

(b) We say that f has a strict local minimum at x € X if there 
exists an open set U, containing x such that f(x) < f(u) for allu € 
(c) We say that f has a local maximum at x € X if there exists an 
open set U, containing x such that f(x) > f(u) for allu € U;,. 

(d) We say that f has a strict local maximum at x € X if there 
exists an open set Uz containing x such that f(x) > f(u) for allu € 
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1.2 Problems 


Problem 1.1* 
Suppose that (X,d,) is a metric space. Show that a Cauchy sequence 
in X converges if and only if it has a convergent subsequence. 


Problem 1.2* 

Suppose that (X,d,) is a metric space and {x,},,5, is a sequence in 
X. Assume that subsequences {Z2n}y31, {Zantifns, and {T3n}ns1 
converge. Show that {n},,, is a convergent sequence. 


Problem 1.3* 

Suppose that (X,d,) is a metric space, x € X and {%n},51 is a 
sequence in X such that for any subsequence {@n,},51 © {@n}nsis 
we can find a further subsequence 12, isa © {ln }p5, Such that 


lim 2, = 2, then lim «2, = & (we call this property Urysohn 
I++00 t n— +00 
criterion for convergence). 


Problem 1.4* 

Suppose that (X,d,) is a metric space and {x,},,, C X is a Cauchy 
sequence. Show that we can find a subsequence {%p, },51 Of {@n}ns1 
such that 


Mots Cae) 3 Vkjm>1,k<m. 


Problem 1.5* 

Suppose that (X,d,) is a metric space and {%p},,5, is a Cauchy se- 
quence in X. 

(a) Show that we can find a subsequence {2p, } por Of {€ntno1 Such 
that 


S- CSD ijcn s OOO: 
k>1 


(b) Show that, if every sequence {yn},,5, in X, which satisfies 


Ss" dy (Yn: Yn+1) < +00, 


n>1 


is convergent, then X is complete. 
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Problem 1.6* 
leh SS 40 = {tn}nsy : Un €R, Dos, |unl < +00} be equipped 


with the metric 


d,(@,2) = So |un-an| Va,eeF. 


n>1 


Also let 
Co & {ti El! : there exists no > 1 such that u, = 0 for all n > no}. 


Show that: 
(a) (l',d,) is a complete metric space; 
(b) co is dense in /'. 


Problem 1.7 ** 
Show that there is a function f: R —> R such that 


{z ER: f is discontinuous at a} = Q. 


Problem 1.8* 
Let (X,d,) be a metric space. Show that X is a singleton if and only 
if every bounded sequence is convergent. 


Problem 1.9* 
Show that every complete subspace C' of a metric space X is closed. 


Problem 1.10** 

Let M C C{a,)] be the set of all functions f € C([a,b]) which are 
monotone on [c,d] C [a,b] with [c,d] nonempty and not a singleton. 
Show that int M =. As usual on C([a, b]) we consider the supremum 
metric d®© (see Example 1.3(d)). 


Problem 1.11* 
Suppose that X is a metric space and EF C X. Show that x is an 
accumulation point of F if and only if x € E \ {x}. 


Problem 1.12 * 

Suppose that X is a metric space and D is a dense subset of X. For 
every nonempty open set U C X, show that U C UNM D. In particular 
U1 D is dense in U with the subspace metric topology. 
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Problem 1.13 ** 
Let D CR be a nonempty set and let 


BE # {x €D: we can find ¢ > 0 such that («,2+¢) 1D =9}. 
Show that F is at most countable. 


Problem 1.14 ** 
Suppose that (X,d,) is a metric space and J is a countable family of 


separable metric subspaces of X. Show that Xo = (U Y is separable. 
Yey 


Problem 1.15 * 
(a) Give an example of a metric space (X,d,) and of two balls 


Br(x) € B,(y), where R>randz,y€ X. 
(b) Show that, if Br(x) ¢ B,(y) for some R,r > 0 and z,y € X, 
then R < 2r. 


Problem 1.16 ** 

Let X be a separable metric space. Show that X = U UC, where U 
is open and countable, C is a closed set containing only accumulation 
points (i.e., C is perfect) and UNC = 9. This is the so called Cantor— 
Bendixson theorem. 


Problem 1.17 *** 
Let {@n}p>1 be an enumeration of the rational numbers in R. For each 
x € R, we set 


def 


Ge {nEN: gn < zh. 


We introduce the function f:R — R by 
1 


Qn’ 
neLy 


f(a) = 
Clearly f is strictly increasing, it has a jump discontinuity at every 
rational number and 
f(z) 0 asx—>-oo and f(#)—1 asx—>-+oo. 


Show that f is right continuous and f|,... is continuous. 


R\Q 
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Problem 1.18 ** 
Let [°° be the space of all bounded sequences in R furnished with the 
supremum metric d®, defined by 


d™ (x, y)=sup {|rn—Yn| Ine 1} Vr= {Zn}n>1> y= {Yn}n>1 a 


Show that /° is not separable. 


Problem 1.19 ** 
Show that if X is a separable metric space, then card X < ¢ (where ¢ = 


card 2N; assuming the continuum hypothesis ¢ is the cardinal number 
of R). 


Problem 1.20 ** 
Suppose that (X,d,.) is an unbounded metric space. Show that X 
admits a sequence with no convergent subsequence. 


Problem 1.21 ** 

Suppose that (X,d,) is a metric space and y: [0, +00) (0, +00) 
is a nontrivial, increasing concave function such that y(0) = 0. Show 
that the function, defined by 


d.(z,y) = g(dy(z,y)) WayeXx 


is a metric on X. 


Problem 1.22 ** 

(a) Suppose that X and Y are two metric spaces and E,C C X are 
two nonempty open (or closed) sets such that X = EUC. Assume 
that fy: BE —> Y and fo: C — Y are both continuous and fi = 


ENC 
Joho Let g: X —> Y be defined by 


def f{ fi(x) if ce, 
OMe) ee if reEC. 


Show that g is continuous. 


(b) Is the conclusion true, if we drop the hypothesis that E,C are 
both open (or close) subsets of X? 


Problem 1.23 ** 
Suppose that X is a separable metric space and 


def 


yy eee {U CX: Uisopen}, Y% {C CX: Cis closed}. 
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Show that 
card Y, = card < c 


(c = card 2N; we assume the continuum hypothesis). 


Problem 1.24 * 

(a) Suppose that (X,d,) is a metric space and {%p},5, C X is a 
sequence. Suppose that u, —> u in X where for all n > 1, up is 
an accumulation point of the sequence {%p},,5;. Show that wu is an 
accumulation point of the sequence {Zn}n>t1- 

(b) Show that the set of accumulation points of any sequence in a 


metric space is closed. 


Problem 1.25 ** ie 
Suppose that E is a set and B(E) = {f:E—R: f is bounded}. 
We furnish B(E) with the supremum metric 


OO def 
d(f,9) = sup| f(s) — 9(s)]. 
scE 
Show that (B(£),d®) is a complete metric space. 


Problem 1.26 ** 

Suppose that X is a separable metric space and f: X —> Risa 
function. Let L be the set of all strict local minimizers of f. Show 
that LZ is at most countable. 


Problem 1.27 ** 

(a) Let (X,d,) and (Y,d,,) be two metric spaces, let f: X —+ Y be 
a continuous function and let {Cy},,5, be a sequence of subsets of X 
such that () C, 4 @ and diam C,, —> 0. Show that diam f(C,,) —> 0 


n>1 
asn— +o. 


(b) Is it possible to drop the hypothesis that () C, 4 0? Justify your 
>1 
answer. iA 


Problem 1.28 ** 

Suppose that X is a metric space and D C X is anonempty and closed 
or open set. Show that 0D (the boundary of D) is nowhere dense. Is 
this true if D is an arbitrary nonempty subset of X? 
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Problem 1.29 * 
Show that in a metric space X every nowhere dense set has a dense 
complement. Is the converse true? Justify your answer. 


Problem 1.30* 

Suppose that (X,d,) is a metric space and let C be a nonempty, closed 
subset of X. Show that C' in nowhere dense if and only if for every 
nonempty open set U, we can find a ball in U\ C. 


Problem 1.31 *** 

Suppose that (X,d,,) is a complete metric space and D is a nonempty 
perfect subset of X. Show that card D > c (c being the cardinality of 
the continuum). 


Problem 1.32 * 
Use the Baire category theorem, to show that I = [0,1] is uncountable. 


Problem 1.33 * 
Show that a countable complete metric space has an isolated point. 


Problem 1.34 ** 
Suppose that X is a complete metric space and {Cp}, is a sequence 
of nonempty closed subsets of X such that X = (J C,. Show that 


nel 
the set (J int C, is dense in X. 


n>1 


Problem 1.35 *** 
Suppose that (I°°,d°°) is as in Problem 1.18 and C C /* is the subset 
of all convergent real sequences. Show that C' is nowhere dense in /™. 


Problem 1.36 ** 

Suppose that X and Y are metric spaces and f: X —> Y isa function. 
Show that the following two statements are equivalent: 

(a) f is uniformly continuous; 

(b) for all sequences {Un}ns1;{@n}nsi G X such that d, (un, @n) 
—+ 0, we have d, (f(un), f(an)) —> 0. 
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Problem 1.37 ** 
(a) Let X = C,(R) (the space of bounded continuous functions 


f: R — R) be furnished with the supremum metric 
(fg) = supl/f)—9O| VigeX. 
€ 


For f € X andr ER, we set f,(t) a f(t+r). Then f, € X. Show 


that, if f € X is uniformly continuous, then d~(f,, f) —+ 0asr > OF. 
(b) Does the above remain true if we replace the uniform continuity 
of f by continuity? 


Problem 1.38 * 
Suppose that X is a separable metric space, Y is a metric space and 
f: X —¥Y is a continuous function. Show that f(X) is separable. 


Problem 1.39 ** 

Suppose that X and Y are two metric spaces, X is complete and 
f: X —Y is homeomorphism which is uniformly continuous. Must 
Y be complete? Justify your answer. 


Problem 1.40** 

Give examples that illustrate each of the following statements: 

(a) A continuous and open function need not be closed (see Defini- 
tions 1.29 and 1.39). 

(b) A continuous and closed function need not be open. 

(c) An open and closed function need not be continuous. 

(d) A continuous function need not be open nor closed. 


Problem 1.41 * 
Suppose that X and Y are two metric spaces and f: X —> Y is an 
injection. Show that f is open if and only if f is closed. 


Problem 1.42 ** 
Let (X,d,) be a complete metric space and let f: X —> X bea 
function such that f) is a contraction for some k > 1 (recall that 
f = fo...o f). Show that f has a unique fixed point. 

—K—— 


k-times 
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Problem 1.43 *** 

Let (X,d,) and (Y,d,,) be two metric spaces and let f: X —>+ Y be 
a function. We say that f is asymptotically nonexpansive if there 
exists a sequence {kp},,5, C [1, +00), with kn —+ 1 as n +00 such 
that 


d, (Fu), fF (@)) & Mgt (a, 2) Vu,xe xX, n21. 


Give an example of an asymptotically nonexpansive function which is 
not nonexpansive. 


Problem 1.44 * 

Suppose that M is a metric space, X is a complete metric space, 
f: Mx X — X is a function such that 

(i) for every x € X, the function r +> f(r,x) is continuous on M; 
and 

(it) for every r € M, the function e+— f(r,x) is a contraction with 
contraction constant k < 1 independent of r € M. 
Show that there exists a unique continuous function u: M — X 

such that u(r) = f(r,u(r)) for all r € M. 


Problem 1.45 *** 

Let us consider X = (0, +00) with the usual metric. Let f €¢ C'(X;X) 
be such that 2| f"(x)| < kf (a) for all z € X and some k € [0,1). Show 
that f has a unique fixed point. 


Problem 1.46 ** 
Show that f is continuous at « € X if and only if w¢(a#) = 0 (where 
wy is the oscillation function for f). 


Problem 1.47 ** 

Suppose that (X,d,) and (Y,d,) are two metric spaces and 
f: X —Y is a function. Consider the oscillation function wr. Show 
that for every A € R, the set {a EX: w(t) < r} is open (i.e., the 
function x +—> wy() is upper semicontinuous; see Definition 2.46). 


Problem 1.48 ** 
(a) Let X and Y be two metric spaces with Y complete. Suppose 


f: X —> Y is bijective and uniformly continuous and that f7! is 
continuous. Show that X is complete. 

(b) Is the result still true if f is only continuous (instead of uniformly 
continuous)? 
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Problem 1.49 ** 

Suppose that X is a complete metric space, {Cr}nsi is a decreasing 
sequence of nonempty closed sets in X such that diam C,, —> 0 (see 
Definition 1.6(b)) and f: X —> X is a continuous function. Show 


that f( @ C,) = A (Cn). 


Problem 1.50 ** 
Show that every separable metric space is homeomorphic to a subset 
of the Hilbert cube H = [0, 1}. 


Problem 1.51 ** 
Suppose that A and B are two dense subsets of R and f: A — B is 
an increasing bijection. Show that f is a homeomorphism. 


Problem 1.52 ** 

Let (X,d,) and (Y,d,,) be two metric spaces with Y being complete. 
Let D C X bea dense subset and let f: D — Y bea k-Lipschitz func- 
tion. Show that there exists a unique k-Lipschitz function ; :X—Y 
such that fib =f. 


Problem 1.53 *** 
Show that every metric space is isometrically embedded into the space 
of bounded, uniformly continuous functions. 


Problem 1.54 ** 
Let X be a normed space and let r > 0. Show that X and B, = {x € 
X : ||z|| <r} are homeomorphic. 


Problem 1.55 *** 

Suppose that X is a metric space, Y is a complete metric space, D C X 
is anonempty set and f: D —> Y is a continuous function. Show that 
f can be extended continuously to a Gs-subset of X containing D. 


Problem 1.56 *** 

Suppose that X and Y are complete metric spaces, AC X, B CY are 
nonempty sets and f: A —> B is a homeomorphism and surjection. 
Show that f can be extended to a homeomorphism between G5-sets 
containing A and B respectively. 
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Problem 1.57 *** 
Let X be a metric space and suppose that A C X is homeomorphic to 
a complete metric space. Show that A is a G5-set in X. 


Problem 1.58 ** 
Show that Q is not a G5-set in R or equivalently the set of irrational 
numbers R \ Q is not an F7,-set. 


Problem 1.59 ** 
Show that in a complete metric space which has no isolated points, a 
countable dense subset cannot be G5. 


Problem 1.60 *** 

Let X be a complete metric space. Show the following: 

(a) AC X has a meager complement if and only if A contains a dense 
G5-set. 

(b) AC X is meager if and only if A is contained in an F,-set whose 
complement is dense. 


Problem 1.61 *** 
(a) Suppose that (X,d,.) is a metric space such that every continuous 


function f: X —> R is in fact uniformly continuous. Show that X is 
complete. 

(b) Show that the inverse theorem is not true, i.e., there exists a 
complete metric space X and a continuous function f: X —> R which 
is not uniformly continuous. 


Problem 1.62 ** 
Suppose that (X,d,) and (Y,d,,) are two metric spaces and f: X —> 
Y is a function. Show that the set 


oO {x EX: f is continuous at x} 


is a Gs-subset of X. 


Problem 1.63 ** 
Show that there is no function f: R —> R for which 


ie ER: f is continuous at x} = Q. 
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Problem 1.64 *** 

Let X be a metric space. A function f: X —> R is said to be lower 
semicontinuous if for every \ € R, the set {x Ex: f(x)< r} is 
closed (cf. Definition 2.46). Suppose that X is complete and F is a 
family of lower semicontinuous functions f: X —> R. Assume that 
for every x € X, there exists M, > 0 such that 


f(t) < Mz VfeEF. 


Show that there exist a nonempty open set U C X and mp > 1 such 
that 
f(z) < m VfEF, ceEU. 


Problem 1.65 ** 
Let XY, be the characteristic function of the set of rational numbers, 
L.e., 
def 1 if rEQ, 
Xqlz) = { 0 if ceR\Q 


Show that xy, is not the pointwise limit of a sequence of continuous 
functions on R. 


Problem 1.66 ** 

Let (X,d,) be a complete metric space and consider a sequence 
{ fn: X — R}hest of continuous functions such that f, —> f (point- 
wise). Show that the set 


def 


E {x EX: f is continuous at x € Xx} 


is a dense G5-set in X. 


Problem 1.67 ** 
Let f: R? —> R be a function which has partial derivatives at every 
point in R?. Show that f is differentiable on a dense G5 subset of R?. 


Problem 1.68 *** 
Find two metrics which are topologically but not uniformly equivalent. 


Problem 1.69 ** 
Find two metrics which are topologically equivalent but only one de- 
fines a complete metric space. 
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Problem 1.70 *** 
Find two metrics which are uniformly equivalent but not Lipschitz 
equivalent. 


Problem 1.71 ** 
Let X = C1((0, 1]) and consider the following two metrics on X: 


d (u,v) = ae u(t) _- v(t)| + er |u'(t) —v'(t)|, 
d~@(u,v) = a |u(t) — v(t)|. 


Show that the two metrics d?° and d® are not topologically equivalent. 


Problem 1.72 ** 

Let (X,d,) and (Y,d,) be two metric spaces and let f: X —> Y bea 
continuous function. Show that there exists a topologically equivalent 
metric dy on X such that the function f: (X, d,) — Y is Lipschitz 
continuous. 


Problem 1.73 ** 

Let (X,d,) and (Y,d,) be two metric spaces and suppose that 
{fn: X —> Y}n1 is a sequence of continuous functions. Show that 
there exists a topologically equivalent metric dy on X and a topologi- 
cally equivalent metric dy on Y such that for each n > 1, the function 
fn: (X,d,.) — (Y,d,) is Lipschitz continuous. 


Problem 1.74* 
Show that the completion of a separable metric space is separable too. 


Problem 1.75 * 
Suppose that D C [a,b] and 


y © {feClab]: f(t) =0 for all te D}. 


Show that JY is a closed subset of C[a, 6] with the uniform metric aa 
(see Example 1.3(d)). 


Problem 1.76 ** 
Let X = C((0, 1]; (0, 1]) be furnished with the supremum metric 


d°(f,g) = max | f(s) — 9(s)| 


s€[0,1] 
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(see Example 1.3(d)). Suppose that 


Ey es {f EX: fis injective }, 
EF = {7 EX: fis surjective}, 
oe Ey Nk, = {f EX: fis bijective }. 


Check whether FE), £2 and FE are closed in X. 


Problem 1.77 *** 
Let X = C([0,1]) be furnished with the supremum metric 


aay = max | f(t) — 9(¢)| VfgEX. 


Let 
pees { fexX: f is differentiable at at least one point in [0, 1}. 
Show that E is of first category in X (see Definition 1.25). 


Problem 1.78 * 

Let (X,d,.) be a metric space and let A C X be any set. Show that 
the function f: X 3 2+ dist(x, A) € R is Lipschitz continuous with 
Lipschitz constant 1 (so also continuous). 


Problem 1.79 * 
Show that in a metric space (X,d,.) every closed set is Gs and every 
open set is Fz. 


Problem 1.80 ** 
Let D C R be an uncountable set. Show that D has uncountably 
many accumulation points (see Definition 1.13(b)). 


Problem 1.81 ** 
Let X be a metric space and let f: X —> R bea lower semicontinuous 
function. Show that for every open set U C R, the set f~'(U) is Fy. 


Problem 1.82 *** 

Let X be a complete metric space and let f: X —> R be a lower 
semicontinuous function. Show that f is continuous on a dense G5- 
subset of X. 
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Problem 1.83 ** 

Suppose that X is a nonempty set and (Y,d,,) is a metric space. 

(a) Show that if {f,: X —+ Y},,5, is a sequence of bounded functions 
and f, = f, then f is bounded. 

(b) Show that a sequence of unbounded functions { fn: X —> Y},s4 
cannot converge uniformly to a bounded function f: X —> Y. 


Problem 1.84 * 

Suppose that X and Y are two metric spaces, { fn: X —> Y},5, isa 
sequence of functions continuous at xp and f: X —> Y is a function 
such that f, = f. Show that f is continuous at xo. 


Remark. Applying this problem to a sequence of continuous func- 
tions, we get the completeness of the space C(X;Y) (see Proposi- 
tion 1.62). 


Problem 1.85 ** 

Let X be a metric space and ia x — R} sw {gn: x — R} st 
two uniformly convergent sequences of functions. Is it true that the 
sequence { fnJn}n>1 is uniformly convergent too? 


Problem 1.86 * 

Suppose that (X,d,) and (Y,d,) are two metric spaces and 
{ fn: X — aan is a sequence of Lipschitz continuous functions, 
all with the Lipschitz constant k > 0 (k-Lipschitz functions). Suppose 
that f, = f. Show that f: X —> Y is k-Lipschitz too. 


Problem 1.87 * 

Suppose that (X,d,) and (Y,d,) are two metric spaces and 
{ fn: X — Fis is a sequence of uniformly continuous functions 
such that f, = f. Show that f: X —> Y is uniformly continuous 
too. 


Problem 1.88 ** 

Let X and Y be two metric spaces. 

(a) Is it possible for a sequence {f,: X —+ Y},, 5, of discontinuous 
functions to converge uniformly to a continuous function f? 

(b) Let f: X —> X bea function such that fof is continuous. Does 
it imply that f is continuous? 


1.2. Problems A7 


Problem 1.89 ** 

Suppose that X is a metric space, Y is a complete metric space, A C X 
is a set and y: A —> Y is a continuous function. Show that there 
exists a set Ag C X and a function yo: Ap —> Y such that 

(a) A Cc Ao 

(b) Apo is a G5-subset of X and 

(c) yo is a continuous extension of y. 


Problem 1.90* 

Let X, Y and V be three metric spaces with Y being compact. Let 
f: X x Y — V be a continuous function and let v9 € V. Assume 
that for every fixed x € X, the equation f(x,y) = vo (in y € Y) has 
a unique solution s(x) € Y. Show that the function s: X —> Y is 
continuous. 


Problem 1.91 *** 
Suppose that (X,d,.) is a compact metric space and f: X —> X isa 
continuous function such that 


d,(f(@), f@)) 2S dz (#4) Va,we X. 
Show that f is an isometry. 


Problem 1.92 * 
Show that any uniformly continuous function f: (a,b) —>+ R defined 
on a bounded interval (a,b) is bounded. 


Problem 1.93 *** 
Suppose that (X,d,.) is a compact metric space and f: X —> X is 
surjective and such that 


dy (f(x), f(u)) < dy(v,u)  Vauex 
(nonexpansive). Show that f is an isometry (see Definition 1.41). 


Problem 1.94** 
(a) Suppose that (X,d,) is a compact metric space and {Ky},,5, is 


a decreasing sequence of closed subsets of X. We set K = ae 


n>1 


Show that diam K, —> diam Kk. 
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(b) Show that any of two assumptions of compactness of X and the 
closedness of sets K, cannot be dropped. 


Problem 1.95 ** 

Suppose that X and Y are two compact metric spaces and con- 
sider the space C(X;Y) furnished with the supremum metric d®. Is 
(C(X; Y }, a?) a compact metric space? 


Problem 1.96 ** 

Suppose that X is a compact metric space and { fn},s; C C(X) is a 
sequence of functions. Show that 

(a) if f, = f and a, — az in X, then f,(z,) — f(x); 

(b) if fn(@n) —>+ f(a) for all sequences {%n},5, CG X such that 
In —> x, then f € C(X) and fp = f. 


Problem 1.97 ** 
(a) Suppose that U is a nonempty open set in RN and {Cr}nsi isa 


decreasing sequence of closed, bounded sets with {|} C, C U. Show 
n>1 

that Cn, C U for some no > 1. 

(b) Does the result remain true if we drop the assumption of the 


boundedness of the sets C;, for n > 1? Justify your answer? 


Problem 1.98 ** 
Let f: R —> R be a continuous function such that lim f(x) = 0. 
Z—> 00 


Show that f is uniformly continuous. 


Problem 1.99 ** 

Let f: R — R be a continuous function and suppose that there 
exists a uniformly continuous function h: R —> R _ such that 
lim):)-++400 (f(t) — A(t)) = 0. Show that f is uniformly continuous 
too. 


Problem 1.100 ** 
(a) Let X be a metric space and let {xn},,5,; G X be a sequence such 


that r, —> x € X asn—> +00. Let C = {x} U{a,: n > 1}. Show 
that the set C is compact. 

(b) Suppose that X and Y are two metric spaces and f: X —> Y is 
a function. Show that f is continuous if and only if for every compact 
set C C X, the function f|,, is continuous. 


1.2. Problems AQ 


Problem 1.101 ** 
Show that, if f: X —> Y is a continuous and proper function, then f 
is closed. 


Problem 1.102 ** 

Suppose that X and Y are two metric spaces and f: X —> Y is 
a continuous function. Show that the following two statements are 
equivalent: 

(a) Every sequence {%n},,5, © X for which f(z) —> y in Y has a 
subsequence {2,,, } p> Such that 2, —> x in X. 

(b) The function f is closed and for all y € Y, the set f~!(y) is 
compact in X. 


Problem 1.103 ** 

Suppose that X and Y are two metric spaces and f: X —> Y is acon- 
tinuous function which satisfies any of the two equivalent statements 
in Problem 1.102. Show that f is proper (see Definition 1.72). 


Problem 1.104 ** 
Suppose that X is a compact metric space and { fn: X — R} 
a sequence of continuous functions such that 


n>1 1s 


fn Nf or fn ZA f asn— too, 


for some continuous function f: X —>R (by fn, \, f we denote the 
pointwise convergence f, —> f (see Definition 1.59) of a decreasing 
sequence of functions, i.e., for all n > 1 and all x € X, we have 
fnti(x) < fn(x); analogously by f, /7% f we denote the pointwise 
convergence f, —> f of an increasing sequence of functions, i.e., for 
all n > 1 and all « € X, we have fn4i(x) > fn(x)). Show that 


fn 3 f 


(see Definition 1.59). This result is known as Dini theorem. 


Problem 1.105 ** 

In the Dini theorem (see Problem 1.104) show that none of the four 
conditions can be dropped (namely the compactness of X, the conti- 
nuity of the limit function f, the continuity of functions f,, (at least 
for large n) and the monotonicity of the sequence { fn},51)- 
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Problem 1.106 ** 
(a) Suppose that X is a compact metric space and f: X —> X is an 


isometry. Show that f(X) =X. 
(b) Does the result remain true if instead of the compactness of the 
space X we assume only that it is bounded? Justify your answer. 


Problem 1.107 *** 
Let f: RN —> RN be an isometry and assume that there exists x € 
R% such that f(x) = 2. Show that f is a homeomorphism. 


Problem 1.108 *** 
Suppose that (X,d,.) is a totally bounded metric space. Show that 
any sequence {In}ns1 C X has a Cauchy subsequence. 


Problem 1.109 *** 
Suppose that (X,d,), (Y,d,), (V,d,,) are three metric spaces, Y is 
compact and f: X x Y —> V is a continuous function. Show that 


f(z,-) 3 f(xo,-) whenz— 2p inX. 


Problem 1.110 *** 
Suppose that X and Y are two metric spaces with Y being compact, 
f: X x Y — R is a continuous function and let us set 


m(x) es inf { f(x,y) : yeY} Vue X. 


Show that m: X —> R is continuous. 


Problem 1.111 ** 

Suppose that X and Y are two compact metric spaces, V is a metric 
space and f: X x Y —> V is a continuous function. For every x € X, 
let fx be the continuous function Y > y+—> f(x,y) € V. We furnish 
C(Y;V) with the supremum metric 


d™°(g,h) = max dy (g(y),hy)) Vg,heC(y;V). 


Show that the function x ++ f, is continuous from X into C(Y;V) 
and {fr}rex is an equicontinuous family in C(Y;V). 
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Problem 1.112 *** 
(a) Show that the Banach fixed point theorem (see Theorem 1.49) is 
no more valid if instead of assuming that f is a contraction, we assume 
that 

dy (f(x), f(w)) < d,(a,u) Va,uex, r#u. 
(b) Suppose that (X,d,) is a compact metric space and f: X —> X 
satisfies the inequality 


dy (f(x), f(w)) < d,(a,u) Va,ue xX, cA#u. 


Show that f has a unique fixed point (i.e., there exists x9 € X such 
that f(xz0) = Xo). 


Problem 1.113 ** 
Let X = C( (0, b]) with the supremum metric d™, defined by 


Ge) = max |u(t) — v(t)| Vuue X. 


Let k: [0,6] x [0,6] —> R be a continuous function, A € R and f € X. 
Find a condition on 4 so that the integral equation 


b 
= af ites ise. Hein 
0 


has a solution u € X. 


Problem 1.114 ** 
Show that a locally compact metric space X is a Baire metric space. 


Problem 1.115 ** 
Let f: RY — R be a continuous function such that 
lim f(x) = +00. Show that f is bounded below and there exists 


I|x eke 


to € R such that f (x9) = wee 


Problem 1.116 ** 

Let X be a metric space such that every continuous function 
f: X — R attains its supremum on X. Show that X is compact. 
(Compare this problem with the Weierstrass theorem; see Theo- 
rem 1.75). 
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Problem 1.117 *** 
(a) Suppose that D C R% is an F,-set and f: RY —> R is a contin- 


uous function. Show that f(D) is an F,-set too. 
(b) Is the image of a G5-set by a continuous function necessarily a 
G5-set? 


Problem 1.118 ** 
(a) Suppose that (X,d,) is a metric space and K,C are two 


nonempty disjoint subsets of X such that K is compact and C is 
closed. Show that dist(A,C) > 0. 
(b) Is the above conclusion true if K is only closed but not compact? 


Problem 1.119 ** 

Suppose that (X,d,) is a metric space and K,C are two nonempty 
disjoint subsets of X such that K is compact and C is closed. Show 
that there exists an open set U C_X such that K C U and COU = 9. 


Problem 1.120 ** 
(a) Suppose that X is a compact metric space, Y is a metric space 


and f: X —+ Y is a continuous function. Show that f(D) = f(D) for 
all DC X. 

(b) Show that the above is not true if X is only complete (but not 
compact). 


Problem 1.121 ** 

Suppose that (X,d,.) is a metric space such that for every continuous 
function f: X —>+ R and any D C X, we have f(D) = f(D). 

(a) Show that X is complete. 

(b) Is X necessarily compact? 


Problem 1.122 ** 

Suppose that (X,d,.) is a metric space. 

(a) Show that X is compact if and only if for every continuous func- 
tion f: X —> R and any D C X, we have f(D) = f(D). 

(b) Is the above result true if we replace R by another metric space? 


Problem 1.123 ** 

Suppose that (X,d,.) is a locally compact metric space and K is a 
nonempty compact subset of X. Show that there exists r > 0 such 
that K, is compact, where 


KS {xe X: dist(z,K) <r}. 
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Problem 1.124 ** 

Suppose that (X,d,) and (Y,d,) are two metric spaces and 
f: X — Y is a function. 

(a) Show that, if f is continuous, then Gr f is closed in X x Y. Give 
an example showing that the converse is not true. 

(b) Show that when Y is compact, then f is continuous if and only if 
Gr f is closed in X x Y. 


Problem 1.125*** 
Show that the interval [0,1] cannot have a countable partition into 
nonempty closed sets. 


Problem 1.126 *** 

Suppose that (X,d,.) is a compact metric space and {Cs (N > 1) 
are nonempty closed subsets of X with an empty intersection. Show 
that there is a number 6 > 0 such that every set which meets all the 
sets Cy for k =1,...,N has diameter bigger or equal to 6 > 0. 


Problem 1.127 ** 

Suppose that X is a compact metric space, f: X —> R is a function 
and assume that for every s € R, the set f~! ([s, +00)) is closed. Show 
that there exists x9 € X such that f(a) = sup f < +00. 


Problem 1.128 * 
Show that every metric space in which every closed ball is compact is 
complete and a set is complete if and only if it is closed and bounded. 


Problem 1.129 ** 


Let f: RY — R be a function such that resus inf 
uv 


La fo) > 0. Show that 


Ila 


for every \ € R, the set {Zz ER: f(r)< r} is compact. 


Problem 1.130 ** 
Let G: [0,1] x [0,1] —> R be a continuous function. Consider the 
space C( [0 ma) equipped with the supremum metric d™, i.e., 


dg) = max |F(¢ )-g(t)|  V f,g € C([0,1)) 
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(see Example 1.3). Let L: C([0,1]) —+ C([0,1]) be the function, 
defined by 


1 
rpe = i G(t,s) f(s) ds. 
0 


Show that, if £ C C([0,1]) is bounded, then the set L(E) C C((0, 1]) 
is compact. 


Problem 1.131 ** 
Is the set { sin(nz) :n> 1} Cc C([-7, 7]) relatively compact? 


Problem 1.132 ** 

Suppose that dy. and ae are two topologically equivalent metrics on 
X and EC X is a nonempty closed set which is locally compact with 
respect to Bes Show that EF is locally compact with respect to ae. too. 


Problem 1.133 ** 

Let X = {(0,0)} U { (x, sin 4) pec aae o} be a metric space with the 
natural metric induced by the Euclidean metric in R?. Show that X 
is not locally compact. 


Problem 1.134 *** 
(a) Suppose that X and Y are two metric spaces with X being locally 


compact and f: X —> Y is a continuous and open function. Show 
that f(X) is locally compact. 

(b) Is the above still true if f is only continuous (but not necessarily 
open)? 

(c) Is the above still true if f is only open (but not necessarily con- 
tinuous)? 


Problem 1.135 ** 
Show that every locally compact metric space X is homeomorphic to 
a complete metric space. 


Problem 1.136 ** 
Show that Q is not homeomorphic to a complete metric space. 


Problem 1.137 ** 

Suppose that (X,d,) is a compact metric space and JY is an open cover 
of X. Show that there is a number 6 > 0 such that for any A C X 
with diam A < 6 (see Definition 1.6), we can find U € Y such that 
ACU. 
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Remark. This number 6 > 0 is called the Lebesgue number of the 
cover ). 


Problem 1.138 *** 
Find a bounded function on R which realizes neither its maximum nor 
minimum on any compact nontrivial interval. 


Problem 1.139 * 
Show that a totally bounded metric space is separable. 


Problem 1.140*** 

Let (X,d,) be a metric space. Show that the following statements are 
equivalent: 

(a) (X,d,.) is a compact metric space. 

(b) If as is another metric topologically equivalent to d,, then 
(X, d,) is a complete metric space. 


Problem 1.141 * 

Suppose that X and Y are two metric spaces, f: X —> Y is a con- 
tinuous function and K C X is a compact set. Show that for every 
€ > 0, we can find 6 = 6(€) > 0 such that 


Vae K, uEeX: [dy(z,u) <6 => dy (f(z), f(u)) <e]. 


Problem 1.142 *** 

Suppose that (X,d,) is a metric space and B is the family of all 
bounded sets of X (sets with finite diameter). The Kuratowski mea- 
sure of noncompactness a: 6 —>+ R, is defined by 


a(B) “inf {d>0: B can be covered by a finite number 


of sets of diameter < d} VBeB. 


Show that 

(a) If B is compact, then a(B) = 0. 

(b) If a(B) =0, then B is totally bounded. 

(c) a is monotone, ie., if B C B’, then a(B) < a(B’). 

(d) a(B) = a(B) for all BEB. 

(e) If (X,d,) is a complete metric space and {Cy},51 C B is a de- 
creasing sequence of nonempty, closed sets and a(C;,,) —> 0, then 
() Cy, #% and it is compact. 


n>1 
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Problem 1.143 ** 
(a) Suppose that X and Y are two metric spaces and f: X —> Y is 


an injection which maps compact sets in X into compact sets in Y. 
Show that f is continuous. 

(b) Show that the assumption on the injectivity of f cannot be 
dropped. 


Problem 1.144 *** 
(a) Suppose that (X,d,) is a compact metric space and C),...,Cm 


m 
(with m > 2) are nonempty closed sets in X such that () Cy = 0. 


k=1 
Show that there exist open sets Uj,...,Um in X such that Cy C Uz 
for all k € {1,...,m} and (1) U, = 9. 
k=1 


(b) Does the above result remains true if X is any metric space (not 
necessarily compact)? Justify your answer. 


Problem 1.145 ** 

Suppose that X is a normed vector space (for example X = RY), 
f: X — X is a locally Lipschitz function (i.e., for all c € X, we 
can find an open set Uz, such that x € U, and kz > O such that 
Il f(u) — f(w’)|| < ke|lu — u'|| for all u,u’ € Uz; see Definition 1.48(b)) 
and C is acompact subset of X. Show that f|c is Lipschitz continuous, 
i.e., there exists kc > 0 such that ||f(u) — f(w)|| < kc|ju—w'|| for all 
u,uw EC. 


Problem 1.146 * 

Let X and Y be two metric spaces with Y being compact and let 
CCX xY beaclosed subset. Show that proj, (C) C X is a closed 
subset (where proj, denotes the projection map on X). 


Problem 1.147 * 

Let X be a metric space. We say that X has property S if for every 
e€ > 0, X admits an open cover by connected sets of diameter less than 
e > 0. Are the following statements true: 

(a) If X has a dense subset with property S, then X has property S. 
(b) If X has property S, then any dense subset of X has property S. 


Problem 1.148 *** 

Suppose that (X,d,) is a compact metric space, {%p},5, GC X isa 
sequence such that d, (p41, %m) —> 0 and A is the set of accumulation 
points of the sequence {%n},5, C X. Show that A is connected. 


1.2. Problems 57 


Problem 1.149 ** 
(a) Let f: [0,1] —> [0,1] be a continuous function. Show that f has 


a fixed point, i.e., there exists x € [0,1] such that f(a) = x. 

(b) Is the above true if we replace the interval [0,1] by (0,1)? 

(c) Is the above true if we replace the interval [0,1] by any compact 
metric space (X,d,.)? 


Problem 1.150 ** 
Let A C R be a nonempty and connected set. Assume that A C Q. 
Show that A is a singleton. 


Problem 1.151 ** 

Let X be a metric space. Show that the following two statements are 
equivalent: 

(a) X is disconnected. 

(b) There exists a surjective continuous function h: X —+ {0,1}, 
where {0,1} is furnished with the discrete metric. 


Problem 1.152 ** 
(a) Show that for N > 1, the set R% \ {0} is connected. 


(b) Show that R and R% (with N > 1) cannot be homeomorphic. 


Problem 1.153 ** 
Let y: RY —+ R (with N > 2) be a continuous and surjective func- 
tion. Show that for all u € R, the set y~!({u}) is not bounded. 


Problem 1.154** 
Are the intervals [0,1] and (0,1) homeomorphic? Justify your answer. 


Problem 1.155 ** 
Let E = {u € R* : whas at least one irrational component }. Is EF 
path-connected? Justify your answer. 


Problem 1.156 ** 
(a) Let (X,d,) be a compact metric space. Show that the following 


statements are equivalent: 
(i) X is locally connected; 
(ii) for every ¢ > 0, X is the finite union of connected sets with 
diameter less or equal to e. 
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(b) Is the above equivalence still true if we drop the assumption on 
compactness of X? 


Problem 1.157 ** 
(a) Suppose that X is a metric space and { A, }7_, are connected sub- 


sets of X such that Ay M Agi, 4 Q for all k < m—1. Show that the 
set LJ Ax is connected. 

k=1 
(b) Is the above result true for a countable family of sets {A,}?,? 
Justify your answer. 


Problem 1.158 * 
Let (X,d,) be a metric space with connected open balls (for example 
X =RN for N > 1), let C C X and for all € > 0 let 


C; “ {x EX: dist(z,C) <e} 


(the ¢-neighbourhood of C’). Show that, if C’ is connected, then C; is 
connected too. 


Problem 1.159 ** 
Suppose that f € C(R). Show that epi f is path-connected. 


Problem 1.160 ** 

Let (X,d,.) be a metric space. 

(a) Show that if X is connected, then X is well-chained. 
(b) Is the opposite true? 


Problem 1.161 ** 
Suppose that (X,d,) is a compact metric space. Show that X is 
connected if and only if X is well-chained. 


Problem 1.162 ** 

Suppose that X and Y are metric spaces and f: X —> Y is a home- 
omorphism. Show that f maps connected components of X to con- 
nected components of Y, i.e., f(C(2)) = C(f(«)) for alla eX. 


Problem 1.163 * 
Consider the set E {(x,sin+): « € [0,1]} U ({0} x [-1,1]). Is the 


x 
set F locally connected? Justify your answer. 
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Problem 1.164 ** 

Suppose that JT is an interval in R and f: T —> R is a monotone 
function (i.e., f is either increasing or decreasing). Show that f is 
continuous if and only if f(Z) is an interval. 


Problem 1.165 *** 

Suppose that T = [a,b] and f: T —> R is a differentiable function. 
Show that jf’ has the Darboux property (i.e., if 7,0 € f’(T), then f’ 
takes all values A € [7,V]). 


Problem 1.166 ** 
Let (X,d,) be a connected metric space with at least two elements. 
Show that X is uncountable. 


Problem 1.167 ** 
Suppose that X is a metric space, {Cr}ns1 is decreasing sequence of 
nonempty compact and connected subsets of X. Show that the set 


C = {] C,, is nonempty, compact and connected too. 
ne1 


Problem 1.168 ** 
Suppose that (X,d,) and (Y,d,,) are two metric spaces with Y being 
complete and g: X x Y —+ Y is a function such that 


dy (g(z,y),9(2,y')) < kdy(yy') WaeEX, yy’ EY 


for some k € (0,1). Show that there exists a continuous and bounded 
function f: X —> Y such that g(x, f (x)) = f(x) forallxae X. 


Problem 1.169 ** 

Suppose that (X,d, ) is a metric space and K,C C X is two nonempty 
compact subsets. Show that there exist a € K and c € C such that 
d, (a,c) = dist(.K, C). 

Moreover, if K = C, show that there exist a’,c! € K such that 
dila,c)=diam kK. 


Problem 1.170** - 
Suppose that (X,d,), k =1,...,m are metric spaces and X = || Xx. 

k=1 
For a sequence {%p},5, in X, let {ale es be its projection on Xz, 
k =1,...,m. Show that {r,},,5, is a Cauchy sequence in X if and 
are Cauchy sequences in X for all k =1,...,m. 


only if Le Pees 
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Problem 1.171 *** 
Suppose that (X,d,) is a metric space and {En}ns1 is a sequence of 
subsets (possibly empty) of X. Show that 


liminf £,, = {x EX: Re dist(x, E,) = = 0} 


n+ +00 
— {a € X: there exist x, € E, such that 
d,(%n,x) —> 0}; 
lmsupE, = {x¢€X: liminfdist(x, E,) =0} 
n—-+ oo N+ +00 
= ee €X: there exist tn, € En,, with n1 <no<..., 
such that d, (tn,,2) —> 0} 


= 1) U 


melnem 
liminf £, C limsup Ey; 
n+ +00 n—+00 
liminf £, = liminf E, = liminf F,; 
n—-+00 n—- +00 n—-+00 
limsup£, = limsup£, = limsup Ep. 
n—-+00 n—-+00 N—-+00 


In particular both sets liminf FE, and limsup F,, are closed. 
n+ +00 n— +00 

Problem 1.172 ** 
Suppose that (X,d,) is a metric space, {Cn},5, C 2% \ {0} is a 
sequence of sets and x € X. Show that 

lim sup dist(x,C,) < dist Ga lim inf Cr). 

n—+00 n+ +00 
Problem 1.173 ** 
Suppose that {C, tnd1 is a sequence of nonempty closed sets in RY 
and C,, C Br for alln > 1. Assume that lim i inf C, = limsupC, = C. 


n—- +00 


Show that for every 2 € R%, we have pri C.,) —> dist(x,C). 


Problem 1.174 ** 

Suppose that (X,d,) is a metric space, Py (xX) is the collection of 
nonempty closed subsets of X, y: X —> R is a continuous function, 
Ce Py (X), {Cr}ns1 C Pr (Xx) is a sequence such that C' C liminf Cy. 


n—+ +00 
Let my, = info, y and m = infc y. Show that limsupm, < m 
n—-+00 
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Problem 1.175 *** 
Suppose that X is a metric space and {%mn}mm>1 is a “double” 


sequence in X such that z, = lim &m » and x = lim Zp. 
n—- +00 m—++0o 
Show that there exist sequences {Nm}, 5, and {Mn}, , such that 
eS ti: yi = A ie ae 
m—++oo n—++00 


Problem 1.176 *** 
(a) Suppose that (X,d,) is a bounded metric space and P(X) 
denotes the collection of nonempty closed subsets of X. For any 
A,Be P;(X), we set 
h(A, B) a sup |dist(x, A) — dist(x, B)|. 
rex 
Show that h is a metric on Pr (Xx i: It is known as the Hausdorff 
metric; see Definition 1.134. 
(b) For any A,B € P(X), we set 
h(A, B) es max { sup dist(a, B), sup dist(b, A) }. 
acA beB 


Show that 


h(A,B) = h(A,B) VA,Be P(X). 
(c) For any A,B € Py(X), we set 


h(A, B) = inf {e >0: ACB: and BC A-}, 


where 
De “ {xe X: dist(z,S) <e} VS € Py(X). 
Show that 
h(A,B) = R(A,B) VA,Be P;(X). 
So in fact, we have three equivalent definitions of Hausdorff metric on 


P;(X). 


Problem 1.177 ** 
Let X be a bounded metric space and let (Py (Xx ) ; h) be the Hausdorff 
metric space (see Definition 1.134 and Problem 1.176). 
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(a) Show that for any D), D2, E,, E2 © Pr (X), we have 
h(D, U Do, FE, U E2) < max {h(D1, F4), h( D2, E2)}. 
(b) Show that, for any k-contraction 7: X —+ X, we have 


h(n(D),n(E)) < kh(D,E) VD,E€ Py(X). 


Problem 1.178 *** 

(a) Show that, if X is a complete bounded metric space, then so is 
the Hausdorff metric space (Py (Xx ) ; ae 

(b) Show that, if X is a compact metric space, then so is the Hausdorff 
metric space (Py (X), h). 


Problem 1.179 ** 

Suppose that (X,d,.) is a compact metric space and f,g: X —> X 
are two k-contractions with k € (0,1). Let Pr(X) be the collection of 
all nonempty closed subsets of X and let €: Py (Xx ) — Py (X ) be the 
function, defined by 


ec) = F(C)Ug(C). 


Show that there exists a unique Cp € Py (X) such that €(Co) = Co. 


Problem 1.180 ** 
Suppose that X is a bounded metric space and fA is the Hausdorff 
metric on Py (X). Let 


def 


P, (Xx ) {C CX: C is nonempty and compact }. 


(a) Show that P,(X) is closed in (Pp(X),h). 
(b) Show that, if X is a complete metric space, then (Px (Xx ),h) isa 
complete metric space too. 


Problem 1.181 ** 

Suppose that (X,d,.) is a bounded metric space and h is the Hausdorff 
metric on Py (Xx ye Show that the space X is compact if and only if the 
space (Pr (X), h) is compact. 
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Problem 1.182 ** 
Suppose that (X,d,.) is a bounded metric space,{Cn},5, © Py (X) is 


a sequence such that C, Ce Py (X ) (h denotes the Hausdorff 


metric on Pr (X ) ), C, is connected for every n > 1 and C is compact. 
Show that C' is connected too. 


Problem 1.183 ** 
Let X be a separable bounded metric space. Show that (Pe (X ) : h) is 
a separable, complete metric space (h is the Hausdorff metric). 


Problem 1.184 ** 
Show that the Hausdorff metric h depends on the metric d, (i.e., it is 
not topological; cf. Remark 1.42). 


Problem 1.185 ** 
Find a sequence of closed sets {C,},,51 in some metric space such that 


lima i infC, = limsupC, = C 


N+ +00 n—+00 


for some closed set C’, but C;, A+ C in the Hausdorff distance. 


Problem 1.186 ** 
Suppose that (X,d,) is a bounded metric space, C € Py(X), 


{Catisa S Pp(X) and C, mee (i.e., converges in the sense of Haus- 
dorff). Show that 


lim i infC, = limsupC, = C. 


N+ +100 n—>-boo 


Problem 1.187 ** 
Let (X,d,) be a complete bounded metric space and let {Cr},51 


be a Cauchy sequence in (Pr, (X),h). Let C & U C,. Show that 


n>1 


Ce P,(X). 
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1.3. Solutions 
Solution of Problem 1.1 
“==>”: Tf {@n}y51 is a Cauchy sequence in X (see Definition 1.7) and 
In —+ x, then every subsequence of {rn}, also converges to 2. 
“<==”: Suppose that the subsequence {2n, },51 Of {Tn}ys1 converges 
to « € X. Then for a given ¢ > 0, we can find integer np = no(e) > 0 
such that 

ds (Sm 0) << | and dy (ty, tm) <3 VY ng, n,m > no. 
Then 


detest) S Oy Cyt) een e) < 2 Yn =n, 


SO In —> x (X,d,). 


Solution of Problem 1.2 
For a given € > 0, we can find an integer np = no(e) > 1 such that 


dy(fn,tm) < § Yn,m-even, n> no, 
dy(in,im) < § VY n,m-odd, n > no, 
dy(fn,tm) < § VY n,m-multiples of 3, n > ng. 


Let us choose k,! > no such that they are both multiples of 3, k is 
even and / is odd. Then for n,m > no, we need to consider only the 
case when n is even and m is odd. We have 


do(Sni tm) S Oyen ty) HOA ee, 8) POA chee) < 4, 
which proves that the sequence {%,},5 , is a Cauchy sequence in X. 


Because it has a convergent subsequence, it converges itself (see Prob- 
lem 1.1). 
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Solution of Problem 1.3 

Let us proceed by contradiction. So suppose that x is not the limit of 
the sequence {x,},,5,- Thus, there exists ¢ > 0 such that for all N ¢ N 
there exists n > N such that d, (a,x) > €. First, for N = 1, let us 
find n; > 1 such that d,(%p,,r) > €. Next, for N = nj, let us find 
ng > n, such that d,(%p,,x) > €. So, proceeding by induction, we 
can find a subsequence {%p,},51 © {2n}p>1, With the property, that 


dy Saat) Se Vk>1. 


This subsequence has no further subsequence convergent to x. So, we 
obtained a contradiction with our hypothesis. 


Solution of Problem 1.4 
Since {an}ns,; © X is a Cauchy sequence (see Definition 1.7), for a 
given €¢ > 0 we can find N(e) > 1 such that 
d Ate in) < Se Vk,m > N(e). 
Let ¢= $ and choose n1 > N(5). Then 


Oe ential: < 5 Vm>ny. 


Suppose that we have produced a finite sequence oe ae which is 
strictly increasing and satisfies 


OG lon) = na Ym ng. 


Let ¢ = 5ert and choose integer Nk41 > Ne, N41 > N (se): Then 


1 
d,. (Trnp41>£m) < RRFI Yme2 Nk+1 


and so by induction, we have a sequence {2p,},., which is a subse- 
quence of {an },51, satisfying 


Ol Diva's Dian) < * Vk<m. 
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Solution of Problem 1.5 
(a) Since {rp},,5, is a Cauchy sequence, we can find n; > 1 such that 


is (mash) oS $ Ym,k > ny. 


We set ut = Lp,. Then choose ng > n, such that 
ae (tig Bi) < = Vm,k > no. 


We set u2 = Ln,. Inductively, we produce {tis a en a subse- 


quence of {%,},,5, such that 
the (rast) sh YVm>i. 


Hence 
So dy (ms tmii) < So xe = 1 < +00. 
me1 


me1 > 


(b) Next, let {an },5, be a Cauchy sequence in X. From part (a), we 
can find a subsequence {Um }in>1 Of {fn}ys1 Such that 


So dy (tm; Um+1) < +00. 


me1 


Then by hypothesis {um},,51 is convergent, hence so is {2n},,5 1, Which 
proves the completeness of X. 


Solution of Problem 1.6 


(a) Let LO tee be a d,-Cauchy sequence. Then, for a given ¢ > 0, 
we can find kg = ko(e) > 1 such that 


d,(a*,a") < e Vk,m>kp. 


Hence 


(oe) 
So lun unl <e€ Vk,m > ko (1.1) 
n=1 


(where a* = a ee and a” = {un'},51)- It follows that for every 


fixed n > 1, {u is a Cauchy sequence and so we have 


niet 


k 
n 


Uy —> Un ask — +00. 
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Let & = {Yn}no1- If in (1.1), we let m — +00, then 


oo 
n=1 
sO 
ioe) oo 
nl < Solel +e 
n=1 n=1 


and thus @ = {Un}nsy € l'. Moreover, from (1.2), it follows that 
d, (tin, tt) —> 0 


and so we conclude that (I',d,) is a complete metric space. 


(b) Evidently co 4 I’ (for example t = {a} 
in I’ but not in cg). Let & = {Un}nsi © I’. For every k © N, let 
ae = a ee with uk = u, ifn < k and uk = 0 ifn > k. Then 


a® € cy and 


with r > 1, belongs 


co 
d,(a*, a) = > |un| —+ 0 as k— -+oo. 
n=k+1 


This proves the d,-density of cg in I’ (see Definition 1.20). 


Solution of Problem 1.7 
Consider the function 


; if c= a p,q € Z\ {0}, relatively prime, 
ii) = 1 if ¢=0, 
0 if cER\Q 


Then f is continuous at every x € R \ Q and discontinuous at every 
x € Q. To see this note that, if « € R\ Q and x, — 2, with 
ty a EQ, pn € Z, dn € N, pn, Qn relatively prime, then g, —> +00 
and so 


f(&n) = ~ 


n 


— 0= f(z). 


This proves the continuity of f at every irrational point. Clearly f is 
discontinuous at « = 0. Finally let « € Q\ {0}. Then « = - with p,q € 
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Z\ {0} relatively prime. Suppose that the sequence {a },5; C R\ Q 
satisfies xz, —> x. Then f(x,) = 0 for all n > 1 and so they cannot 
converge to f(x) = Hence f is discontinuous at every rational 


number. 


Solution of Problem 1.8 

“+”: If X is a singleton, then every sequence is constant, hence 
convergent. 

“<—”": Suppose that X is not a singleton and let x,u € X be such 
that « ~u. Let 


zx if n=2k 
= y > 
tn {3 if n=2k+1 va 2s 


then the sequence {In}ns1 is bounded, but not convergent, a contra- 
diction. 


Solution of Problem 1.9 

Let x € C. Then we can find a sequence {n}no1 C C such that 
In —+ x. The sequence {%,},,5, being convergent in X is also a 
Cauchy sequence in C’ and the latter is complete by hypothesis. Hence 


xz €C and so C is closed. 


Solution of Problem 1.10 
We proceed by contradiction. So, suppose that int M 4 Q. Thus, there 
are f € M and e > 0 such that 


Bae(f) Cc M. 


We will construct a function h € By-(f)\M. Let xo € (c,d). Because 
f is continuous, so we can find 6 > 0, 6 < $(d— 20) such that 


Va € [c,d]: |x —29| < 36 => |f(x) — f(xo)| <e. 


We define the function h € C{a, b] is such a way that 


[a,x] lee 


h and 


ieee fees : 
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on the interval [xo, zo + 6], Grh is a segment joining (xo, f (xo)) with 
(xo +06, f (xo) —2¢) and on the interval [79 +06, x9 +26], Gr h is a segment 
joining (xo +6, f(xo) — 2e) with (xo + 26, f(ao + 26)). Evidently h is 
continuous, it is not monotone (as it is strictly decreasing on [29, 9 +6] 
and strictly decreasing on [2p + 6,20 + 26]), soh € M andhe B,.(f), 
a contradiction. 


Solution of Problem 1.11 

By Theorem 1.14(d), x is an accumulation point of E (see Defini- 
tion 1.13(b)) if and only if we can find a sequence {rn },5, C FE \ {x} 
such that x, —> x. Hence z is an accumulation point of FE if and only 
if x € E \ {x} (see Proposition 1.11). 


Solution of Problem 1.12 
Suppose that « € U. Since D is dense in X (see Definition 1.20), we 
have 


RiwmoiDszW Vast. 


Sh 


Let tn € Bi (2) 1D for n > 1. Evidently 
In —> & inxX. 
Since U is open we can find ng > 1 such that 
(a) Se ow Yn >no. 
Hence 
In € UND VYneng 


and sox € UN D. Therefore U C UN D and so UN D is dense in U 
with the subspace metric topology (see Definition 1.12). 
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Solution of Problem 1.13 

Let x € E and choose uz > x, Uz € Q such that (x, uz) MD =. We 
will show that, if 7,y € EK, x # y, then u, ~# uy. Assume without 
any loss of generality that « < y and arguing indirectly suppose that 
Uz = Uy. Then y € (x, uz) and so (2, uz) is a neighbourhood of y € D, 
which means that (2, uz) D # 0, a contradiction. Therefore we have 
established an injective function FE > x+—~> uz € Q. This implies that 
FE is at most countable. 


Solution of Problem 1.14 
Let Y € Y and let D, be a countable dense subset of Y (see Defini- 
tions 1.20 and 1.21). Let 


p= \J Dy. 
Yey 


Then D is countable (being the countable union of countable sets) and 
we claim that D is dense in Xo. To this end let x € Xp. Then « € Y 
for some Y € ¥ and so dist(x, D,.) = 0 (see Definition 1.6(d)), hence 
dist(a, D) = 0, which proves the claim. 


Solution of Problem 1.15 
(a) Let X = [0,+00) with the natural metric induced from R. Note 
that 

B,(1) = (0,5) & (0,6) = By(3). 


= 


(b) As Br(x) € B,(y), so we can find z € B,(y) \ Br(x). Then 


d.(49) <7 and di, (2,2) > #; 


As x € B,(y), we have d,(z,y) <r. Then 
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Solution of Problem 1.16 
Let 


C = {xé€X: for every r > 0, B,(2) is uncountable} 


and let U = X \C. Suppose that « € U. Then we can find rz > 0 
such that the ball B,.,(#) is at most countable. Note that B,,(x) C U. 
Consider the family { B,., @)t ey: This is an open cover of U and by 
Proposition 1.24, it has a countable subcover {B,.,,, (tn) bast: Then 


U = U B,,,,(@n) is open and countable 


nel 


and so C is closed and of course perfect (see Definition 1.13(e)). 


Solution of Problem 1.17 
First we will show that f Re is continuous. Let us fix an irrational 
number e € R\ Q. Let ¢ > 0 and choose m = m(e) € N such that 


We set 
6 = min{|q,—e| : k=1,...,m—1}. 


Let x € R be such that |x — e| < 6. If x < e, then L, \ Lz C {kh iam 


and so i i 
flz)=fle) < > mn S Dae = 


n€Le\Le n>m 


If x >e, then Ly \ Le C {k}xsm and so 


fO-fe) < YL g<UgK<e 


n€Lyz\Le n>m 


Thus f is continuous at e. Since e was an arbitrary irrational number, 
we conclude that f hea is continuous. 

Now we will show that f is right continuous at rational numbers. 
Let us fix ¢ > 0 and a rational number u. Let {a}, C R be such 
that 


+ 


Lk — ul’ ask—>-+oo. 
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Since f is strictly increasing, we have 


flu) < flay) Vk>1. 


Then i 
f(a) -— f@)| = fa)-fe) = DI a 
NESku 
where 
Sea a {neéeN: i Ga 


Choose an integer mo > 1 such that 


and consider the set A C R, defined by 


A= () (u, Qn): 


{nEN: n<mo, dn>u} 


Evidently A = (u,q) for some gq € Q. Moreover, every rational number 
in A is of the form g,, with n > mo. Because x, —> ut, we can find 
an integer ko > 1 such that 


th, € A Vk ko. 


Therefore 
| f(x) — f(u)| <eé Vk >ko 


and so f is right continuous at u. 


Solution of Problem 1.18 

Let D be any countable subspace of 1°. Let {2"},,, be the sequence 
of all elements of D. In particular, for all n > 1, we have x” = {lib e>1 
€ 1°. We define a new real sequence u = {Un}, 51 as follows 


_f 1 if 2 <0, 
im} -1 if a® 30. 


Then u = {tn}ys, € I and dist(u,D) > 1 (see Definition 1.6(d)). 
So D is not dense in /° (see Definition 1.20) and since D was an 
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arbitrary countable subset of 1°, we conclude that 1° is not separable 
(see Definition 1.21). 


Solution of Problem 1.19 

Let D = {Xn}y5, be a countable dense subset of X (see Defini- 
tions 1.20 and 1.21). Consider the following collection of open balls 
{B1(2n) bn pst This collection is countable. Let {Bm} inst be an 
enumeration of this countable collection. For every x € X, let 


L, = {meN: te By}. 
Clearly the function 
Xaa-r> L,€2N 
is an injection. Therefore 


card X < card2N = ¢. 
> N » I ch GE 
UsAe 


Solution of Problem 1.20 
Evidently X is infinite (as it is unbounded; see Definition 1.6(b)). Let 
u € X and for every n > 1, define 


Ey = 4@eX 2 dye) > nt. 


Since X is unbounded, we have E,, 4 @ for alln > 1. Let x, € E,, for 
every n > 1. Let y € X and let m > 1 be an integer such that 


dy(u,y)+1 < m. 
Then for all n > m, we have 
1 <¢ n+l—m < d,(an,u)—d,(u,y) < d,(an,y), 


so the sequence {p},5, does not converge to y. Since y € X was 
arbitrary, we infer that the sequence {7p },,, has no convergent sub- 
sequence. 
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Solution of Problem 1.21 
First we show that y~!(0) = {0}. Indeed, from the concavity of y, we 
have that 


yiu+v)—(v) < v(u)—9(0) = y(u) Vu,v>0. 


So, if p(w) = 0 for some u, then by the fact that y is increasing, we 
have 
p(utv) = y(v) Yu>0. 


Let v =u. Then y(2u) = 0 and so inductively 
yp(ku) = 0 Vere, 


from which we conclude that y = 0, a contradiction (since y is non- 
trivial). Hence y(u) > 0 for all u > 0 and so y!(0) = {0}. This 
implies that 


d, (x,y) 0 < x Yy. 


Also, clearly we have 


dy, (z,y) = dy(y,2) V £,y © X, 
Finally, for x,y,z € X, by the concavity of y, we have 


y(d,(x,y)+d, (y,2))-v(d, (y, 2)) < v(dy (2, y))- (0) = v(d, (x, y)) 


and 
v(d,(2,2)) < old, @y) $4, 2)) 


(since y is increasing). Therefore 


y(dx(2,z)) < v(d,(x,y)) + (dx (y, z)) 


SO 
d,(a,z) < dy(x,y) +d, (y,2), 


Le., dy satisfies the triangle inequality. We conclude that d,. isa 
metric on X. 
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Solution of Problem 1.22 


(a) We assume that E and C are both open subsets of X (the proof 
is similar if we assume that both are closed). Let U C Y be an open 
set. Then 


Gn = foU) and gU)ne = 6°). 


Because f; and f2 are both continuous, the set f, 1(U) is open in & 
and the set fy '(U) is open in C. Since E and C are both open in X, 
it follows that the sets g-'(U) ME and g-'(U) NC are both open in 
X. But 


g'W) = bre = ¢ (U)N(BUC) 
(7 (W)NE)UG*W) Ne), 


so g~'(U) is also open and thus g is continuous. 


(b) If we drop the hypothesis that E and C are both open (or closed), 
the result fails. Let 


X =R, E=Q and C=R\Q. 
We consider the functions f;: EF —> R and fo: C —> R, defined by 


Fite). = 1 Vaek, 
fo(z) = 0 Vane. 


Evidently both f; and f2 are continuous. Then 


_ 1 if rEQ 
WK) = 4 9 if 2éeR\Q, 


and this function is discontinuous everywhere. 


Solution of Problem 1.23 

By Proposition 1.24, we know that X is second countable. So, let 
B= {Un}ns1 be a basis for the metric topology on X. Every open 
set in X is the countable union of elements in 6, hence card; < c. 
Finally note that the function Vo > U +> U“ € J is a bijection. 
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Solution of Problem 1.24 
(a) Let A be the set of accumulation points of the sequence {rn },51 
(see Definition 1.13(b) and Theorem ey We have 


n>1 


The set A is closed and since u, € A for all n > 1, we have u € A. 


(b) This comes immediately from (a) and Proposition 1.11. 


Solution of Problem 1.25 
Let {fntnsi GC B(E) be a d*°-Cauchy sequence. So, for a given € > 0, 
we can find no = no(e) > 1 such that 


ia SE Vn,k 2 no, 


sO 
| fn(s) — fe(s)| <é Vn,k>no, see (1.3) 
and thus 1 talS) st C R is a Cauchy sequence for all s € (0, 1]. 
So fn(s) —> f(s) for all s € [0,1], for some f(s) € R. Then 
f: E — Ris a function and we will show that f € B(E). If in (1.3) 
we let k — +00, we have 


| fn(s) — f(s)| <e Vneno, sek (1.4) 
so 


|f(s)| < sup | fn(s)| + Vnen, sek 
seE 


and thus f € B(E). 
From (1.4), it is clear that d°(fn,f) —> 0 and so we conclude 
that (B(E),d°°) is a complete metric space. 


Solution of Problem 1.26 
Let x € L (see Definition 1.135(b)) and let U, be the open set con- 
taining x such that 


fa <= Fw Yue U, \ {x}. 
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Since X is separable (see Definition 1.21), it is second countable (see 
Proposition 1.24) and so it has a countable basis B. We can find at least 
one B, € B such that x € B, C U,. Let €: L —> B be the function 
which assigns to x € L this set B, € B. This function is injective, 
since if 7,y € L, x Ay and €(x) = €(y), then x,y € Uz MN Uy and so 
f(x) < f(y), f(y) < f(x), a contradiction. This proves the injectivity 
of €, which in turn by the countability of the basis B, implies that LD 
is at most countable. 


Solution of Problem 1.27 
(a) Since diam C,, —> 0 and (| C, 49, we have that 


nel 


() Cn = tat. 


n>1 
Since f is continuous, for a given € > 0, we can find 6 > 0 such that 
dy(u,z) <6 => d,(f(u),f(x)) < «. 
Also, we can find np > 1 such that 
d, (ua) <6 Yn >no, u€ Cy. 


Hence for n > ng, we have that 


f(Cn) © Bz (f(z)) = {ye¥: a (y, f(z) <¢}, 
7 diam f(C,) < 2¢ Yn >no. 


Since € > 0 was arbitrary, we conclude that 
diam f(Cn) —> 0 asn— +00. 


(b) If we drop the hypothesis that (] C;, 4 0, then the conclusion of 
n>1 

the problem fails. To see this let X = (0,1] and Y = R with the usual 

metric. Let Cy, = (0 +] and 


an 


f(z) = sin+ VY we X. 
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Then diam C;,, —> 0, but for each n > 1, f(C;,) = [-1, 1] and so 


diam f(C,) = 2 Vue 1. 


Solution of Problem 1.28 
By definition (see Definition 1.13(c)), we have 


OD = DnND. 


Therefore without any loss of generality we may assume that D is 
closed. We need to show that int OD = 0) (see Definition 1.25). Arguing 
by contradiction, suppose that int OD 4 @ and let x € intOD. Then 
we can find r > 0 such that 


Ba) COD = DND* © DY, 


Hence 
Blan? = YU, 


a contradiction to the fact that « € D¢. 


For a general nonempty subset D of X, this is no longer true. 
Consider X = R and D=Q. Then OD=R. 


Solution of Problem 1.29 

Let D C X be a nowhere dense set (see Definition 1.25). We know 
that int D C int D = @ (see Proposition 1.15). Hence (int D)© = X 
and so D¢ = X, which means that D° is dense in X and X \ D° is 
nowhere dense (see Definition 1.20). 


The converse is not true, as the set of rationals Q has a dense 
complement in R but is not nowhere dense. 
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Solution of Problem 1.30 

“==”: Suppose that C is nowhere dense (see Definition 1.25). Then 
C° is dense in X (see Definition 1.20 and Problem 1.29). So, for every 
nonempty open set U, we have U\C =UNC* #0. The set UN C* 
is open. So, it contains a ball. 


“<—”: Every nonempty open set intersects C'°, hence C® is dense 
in X, which in turn implies that C' is nowhere dense (because the set 
C is closed). 


Solution of Problem 1.31 

To prove the claim of the problem, we will construct an injection 
of {0,1}‘ into D. Because D is nonempty and perfect (see Def- 
inition 1.13(e)), D is infinite. Let up 4 uz in D and let us set 
ey = min {3, zd, (uo, u1)}. We define 


D(0) = {weED: d,(u,uo) 
Dil) = {weD: dy(u,u) 


These are disjoint infinite and closed subsets of D such that 
diam Dp <1 and diam D, < 1. Now, let nm > 1 and for each n- 
tuple (a1,...d,) € {0,1}", suppose that we have infinitely many 
closed subsets D(a1,...,@n) of D with diameter less or equal to 4 
and that these sets are pairwise disjoint. We choose u(a1,...,@n,0) 4 
u(a1,---,;@n,1), both in D(ay,...,a@,) and we set 


Si = min { xp)? ag (ula, 015g, 0), 1 Oi;++s¢ R51) }. 


For k = 0,1, we define 
Deis 22 stip fal € Di aq525250_) Pde (u(ar, Ley Any k),u) Kenia 


Then the family {D(a1,...,an41) : (@1,---,@n41) € {0,1}"t"} con- 
sists of pairwise disjoint infinite closed subsets of D, each with diameter 
less or equal to sit: Therefore, for every 4 = {an}y51 € {0,1}%, we 
have a decreasing sequence { D(a1, vs Ore) | is of infinite closed sub- 
sets of D whose diameter tend to 0 as n > +00. Since (X,d,) is 
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complete, by the Cantor intersection theorem (see Theorem 1.28), we 


have 

(| 2@iienctn) = {ua}. 

n>1 
IfaF b, a,b € {0,1}, then for some ng € N, we have Ano F bny and 
Se) 


UG) © DGisc<250n,) bot wb) 2 Dia.22250ing): 


Therefore u(@) 4 u(b) and so the function @ —> u(4) is a bijection 
from {0,1}‘ into A. So, we conclude that card D > card {0, 1}5 = c. 


Solution of Problem 1.32 
Proceeding by contradiction, suppose that [0,1] is countable and put 
its elements in a sequence {2p},,51- Let 


Ca = at Vn 1, 


Then each C,, is nowhere dense (see Definition 1.25) and 


[0,1] = Ucn. 


n>1 


But [0,1] is a complete metric space, a contradiction (see Theo- 
rem 1.26). 


Solution of Problem 1.33 

Suppose that no point is isolated (see Definition 1.13). Then each 
singleton is a closed nowhere dense set and their union is the whole 
space, which being complete is of second category (see Definition 1.25), 
a contradiction (see Theorem 1.26). 


Solution of Problem 1.34 
Let U C X be a nonempty open set. We have 


u = U(C,nv) 


n>1 
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and {Cn NU i is a sequence of sets closed in U. Since U is open 
and X is a complete metric space, by Theorem 1.26, we can find at 
least one no > 1 such that 


int(C,. U0) = inty(Cy, 10) Fx Ye. 


Hence 
(LU intc,)nu 4 0 
n>1 
and since U was arbitrary open set in X, we conclude that ( int C, 
nel 


is dense in X (see Definition 1.20). 


Solution of Problem 1.35 
First we show that C is a closed subset of /°. To this end let 
{£"} 51 GC C be a sequence such that 

an 


a” —» @E1° in (I, d™). 


We have 
B° = {tinbmo1 and @ = {fmbmsi- 


Let ¢ > 0. As {&"},5, is a Cauchy sequence, there exists 
ko = ko(e) > 1 such that 


d™(a", a") << £ Vm,k> hp. 
So, in particular 
|a2™ — of | ae Vm,k>ko, n>1. 
Next, as @” —> %, we can find np = no(e) > 1 such that 
|x", —@m| < § Yne>no, m>1. 
Then for m > k > ko and for fixed n > no, we have 
|tm — 2%] < |am— 2? |+ |e? — of] +|az— a4] < e. 


But ¢ > 0 was arbitrary. Therefore {2m},,51 is a Cauchy sequence 
and so « € C. Thus C is a closed set. 
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To show that C is nowhere dense in /°° (see Definition 1.25), it 
suffices to show that °° \ C is dense in J (see Definition 1.20). So, 
let  € I and e > 0. We need to show that 


BA(&#) N(IP\C) £ 0. 


If ¢ € I~ \ C, then since the latter is open, the above intersection is 
indeed nonempty. Hence the interesting case is when @ € C. Then 
& = {n}y51 and Lp, —> b. We can find no = no(e) > 1 such that 


Choose t = {Un }ns € °° as follows 


Ln if n< no, 
Un = b+5 if nZno and n is odd, 
& 


—5 if m2no and n is even. 


Then, we have 


d™(%,%) = sup|t%n —Un| < e. 
n>1 


Therefore i € B-(%). Note that 


Dept = b+5 and lim inf un, = 0S 5, 
so = {Un}ns1 € 1° \ C and thus B.(#)N (I \ C) #0, which proves 
that 1° \ C is dense in I*. 


Solution of Problem 1.36 

“(a) ==> (b)”: Let {Un},51,{%n}nsi G X be two sequences such 
that d, (Un, %n) —> 0. Let ¢ > 0. Since f is uniformly continuous (see 
Definition 1.45), we can find 6 = d(€) > 0 such that 


ta) <6 = wd (f(u), f(z) < e. 
We can find nop > 1 such that 


dn tn) So VYn>no. 
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Hence 
dy (f(un), f(2n)) gE Vn 2 No 


and so we conclude that 


dy (f(t); f(@n)) — 0. 


“(b) ==> (a)”: Suppose that f is not uniformly continuous. Then 


de > 0 V5 >O0du,ce X: d,(u,x) <6 and dy (f(u), f(x)) >. 
So, for any n > 1, we can find un, 2, € X such that 
GAinste) = = Bnd. dy( fin) Fin): > = Vn 2 1. 


Thus we have obtained two sequences {Un}ns1,{@n}ns1 G X such 
that dy (Un, &n) —> 0, but dy (f(un), f(@n)) 74 0, a contradiction. 


Solution of Problem 1.37 
(a) Let ¢ > 0. Since f is uniformly continuous (see Definition 1.45), 
we can find 6 = d(€) > 0 such that 


t-s) <5 => |fQ-F(0| < €. 
Let |r| < 6. We have 
jt+r—t| = |r|<o6 


and so 
|f-(t)-f®| = [fE+r)-fO] < «, 


so 
d™°(frf) < e Wir <o. 


This proves that d~(f,, f) —~>O0asr—0r. 


(b) No. To see this, let 


84 Chapter 1. Metric Spaces 


We have that S;, —+ +oo (as these are the partial sums of the har- 
monic series). Let f: R —> R be the function, defined by 


fe = £° if t<1, 
~ | sin(n+1)r(t—-Sn) if t € [Sp,Sn41), n > 1. 


The function f is continuous, but not uniformly continuous. 


We have 


(farf) = suplfa—fO| > fa. (Gn) — f(r) 
sinnt (Sp + 52 — Sn) — sinnm(Sp — Sp) 


= sin 5 — sin0 = 1. 


So, in particular d~©(f,, f) A> O0asr—0r. 


Solution of Problem 1.38 

Let D be a countable dense subset of X (see Definitions 1.20 and 1.21). 
Then by the continuity of f, we have f(X) = f(D) C f(D) (see 
Proposition 1.32(d)). Note that f(D) is countable. Therefore f(X) is 
separable. 
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Solution of Problem 1.39 
No. Let X = R, Y = (—1,1) and let f: X —> Y be the function, 
defined by 


ae { i= Ue (—xo,0), 


Then f is a bijective and 


rae 
fy = he) = we if y © (0,2). 


Note that f and A are both continuous and so f is a homeomorphism. 
Also for x, u > 0: 


If@)-Ff@| = Ie-cel = aban < le-ul, 
for x,u < 0: 
Jf) —f)| = |po-cel = eS < leu. 
(1—#)(1—u) 


and foru<O0< 2: 


x U xr—u—2rUu x—u)(1l+a2—-u 
\f@)-f@)| = e-al = Geyacey S “Sha? < leu. 


This proves that f is Lipschitz continuous, hence uniformly continuous 
(see Definition 1.45). However, note that X = R is complete, but 
f(X) =Y = (-1,1) is not. 


Solution of Problem 1.40 
(a) Consider the function f: R? —> R, defined by 


Flum;t2) = uw: 


Evidently f is continuous and open (as the projection function on the 
first coordinate), but it is not closed. Consider the closed set 


C= fu = (ui,u2) € R*: ujug = 1} 


(a hyperbola). Then f(C) = R \ {0} which is not closed. 
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(b) Consider the function f: R —> R, defined by f(x) = c, where 
c € R (constant function). Then f is continuous and closed, but it is 
not open. 


(c) Let f: R —> {0,1} (where on {0,1} we have the discrete metric) 
be the function, defined by 


iy 1 if rEQ 
“) =) 0 if ceR\Q. 
Then f is open and closed, but it is not continuous. 


(d) Consider the function f: R — R, defined by f(x) = e~*. Then 
f is continuous. However, f is not closed. Indeed let C = [0,+00). 
Then C is closed in R, but f(C) = (0, 1] is not closed in R. 

Also, f is not open. Let U = (—1,1). Then U is open in R, but 
i(G)= (4, 1] is not open in R. 


Solution of Problem 1.41 
“+”: Let f: X —> Y bean open injection (see Definition 1.39). We 
claim that f~!: f(X) —> X is continuous. Let U C X be a nonempty 
open set. Since f is open, the set f(U) is open in Y, hence in f(X) 
too (see Definition 1.12). But 


So, indeed f~! is continuous (see Proposition 1.32). Then for every 
nonempty closed set C CX, we have that the set f(C) = (f~1)~1(C) 
is closed (due to the continuity of f~': f(X) —> X; again see Propo- 
sition 1.32) and this proves that f is closed. 


“<—”: The proof is similar, reversing the roles of open and closed 
sets. 


Solution of Problem 1.42 
Suppose that 


d, (f(x), f(u)) < cd,(a,u) Va,ue X, 
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with 0 < c < 1. Then by the Banach fixed point theorem (see Theo- 
rem 1.49), we can find a unique x € X such that 


fO@) = 2 
We have 
dy (f(e),2) = 4 (F(F@), F@) 
= dy(f(F(z)), f@)) < edx(F(e),2), 
0 < (1-c)d,(f(z),z) < 0 
and thus 
dz (f(x),@) = 0, 
ie., f(z) =a. 


So, x € X is a fixed point of f too. 
Finally, if f(w) = u, then f)(u) = u and from the uniqueness of 
x, we have u= cz. 


Solution of Problem 1.43 
Let 
ie = {ti = {Un}ns1 : Un ER, S- | tn. | < +oo} 


n>1 


be equipped with the metric 


(see Problem 1.6). 
Let {an},59 C R be a sequence such that a, € (0,1) for alln > 1 
and 


n 
F _ il = 
im tn = 3; where 7, = II az for n > 1. 
k=2 
For example, one can take ay, = oe) for all n > 2 and then, it 
is easy to check that 
n+1 


th = a5 Vn 2 2. 
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Let X = Be (0) and consider the function f: X —+ X, defined by 
f(u1, ue, ug,---) = (0,u?,ague,agu3,...) Vai = (uy, ug, ug,...JEX. 


Then 


dy (f(&), f(@)) luz — x3| + So aaltin — Ln] 


n>2 
= a = al . uy =F £1| + San |tin — | 
n>2 
< 2) Gnltip — tl = 2d, (0,2) VajeeX, 


n>1 


so f is Lipschitz continuous with Lipschitz constant 2. Note that the 
constant 2 cannot be improved (decreased), as taking 


a” = (1—4,0,0,0...) and # = (1—2,0,0,0...)  Vn>2, 


d(fO),7@)) = Q-—3)-4 =] @=2)d,67 Vane. 


Thus f is not nonexpansive (see Definition 1.48). 
On the other hand, for all n > 2 and all t,% € X, we have 


st+tn-1 
d, (f(a), f™(@) = TL esi - 21+ II ax|Us — Xo| 
s>2 k=2 
< oF Tata = 25 — taltts — 2s| 
s>1 k=2 s>l 
= my Sligo.) = "2d a) 
sol 
and also 
lim 27, = 1, 
n—- +00 


so f is asymptotically nonexpansive function. 
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Solution of Problem 1.44 
By the Banach fixed point theorem (see Theorem 1.49), for every r € 
M, we can find a unique u(r) € X such that 


ur) = f(r, u(r)). 


It remains to show that the function r > u(r) is continuous. So, let 
Tm —>r. Then 


dx (u(Tn), u(r)) = dy iar U(Tn 
ly Che 
+d, (Frm, ur 


(see Definition 1.48), so 
Gd (ulrn) ar) < Pm Cale f(r, u(r))) — 0 


(from hypothesis (i)) and hence u(r,) —> u(r). Thus the function 
r+— u(r) is continuous. 


Solution of Problem 1.45 
Let 0 <x <u. We have 


|In f(u) —Inf(x)| = {28 ds| < [Eta 


f(s) f(s) 


Ix 


[ee = k| Inu — Ing]. 


On X we consider the metric 
d,(u,2) = | Inu — Ina Vu,z eX. 


Then (X,d x) is a complete metric space and from the above estimate, 
we see that f is k-contraction for the metric d,. So, by the Banach 
fixed point theorem (see Theorem 1.49), f has a unique fixed point. 
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Solution of Problem 1.46 
“+”: Suppose that f is continuous at « € X. Then for a given e > 0, 
we can find 6 = d(e,x) € (0,¢€) such that 


dy (f(z), f(u)) < § Vue Bs(2). 
Hence, we have 

lg (f(v), f(w)) <e Vu,v € B;(x) 
(triangle inequality), so 

diam f(Bs(x)) < «. 

Because € > 0 was arbitrary, letting « \, 0, we conclude that w(x) = 0 
(see Definition 1.37). 
“<=”: Suppose that wr(x) = 0. The for a given « > 0, we can 
find 6. > 0 such that 

diam f(Bs(z)) < « Vd6€ (0,6.). 
Thus, if d, (x, u) < 6, then 

dy (f(x), f(u)) < diam f(Bs(x)) < «€ 


and this proves that f is continuous at x € X. 


Solution of Problem 1.47 
It suffices to show that for every \ € R the complement 


Dy ={xEX: w(x) >A} 


is closed (see Definition 1.37). To this end let {vn},5, GC D) bea 
sequence such that 7, —> x. Then for a given € > 0, we can find 
no € N such that 


sO 
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Since 6 > 0 was arbitrary, we get that w(x) > A, soa € Dy. Therefore 
Dy is closed in X (see Proposition 1.11). 


Solution of Problem 1.48 
(a) Let {%n},51 G X be a Cauchy sequence. Since by hypothesis f is 


uniformly continuous (see Definition 1.45), the sequence { f(xn)}_., is 


a Cauchy sequence in Y (see Proposition 1.46(b)). By the completeness 
of Y, we have f(a») —> y. Then the continuity of f~' implies that 
Ln —> fly). 


Therefore the Cauchy sequence converges in X and so X is complete. 


(b) No. Let X = (0,+00), Y = R and f(x) = Inz. Then f and f~! 
are continuous bijections and Y is complete, but X is not complete. 


Solution of Problem 1.49 


We know that 
F(( | Cn) © () F(Cr). 


n>1 n>1 


So, we need to show that the opposite inclusion also holds. To this 
end, let y € (|) f(C,) and set 
n>1 
Ey = Cit ey VRS. 


As C,, is closed and f~1!(y) is closed (because {y} is closed in X and 
use Proposition 1.32), then E,, C X is closed for every n > 1 and 


diam FE, < diamC, —>0 asn—--+oo. 


Since X is complete, we can apply Theorem 1.28 and have that 


() Fn = {xo}, 


n>1 


92 Chapter 1. Metric Spaces 


hence 
ftw) a( () Cn) = {xo} 
nol 
and so y € f ( () Ca) This proves that 


and so finally 


Solution of Problem 1.50 
Let {@n},51 be a countable dense subset of a metric space (X,d,) (see 
Definitions 1.20 and 1.21). Let 


lala) = main, Lyd oe) V am > 1. 
We consider the function h: X —> H, defined by 
ie) = (hin (2)) snse1 VaeXx. 


Since each h,, is continuous, it follows that h is continuous. Suppose 
that h(x) = h(y) and let t,, —> x (recall that {,},,5, is dense in 
X). Then 


dy (y,2%n,) = d,(@,%n,) —> 0 ask—-+oo 


and so « = y, ie., h is injective. Finally, we need to show that h7! is 
continuous. So, suppose that h(yn) —> h(y). For a given « € (0,1), 
choose Zp, such that 

dy (¥,2m) < €. 


Because h(yp,) —> h(y), we have 


dy Uses Din) _ d,. (y, oma) 


and so 
Gy Vastin) <e Vn=no, 
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for some no > 1, hence 
dy (YnsY) < 2E Vn2no, 


hence yn, —> y in X and this proves the continuity of h~'. Therefore 
h is a homeomorphism into H. 


Solution of Problem 1.51 
Since f is an increasing bijection, it is strictly increasing. Let xo € A. 
Since A is dense in R (see Definition 1.20), we have 


C = AN(-ow,20) 4 9 and fl, < f(xo). 
Let 
m(zo) = sup{f(z): ce€ A, x < ao}. 


Evidently 


If m(xo) < f(xo), then exploiting the density of B in R, we can find 
u € B such that 
m(zo) < u < f(z). 


Let « € A be such that u = f(x). Then x < xp and so 
Us f(z) < m(xo), 


a contradiction. So, m(xo) = f (x0). 
Similarly, we show that 


f@o) = inf{f(@): 2 eA, o> ao}. 


Now, let ¢ > 0 be given. We can find 71,22 € Asuch that 71 < rq < 29 
and 


f(to)-—€ < f(ai) < fle) < f(xo) +¢, 


so 
f(zo) —e < f(x) < fl(ao) +e Va € [t1,22|N A. 


Thus we conclude that f is continuous at xo, hence f is continuous. 
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Also f~' is an increasing bijection from B to A and so from the 
first part f—! is also continuous. So, we conclude that f is homeomor- 
phism. 


Solution of Problem 1.52 
Let « € X and let {@n bast C D be a sequence such that 
dy (%,x) —> 0 (recall that D is dense in X; see Definition 1.20). Note 
that for all n,m > 1, we have 


and d, (%n, 2m) —> as n,m —> +00. So Lt a) fsa CY is a Cauchy 
sequence. Since Y is complete, the sequence { f (tn) } 
Let us set 


n>i}8 convergent. 


f(x) = lim. f(en). 


Note that due to the Lipschitz property of f, this definition is in- 
dependent of the approximating sequence {x,},5, C D. Indeed, if 
{2n}n>1 © D is another sequence such that d, (x},,7) —> 0, then 


dy (f(tn),f(tn)) < dx (tn, 2p) < kdy(2n, 2) +kdx (2,2) —> 0. 


So, we have a function f: X —> Y. If zu € X and 
{ln}ns1>{Un}ns1 G D are two sequences such that d,(rn,2) —> 0 
and d, (un,u) —> 0, then 


d, (f (an), f (Un) < kd, (Xn, Un) Vn21, 


sO 


d, (f(x), f(u)) < kd, (a,u), 


Solution of Problem 1.53 
Let (X,d,) be a metric space and let us fix x9 € X. For every x € X, 
we consider the function €,: X —> R, defined by 


E(u) = d,(ax,u) —d,(u, zo). 
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We have 
E(u) —£,,( (v)|< |d x (2, u)—d, (2, v)|+|d, (u, 29) dx (v, 20) |<2d, (u,v), 


so €, is uniformly continuous (in fact 2-Lipschitz; see Definition 1.45). 
Also, from the triangle inequality, we have 


[éx(u)| < d,(z,zo9) Wuex 
and thus €, is bounded. Finally, note that 


JEn(u) —E,(u)| = |dy (w,u) — dy (ua) — dy (v,u) + dy (us, x0)| 
= |d,(x,u)—d,(v,u)| <d,(x,v) Va,vwEeX 


and 
Ex (v) = Ey(v)| = fee) Var,veEe x. 


Therefore 


d™ (Ex, €v) = sup |e_(u) ~ &v(u)| — dy (x,v), 


so x +—> €, is an isometry. 


Solution of Problem 1.54 
Let f: X — X be defined by 


Then 
\| f(x)]| << F Va@e XxX. 


So, the range of f is in B,. Let u € B,. Then vaete exists a unique 


x € X such that u = f(x); in fact we have x = art So, f isa 


bijection from X onto B, and g = f~! is given by 


Evidently f and g = f~ are both continuous. Therefore f is a home- 
omorphism. 
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Solution of Problem 1.55 a 
Let d, be the metric on Y. For every x € D, let w f(a) be the oscillation 
of f at x (see Definition 1.37). We set 


= {cE D: wy;(x) =O}. 


We have 
= (){eeD: w(x) < i\. 
so C is a Gs-set in X (see Problem 1.47). 

We define a continuous function g: C —> Y, which extends f, as 
follows. Let x € C and let Rice C D be a sequence such that 
In —> x. Since wr(x) = 0, it follows that {f(en) bast CYisa 
Cauchy sequence in (Y,d,,). The completeness of (Y,d,,) implies that 
is 


the sequence { f (2m) boy | convergent. Let 


giz) = lim f (an). 


n—-++00 


Then it is clear that g is well defined, continuous and |, = f. There- 
fore g is the desired extension of f. 


Solution of Problem 1.56 

Let h = f+. By Problem 1.55, we can find a Gs-set A C X containing 
A and a continuous extension f: A—+Y of f. Similarly, we can find 
a Gs-set BC Y containing B and a continuous extension he BX 
of h. We introduce the sets 


Let proj, and proj, be the projections on X and Y respectively. We 
define 


At = proj, (G(f) 9 G(h)) = {teA: (a, 
B* proj, (G(A)NG(h)) = {ye B: (hiy Y 2 7 


The set G(h) is closed in X x B and B is a Gs-set in Y. Hence G(h) 
is a G5-set too. Since f is continuous on the set Gs5-set A, it follows 
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that A* is a Gs-set too. Similarly, we show that B* is a G5-set. Note 
that f* = ls is a homeomorphism from A* onto B* and fl, =f. 


Solution of Problem 1.57 
By hypothesis there exists a complete metric space (Y, d,) and a home- 
omorphism h: A —> Y. For x € A, we set 


h,(c) = diamh(AN B,(z)). 
If h(x) < 4, then diamh(AN Br(x))< + and so the sets 
Cr, = {x€ A: h,(x) > + for all r > 0} 


are closed in A, hence closed in X. The set 


D=A\\UGr 
n>1 

is a Gs set. We will show that A = D. If x € A, then due to the 
continuity of h, we have that x ¢ C, for all n > 1 andso a € D. This 
shows that AC D. 

Next, let x € D. Let {n}ns1 C A be a sequence such that 
Ln —> «x. For every € > 0, we can find an integer k > 1 such that 
i <e. Since x ¢ Cy, we can find rz; > 0 such that 


hina) <p Se 


We can find no > 1 such that rz, € B,,(x) for all n > no. The 
definition of h,, implies that 


d, (R(t), h(m)) <.€ Yn,m 2 No, 


so {h(tn) bast is a Cauchy sequence in Y. 
The completeness of Y implies that h(z,) —> y € Y. Recall that 
h is a homeomorphism. So, we have x, —> h~'(y). Since r, — 2, 
it follows that 
e=Alty) e hy) =A. 


This proves that D C A and so we conclude that D = A and we see 
that A is a dense G5-set in X. 
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Solution of Problem 1.58 
We argue by contradiction. So, suppose that Q is a G5-set in R (see 
Definition 1.57), so 


Q= () U, with U, CR open. 


n>1 


Then R\ Q = U U¢ and U® is closed for every n > 1. Because US 
n>1 
contains only irrationals, it can not contain a nonempty interval and 


sO 
intUh = @ Vne21, 


which means that US is nowhere dense (see Definition 1.25). Let 
{@n}n>1 be an enumeration of the rationals and set 


Then C,, is closed and 
intG,, = met; U inti g,} = w, 


i.e., Cy, is nowhere dense. Note that R = LU C,, which contradicts 
n>1 
the Baire category theorem (see Theorem 1.26). 


Solution of Problem 1.59 

Let D = {n},5, be a countable dense set (see Definition 1.20) in 
a complete metric space X. Suppose that D is a G5-set (see Defi- 
nition 1.57). Then we can find open sets U, C X for n > 1 such 


that 
D= () U.. 


n>1 


Evidently, since D C Uy, for all n > 1, each U, is open and dense in 
X. Let us set 


Vn = Un\(J{ex} Vn. 
k=1 
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Since X has no isolated points (see Definition 1.13(d)), each V, is open 

and dense. Note that (| V, =, which contradicts the Baire category 
nel 

theorem (see Theorem 1.26). 


Solution of Problem 1.60 
(a) “= =”: Since by hypothesis the complement of A is meager (see 
Definition 1.25), then 


A= ( U DV with D, being nowhere dence. 


n>1 


Hence, we have 
A= (25 2) (ay =C. 
n>1 n>1 


But the sets (Dy) are open and dense (see Definition 1.20 and Prob- 
lem 1.29). So C is a G5-set (see Definition 1.57) and because X is 
complete, by Theorem 1.26, it is also dense. 


“<=”: Suppose that A contains a dense G'5-set C’. Hence 


C= () Un, with U, open. 


n>1 
Evidently for every n > 1, U, is dense in X. Hence 
m(.) = (04) =A =p, 
so for all n > 1, Uf is a nowhere dense closed set. We have 


AOC xe: N05 


n>1 


and so A° is meager. 


(b) “= >”: Suppose that A is meager. Then by part (a) we can 
find a dense G5-set C such that CC A°. Therefore 


A = C* 
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and C“ is a F,-set (being the complement of a G'5-set), whose comple- 
ment C' is dense. 


“<=”: Suppose that A C FE with EF being an F,-set with dense com- 
plement. Then E° C A°, where E® is a dense G5-set. Invoking part 
(a), we conclude that A = (A‘°)° is meager. 


Solution of Problem 1.61 

(a) Let X* be the completion of X (see Theorem 1.51). Reasoning 
indirectly, suppose that X* # X and let «* € X* \ X. Consider the 
continuous function f: X —> R, defined by 


with d,., being the metric of the completion X*. 
As a* € X*\ X, we see that f is continuous (see Proposition 1.36). 
But f is not uniformly continuous. Indeed, assume that f is uni- 
formly continuous (see Definition 1.45). So, for ¢ = 1, there exists 
6 > 0 such that 


YRnyeXx: dey) <0 => |f (x) — f(y)| <1. 
Because X is dense in X* (see Definitions 1.20 and 1.50), there exists 


xo € X such that 


d4( to, ). < g. 


Again using the density of X in X*, we can choose 7; € X such that 


Gl 21,2") < min {&, pore}. 
dy x (x9,2*) 


Then 
bao) = Celts ee a) = 48 = 6. 


But 


|F(o) — f(@)| = lames — Gee) 


a contradiction. 
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(b) Let X =R. This a complete metric space, but the function 
f:RarroveR 


is continuous and not uniformly continuous. 


Solution of Problem 1.62 
From Problem 1.46, we know that f is continuous at x € X if and 
only if w(x) = 0. So 


= {rEX: wy(z = (\{eex: w(x) < 4}. 


n>1 


But by Problem 1.47, for each n > 1, the set 
{z EX: w(x < +} 


is open. Hence C is a G5-set (see Definition 1.57). 


Solution of Problem 1.63 
Suppose that we can find a function f: R —> R for which 


eg ER: f is continuous at a = Q. 


From Problem 1.62, we would have that Q is a G5-set (see Defini- 
tion 1.57), which contradicts Problem 1.58. 


Solution of Problem 1.64 
For every integer m > 1 and every f € ¥, we consider the set 


Cag =] {ee [@ ml}. 


Since f is lower semicontinuous, the set Cy,,¢ is closed for all f ¢ F 
and all m > 1, hence the set 


Ce af Gag 


fer 
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is closed too. By hypothesis 


Since X is complete, by the Baire category theorem (see Theo- 
rem 1.26), we can find an integer mo > 1 such that intC,,, 4 0. 
Hence 


Solution of Problem 1.65 
Arguing by contradiction, suppose that we can find a sequence of con- 
tinuous functions f,,: R —> R such that 


fn(t) —> Xg(t) VareER. 


Let 
Un, = fa! ((4,+00)) Vn2>1. 


Then U,, is open (since f, is continuous) for n > 1 and from the 
pointwise convergence of the sequence { fnbnsi to Xg, we have 


() Un = Q, 
n>1 


so Q is a G5-set (see Definition 1.57), which contradicts Prob- 
lem 1.58. 


Solution of Problem 1.66 
For a given ¢ > 0, let 


Am 
D® 


W 
ion 


{zEX: |fm(x) — f(x)| <e} Ym 


U int Af,, 


me1 


E (De. 


nel 
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We claim that E = E. To this end let x € E. Since fn — f, we 
can find an integer m > 1 such that |fm(x) — f(x)| < 3. Also the 
continuity of f, (by hypothesis) and of f at « € E, implies that there 


exists 6 = 6(x,¢) > 0 such that 
lfn(u) — fn(e)| < § and |f(u)—f(@)| <§ Vue Bola). 
Hence by the triangle inequality, we have 


aes Vue Bs(z), 


so x € int AF, C D*. Since € > 0 was arbitrary, it follows that x € E. 
Therefore £ C E. ; 
Next let x € E. For a given <e > 0, let n > 3. We have that x € Dn 


1 
and so there is an integer m > 1 such that x € int A7,. Then we can 
es 1 
find 6 > 0 such that Bs(x) C Af, so 


Vue B(x) 


Sle 


|fm(u) — f(u)| < 


and 
Lfn(u) —fim(a)| < — Vue Bala) 


(from the continuity of f,,). Then, the triangle inequality implies that 


|f(u) — f(x)| < ~<e Wue B(x), 


so f is continuous at x, ie., x € EF and so EC E. Therefore finally 
B=E. 


Next, for all ¢ > 0 and m > 1, we introduce the sets 
Go, = {et EX: |fm(x) — fin+n(x)| < e for all integers k > 1}. 


Clearly each G*,, is closed and by the pointwise convergence of the 
sequence {fn}ns1 to f, we have 


X = Bes Ve>QO, 
me>1 
Gove Ae Nes ani, 
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so 
[J mtG,, C DF Ve>d. 
mel 
Hence 
xp c X\ |) inte. = | ).G.\ |) mes, c || (ime), 
mel me>1 mel me1 
so : ; ; 
U (X\ De) C U U (Gh, \ int Gh) 
k>1 k>1m2>1 
and thus 
AVE = X= 2) De = (JD) 
k>1 nel 
1 
c UU (Gh \intGh) ¢ U U ach. 
k>1m2>1 k>1m2>1 


i 
But OG}, is a nowhere dense set (see Definition 1.25). Therefore X \ E 
is a subset of a meager set, hence FE contains a countable intersection 
of open dense sets (see Definition 1.20 and Problem 1.60(a)), which is 
dense too, since X is complete (see Theorem 1.26). So, finally F is a 
dense G5-set in X (see Definition 1.57). 


Solution of Problem 1.67 


We have 
FE(x,y) = lim nff(et+4yy) - fey), 
S(x,y) = lim nj f(x,y +2) — f(e,y)]- 


From Problem 1.66, we know that of is continuous an a dense Gs set 
E, C R? (see Definitions 1.57 and 1.20) and a is continuous an o 
dense Gs set Eo C R*. We set E = E, M Ey. Then on E both partial 
derivatives of f exist and are continuous, hence f is differentiable on 
FE. Clearly E is dense and Gs. 
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Solution of Problem 1.68 
Let X = (0, 1] and let d; be the metric on X induced by the Euclidean 
metric on R, ie., 


di(z,u) = |x-4l Va,we X. 
Also, let dg: X x X —> Rx, be defined by 
do(z,u) = |4—3| Va,ue X. 


Clearly dj is a metric. Note that 


di(z,u) = |x—ul < je-ul do(a, u) Va,ue X. 


Therefore the metric dz is stronger than d, (i.e., the metric topology on 
X generated by dz is richer (has more open sets) than that generated 
by d) and the identity function 7: (X,d2) —>+ (X,dj) is continuous 
(in fact Lipschitz continuous with Lipschitz constant 1). 

Let V = [1,+00) and let d be the metric induced by the usual 
metric on R. We consider the bijections f: X —> V andh: V — X, 
defined by 


f(z) = % and A(v) = 3 VaeX, veV. 


Both functions are bijections and f: (X,d,) —> (V,d) is continuous. 
Also, for all v,y € V, we have 


d2(h(v),A(y)) = lay — aml = yl = ae,y) 


and so h: (V,d) —+ (X,d2) is an isometry. 

Note that i = ho f: (X,d,) —> (X,d2) is continuous and so we 
have proved that (X,d1) and (X, dz) are indeed topologically equiva- 
lent. 

Next we show that the two metrics d, and dz are not uniformly 
equivalent. If this is not the case, i.e., the two metrics are uniformly 
equivalent, then 7: (X,d,) —> (X,d2) is uniformly continuous (see 
Definition 1.45) and so we can find 6 > 0 such that 


do(z,y) < 1 Va,y€X, with di(z,y) < 6. (1.5) 


Let {@n}ys1 G X be a sequence, given by tp = i for n >1. Then 


iia) = ane) and: “alta, tye) = |n — (n+ 1)| = 1. 
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For our 6 > 0, we can find ng > 1 such that 
Gil Gy. Peay) SO Yn>no, 


while 
Ca(Gqitin is) = 1 Vn > 1, 


a contradiction with (1.5). This proves that d, and dz are not uni- 
formly equivalent (see Remark 1.53). 


Solution of Problem 1.69 
Let X = (0,1] and consider the metrics d, and d, by 


d,(z,u) = |x—u| and d,(z,u) = j=—-—= Va,ue X. 


From Problem 1.68, we know that d, and d, are topologically equiva- 
lent. Let t, = < for n > 1. Then {2n}n>1 is d,-Cauchy and 


In —~ OE X. 


So, (X,d,) is not complete. 
From the solution of Problem 1.68, we know that the function 
h: V = [1, +00) —> X, defined by 


h(v) = 4 Vuev 


is an isometry from V with the usual metric it inherits from R onto 
(X,d,). So, h preserves Cauchy sequences. Because V is complete, it 
follows that (X,d,) is complete. 


Solution of Problem 1.70 
Let X = (0,+00) and let f: X —-+ (0,1) and h: (0,1) —> X be 
defined by 


f(z) 2 ie ond Me) = cy Vae xX, ve (0,1). 


Both functions are continuous and f~! = h. Hence f is a homeomor- 
phism on R onto X (both spaces with the Euclidean metric topologies). 
Note that 


feC'(X), with f(x) = qr > 0. 
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Therefore f is strictly increasing. So, for all r,s > 0, we have 


_ r+s rtstrs _ _rts(1+r) 
Tees) ~~ T+4(r+s) < l4+r+s+rs ~ (1+4r) 


1+s) 
r(1+s)+s(1+r r 6 
< sree i < ita HO 


mH 


Let d, be the usual metric on R and let dg: X x X —+ R, be defined 
by 

d2(x,u) de f(\z — ul) Va,ue X. 
Using the properties of f established above, we verify that dg is a 
metric on R. Note that f(r) < r for all r > 0 and so 


do(z,u) < di(x,u) Va,uwe X. 


Then the identity function 7: (X,d,) —> (X,d2) is Lipschitz contin- 
uous with Lipschitz constant 1, hence uniformly continuous too (see 
Definition 1.45). 

We will show that also the identity function 7: (X,d2) —> (X,d)) 
is uniformly continuous. Let ¢ > 0 be given. Let us set 6 = 74,. Then, 
if do(x,u) < d, so 


een < pe andthus dji(z,u) = |z-ul < «. 


Hence, we have shown that 


Ve >056>0Vr,uEeX: do(x,u)<d = di(z,u) <e, 


so the identity function 7: (X,d2) —+ (X,dj) is uniformly continuous. 
Thus the metrics d; and d2 are uniformly equivalent. 

On the other hand, for every u > 0, we have d;(0,u) = u and 
d2(0,y) = f(y) < 1. So there is no k > 0 such that 


d\(0,u) < kd2(0, wu) Vuex 


(let u = k+1). This implies that d; and dz are not Lipschitz equivalent 
(see Proposition 1.54). 


Solution of Problem 1.71 
Let 
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and let 
u(t) = 0 Vte (0,1). 


Then 
d™(um,u*) = 2 —+ 0 asn—->-+oo. 


n 
On the other hand 
d*(un,u*) = 4+1 —+ 1 asn—+oo 


(see Definition 1.52). 


Solution of Problem 1.72 
Let 


d,(x,u) = d,(a,u) +d, (f(x), f(u)) Va,ue X. 
Clearly d, is a metric on X. Moreover, note that 


lim dx (an, 2) = 0 = lim dx (@n, 2) = 0, 


Therefore d, and d, are equivalent metrics on X (see Definition 1.52). 
Note that 


dy (f(z), f(u)) < d,,. (x, u) Vajue X, 


hence the function f: (X,d,.) —> Y is Lipschitz continuous (see Def- 
inition 1.48). 


Solution of Problem 1.73 
Let d,( 
d = Y Y,vU 


This is a bounded metric on Y which is topologically equivalent to d,, 
(see Definition 1.52). Also on X we introduce the distance function 


Vyvey. 


d,(u,2) = d,(u,x) + Ss" aie (fn(u), fr()) Vu,x EX. 


n>1 
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It is easy to check that d, is a metric on X and 


d,(Un,u) —> 0 <= > dy(un,u) — 0, 


so d x and d, are topologically equivalent. 
Moreover, we have 


dy ut) = 2d, (u,v) Vu,reX, n21, 


so for each n > 1, the function f,: (X,d,) —> (Y,d,) is Lipschitz 
continuous (see Definition 1.48). 


Solution of Problem 1.74 

Let Y be the completion of the metric space X and let h: X —> 
h(X) CY be the isometry such that h(X) = Y (see Definition 1.50). 
Since X is separable (see Definition 1.21), it admits a countable dense 
set D (see Definition 1.20). Then the countable set h(D) C Y satisfies 


Solution of Problem 1.75 
If D = 0, then the result is obvious, so let us suppose that D 4 Q). Fix 
t € D and let 

y= {f EC[la,b]: ft) = O}. 


Then since uniform convergence (i.e., convergence in the de yy metric; 
a, 


| 
see Definition 1.59) implies pointwise convergence, we infer that ) is 
dria ») Closed. Note that Y= () 4. Hence ) is dei Closed. 

teD a 
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Solution of Problem 1.76 
The set £, is not closed in X. To see this, consider the functions 
fn € X for n > 1, defined by 


ila) == Yn2>1, s€ [0,1] 
ad 
Then fy, € E, for each n > 1 but f, — 0 ¢ Fy. 


The set Ey is closed in X. To see that, let {fn},5, C Ey bea 
sequence and assume that 


fr — f 


(i.e., fn — f; see Definition 1.59). Let t € [0,1] and n > 1. We 
can find s, € [0,1] such that f,(s,) = ¢t. Passing to a subsequence if 
necessary, we may assume that s, —> s. Then f(s,) —> f(s). We 
have 


jt — f(sn)| = |fn(sn) — f(Sn)| SO (Gust) =O, 


so f(s) =t. Since t € [0,1] was arbitrary, we conclude that f € Eo. 


Finally FE is not closed. To see this, consider functions 


2n—ts if se [0, 5]; 


= > 2. 
fn(s) oe if s€ (5,1), yee 


dx 
Then f, € & and f, — f, where 


_ f 2s if se [0,5], 
F(s) 13 if se (4,1. 


However, it is clear that f ¢ F (it has a flat part on [5 1] ). 


Solution of Problem 1.77 
For integers m,n > 1, we define 


Cmn ={f €X: Ate [0,1] Vs € [0,1]: 
|s—t] << = |F(s) -— FO] < nls — tH}. 
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We will show that Cy is nowhere dense in X (see Definition 1.25). 
In fact, if f € Cmn, we let 


mf) = ae 


f(t aie 2) _ f(t) 
| : . 

m 
Let a(x) be a continuous, piecewise linear function bounded by 1 and 
with each linear piece having slope 3m(f). Then, for every ¢ > 0, we 
have 


d“(ft+ea,f) < ¢« and ftea ¢ Cro. 


So d®-int Cran = 9, i-e., Cm is nowhere dense. 
Since (X, d®) is a complete metric space (see Proposition 1.62), by 
the Baire category theorem (see Theorem 1.26), the set LJ Cn is 


m,ne1 
nowhere dense in X. Hence 


= U Cm,n is of second category 


m,n>1 


(see Definition 1.25). But if f € D, then for every t € [0,1] and every 
n,m > 1, we can find points s € [0,1] such that 


f)=1)} 5p 


s—t 


js—t] < + and | 


and so f is not differentiable at any t € [0, 1]. 


Solution of Problem 1.78 
Let x,y € X and let ¢ > 0. From the definition of dist (see Defini- 
tion 1.6(d)), there exists z € A such that 


d,(x,z) < f(x)+e. 
As we also have d, (y,z) > f(y), so 
f(y) — f(z) < dy (y,2)-dy(z,z)+e < dy (x,y) +e. 
Because € > 0 was arbitrary, we conclude that 


f(y) _ f(z) < dy (2, y). 
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Exchanging the roles of x and y, we also have 


f(z) =f) < d, (2, y), 


so finally 


This proves that f is Lipschitz continuous with Lipschitz constant 1. 


Solution of Problem 1.79 
Let C C X be aclosed set. Then 


C = {reEX: dist, (x,C) =0} 
(see Definition 1.6(d)) Hence 


C= () {xe X: dist, (a,C) < +}. 


n>1 


The continuity of the function ++ dist, (x,C) (see Problem 1.78), 
implies that the set 


{xe X: dist, (z,C) < +} is open 


(see Proposition 1.32). Therefore it follows that C is Gs (see Defini- 
tion 1.57). Because the complement of a G5 set is an F,-set. Therefore 
the second part of the problem follows from the first. 


Solution of Problem 1.80 

For every n € Z let Dn = DO [n,n+1). Then D= U Dp. Since D 
nel 

is uncountable, at least one of the sets D,, say D,,, is uncountable. 

So, in D,, we can find a sequence with distinct terms, which has a 

convergent subsequence. The limit of this sequence is an accumulation 

point of D (see Definition 1.13(b) and Theorem 1.14(d)). Now let 


S = tz ER: 2# is an accumulation point in D}. 
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We have just seen that S 4 — and of course S' is closed. Hence S° is 
open and so by Problem 1.79, S° = U Cy, with C, C R closed for 


n>1 
every n > 1. If S is countable, then D must have uncountable many 
elements in S° and so in some C;,,,. From the first part of the proof, 


DOC,, has an accumulation point x. Then 
Ge DOG, ©. DNCwe = DMCms 
sox eC, andz eS. But SNC,, = 9, a contradiction. 


Solution of Problem 1.81 
Evidently it suffices to consider U = (a,b), a,b € R, a < b. We have 


f(a) = U [F*((- 00,8 - g]) N F(a, +00))]- 
n>1 
But from the lower semicontinuity of f, we have that 
fol —o,b- +)) is closed and f—'((a, +ov)) is open 


(see Problem 1.64). 
Also, from Problem 1.79, we have that f~'((a,+0o)) is an F,-set 
(see Definition 1.57(b)). Hence 


Solution of Problem 1.82 
For every n > 1, we cover R with a countable family of open sets 
{Up }y51 Such that 


diam U;’ < 1 Vn,k>1 


(see Proposition 1.24). Note that all sets f~'(U?) are F,-sets (see 
Problem 1.81). Hence 


fr) = U Crm With Cf, closed for all m > 1. 


mel 
We have X= [J Cf,,,, 80 
kym>1 , 
Dy, = U int Cf, is open dense in X for all n > 1 


kym>1 
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(see Problem 1.34). We have D = [),,51 Dn is a dense G5-set in X (see 
Theorem 1.26 and Pelaiion) 1.57 and 1.20) and since the oscillation 


of f on each Dy, is less than +4 -, we infer that f|p is continuous. 


Solution of Problem 1.83 

(a) Since by hypothesis f, = f (see Definition 1.59), we can find 

an integer no > 1 such that sup dy (fno(x), f(x)) < 1. So, for all 
LEX 


X1,02 € X, we have 


d, (f(#1); f(2)) 
dy (f(a ie 1) )) + dy (fno(@1)ifno(@2)) +dy (fno (v2), f (2) 
2 


< 
< oe Fino (X) 


(see Definition 1.6(b)), hence diam f(X) < +00, ie., f is bounded 
too. 


(b) By way of contradiction, suppose that f, = f and f: X — Y 
is bounded. Then we can find xp € X and ro > 0 such that f(X) C 
B,,(ao). Again we can find an integer no > 1 such that 


sup dy (fno(x), f(x)) < 1. 
rex 


Hence fn.(X) C Bro+1(xo), a contradiction to the fact that fro is 
unbounded. This shows that the limit function f cannot be bounded. 


Solution of Problem 1.84 
Let ¢ > 0. Since f, = f (see Definition 1.59), we can find no = 
no(€) > 1 such that 


dy (Fno(z), f@)) < 5 VauxeEX. 


The continuity of fn, at xo implies that there exists 6 > 0 such that 


dy (Fost) fag a) < : Vae B;(xo) 


1.3. Solutions 115 


(where Bs(xp) = {x € X: d,(x,xo) < 5}). Then for every x € 
B;(xo0), we have 


dy (f(x), f(to)) < 
+ 


Y (f@); fea) a dy, (Sng), ine (@0)) 
¥ (fno(Xo), f(x0)) <, 


d 
d 


so f is continuous at 2. 


Solution of Problem 1.85 
No. Let X = R and for every n > 1, let 


fe) = 2 Vn2>1, cER, g(t) = + Vn21, ceER. 
Evidently f, = f =id, and g, = 0 (see Definition 1.59) Then 
(fnGn) (x) = < Vn21, ceER. 


Then frgn — 0, but the above convergence is not uniform. 


Solution of Problem 1.86 
Since by hypothesis f, = a (see Definition 1.59), for a given € > 0, 
we can find an integer no > 1 such that 


dv(in@if@)) <3 Vrer, m2 10. 


For x,u € X and all n > no, we have 


dy (f(x), f(u)) <4, (f(@), fn(x)) +4, (fala), fr(u)) +4, (fn(u), F(u)) 


<d 
<e+kd, (x, u) 


(see Definition 1.48). Because ¢ > 0 is arbitrary we let ¢ \, 0 and 


obtain 
dy (F@)sf@)) < kd (e,u) Vau,ue X, 


hence f is k-Lipschitz. 
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Solution of Problem 1.87 
Because f, = f (see Definition 1.59), for a given ¢ > 0, we can find 
no > 1 such that 


dy (fn(z), f(z) < § VWarEX, nen. 


By hypothesis f,, is uniformly continuous (see Definition 1.45). So, 
we can find 6 = d(€) > 0 such that 


dy, (fra i Fre 00) a Va,ue X, with d,(r,u) < 6. 


< 
vy (f(2), fing 


dy (f(x), f(u)) 


Solution of Problem 1.88 
(a) Yes. Let X = Y = [0,1] and let {f,: [0,1] — [0,1]},,, be the 
sequence of discontinuous functions, defined by 


_ 4 if cE [0,1]NQ 
fn(x) = e if +€[0,1]\Q 


Note that 
i Sf = 


(see Definition 1.59) and of course f is continuous (in fact the func- 
tions fp, are discontinuous at every x € X). 


(b) No. Consider the function f: R —> R, defined by 


= 1 if rEQ, 
fa) = = if cER\Q. 


Then 


II 
= 


fof 
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So, fof is continuous, but f is discontinuous (in fact f is discontinuous 
at every x € X). 


Solution of Problem 1.89 
As in Definition 1.37, for every x € X, let 


We(e) = inf diam y(B,(z) A). 


We know that y is continuous at « if and only if w,(x) = 0 (see 
Problem 1.46). We set 


Aj = {xe A: w(x) =0} 


(note that, if ¢ € A, then B,(z)N A # 0). Evidently A C Ap. Let 
x € Ag. Then we can find a sequence {7p},5, C A such that 7, — x. 
Since wy(x) = 0, we see that {¢(tn)} ast C Y is a Cauchy sequence. 
Since Y is a complete metric space, we can find y € Y such that 


y(tn) — y mY 


and we can easily see that this limit is independent of the choice of 
the approximating sequence {%,},,5,. So, if we set yo(x) = y, then 
yo: Ag —> Y is well defined and continuous because 


Wyle) = 0 Va € Apo. 


We need to show that Ap is a Gs-subset of X (see Definition 1.57(a)). 
Let 
Un = (EX: w(x) < it): 


From Problem 1.47, we know that the set U,, is open in X. We have 


Ap = (() Un) NA. 


n>1 


But from Problem 1.79, we know that A is a G5-subset of X. So, we 
conclude that Ao is a G5-set. 
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Solution of Problem 1.90 
Let tn —> x in X. Then 


f(en,8(an)) = 1 Wn2el 


Since Y is compact, we can find a subsequence {ate pe of 
{s(rK)} 1 and y € Y such that s(z,,) —> y in Y. Exploiting the 


continuity of f, we have 


F(t Sng) — f(z,y), 


hence f(x,y) = vo and so by hypothesis y = s(x). Since every 
subsequence of {s(tn) bot has a further subsequence which con- 
verges to s(x), we conclude that for the original sequence, we have 
Sn(x) —> s(x) (see Problem 1.3) and so s is continuous. 


Solution of Problem 1.91 

We need to show that f is a bijection and that f~! is continuous. 
Note that if f(a) = f(u) then d(z,u) = 0 and so x = u. This proves 
that f is injective. Next we show that f is surjective. Arguing by 
contradiction, suppose that there exists  € X such that x ¢ f(X). 
Then since f(X) is compact, we have 


dy ef X)) =e > 0. 
We have 
< d(x, @) <20"@). 7" @) Vinod 


(recall that f"™ = fo...0of m-times for all m > 1). Then the se- 
quence { f(a) eit has no convergent subsequence in f(X) C X,a 
contradiction. This proves the surjectivity of f, hence f is a bijection. 

Let z,u € X. Consider two sequences { fF) Clan and 
{ F™ Cale Because X is compact, we can find a subsequence 
{nk}p>1 Such that both sequences te as and { f() (u) 
are convergent and thus they are Cauchy sequences. 

Let ¢ > 0. We can find k > 1 such that 


lst 


dy (f(a), f(x) < e Wk l>ko 
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and 
dy (f)(u), f (uw) <e WkL> ko. 


Let 7% = Nko4+1 — Nk. Then, using the hypothesis on f, we have 


d(x, f"(a)) < dy, (f(x), frt(x)) < € 


d,(u,f"(u)) < dy (fP*(u), frrot(u)) < € 


so, letting « \, 0, we have 


dx (f(x), f(u)) < dx(x,u) 


and thus we conclude that f is an isometry (see Definition 1.41). 


Solution of Problem 1.92 

By Theorem 1.47, f admits a uniformly continuous extension (see 
Definition 1.45) f: [a,b] —> R and f ([a, b}) is compact. So, f is 
bounded (see Definition 1.6(b)). 


Solution of Problem 1.93 
Let x,u € X.Let us define two sequences 


z1=f(z), to=a2 and a, € f '(tn-1) Vn2t, 
u-1=f(u), uo=u and wu, € f—*(up_1) Vane 1. 


Because X is compact, we can find a subsequence {nx} g>1 Such that 


in, —> © and uy, —> uw ask —-+o0. 
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Let ¢ > 0. We can find ko > 2 such that 


NIM wlM 


Then 


dx (Theos Laxey 1) < 
dy (tka s Unig+1) < 


Let 7 = Nky+1 — Mk — 1. Then 


dy (am, 2 1) < dy (2g, 11 Tk) < €, 
dy (um, u-1) < dy. (tix, ae) <eE 
Hence 
dy (a,4) = d, (9, Yo) = en (f (x1 , f(u1)) < d, (1, U1) < ees 
< dy (Puy Un) < ae (Das re (B11 ed (26415 thee) 
< de (f(e), flu)) + 2e 


Because € > 0 was arbitrary, we get 


dx(x,u) < dx (f(x), f(u)), 


thus using the assumption, we deduce that f is isometry. 


Solution of Problem 1.94 
(a) If any of the sets K,, is empty, then the result is obvious. So 
let us assume pee all sets K, are nonempty. Clearly the sequence 
{diam Ky } n> © C [0, +00) is decreasing and bounded below by diam K.. 
So 
diamk < lim diam K,. 
n— +00 


Because K;, is compact and the distance function d, is continuous (see 
Proposition 1.36), we can find rp, Un € Ky for n > 1 such that 


a, (net, — diam A, Vn>1. 
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By the compactness of X and by passing to a suitable subsequence if 
necessary, we may assume that 
In —>x and u, —u inkX. 
We claim that 2,u € K. Note that 
In,Un € Km Vne>me2il. 


Hence 
r,u€ Ky Vm2>1 


and so x,u € K. We have 


diam K > d,(e,u) = lm dx (@n, Un) = im diam Kn, 
so 
diamk = lim diam K,. 
nN— +00 


(b) Let us consider X = {+ : n > 1} with the natural metric induced 
from R. Then X is not compact (as the Cauchy sequence {4} has 
no limit in X). Let 


Ky = {1U{4: nek} Vee 


Then the sequence {Kans is a decreasing sequence of closed subsets 


of X with 
diam Kk; = 1 Vk>1. 


But K = () Ky = {1} and so 
k>1 


diam k;, “A> diamk = @. 


Now, let X = [0, 1] (which is compact). Let {qn},,5, be an enumeration 
of rationals in X. Let 


Ke = 4Gne we kh Vk>1. 


Then {K},51 is a sequence of decreasing nonempty sets which are 
not closed, with 
diam kK, = 1 Vk>1. 


But K = () Kk, =@ and so 
k>1 


diamk, #~> diamk = 0. 
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Solution of Problem 1.95 
No. To see this let X = Y = [0,1] and let {fn},5, GC C(X;Y) be the 
sequence, defined by 


Then f, —> f (pointwise), where 


f= {9 #228 


t= 1, 
Since the limit function is discontinuous, we infer that the convergence 
is not uniform (see Proposition 1.62), i.e., it is not in the d*-metric. 


Therefore { fn},51 is a sequence in (C(X;Y),d*) with no convergent 
subsequence. So, we conclude that (C (X;Y), d®) is not compact. 


Solution of Problem 1.96 
(a) We have 


< 
< 


Il fn ey: (2n) — vai 


Since f, = f (see Definition 1.59), we have ||f, — fl... —> 0. Also, 
since f € C(X) (see Proposition 1.62), we have that f(x,) —> f(z). 
Therefore, finally we have f,(a,) —> f(x). 


(b) First we show that if z, —> x in X and r, —> +00 with 
{Tn}nsi CN strictly increasing, then f,,,(%,) —> f(a). To this end, 


let 
= Lhe if n =Tk, 
n= Ve if né{rp: k > 1}. 
Evidently u, —> x and so fr(un) —> f(x). In particular then 
Fir (Urg) = Fry (&k) —? f(z). 
Now suppose that f is not continuous. Then we can find x € X, 
x, —> x and e > 0 such that 


\f(tn) -—f(z)| > e Vk>1. 
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The hypothesis implies that f, —> f. So, for every k > 1, 
we have fn(tp) —> f(ap) as n — +00. Then, by induction 
we can find a strictly increasing sequence {rg},5, GC N such that 
|fr,(@k) — f(x)| > e, contradicting the first part of the solution of 
statement (b). 

Next suppose that the sequence { Tubes does not converge uni- 
formly to f. So, by passing to a subsequence if necessary, we may 
assume that for some € > 0, we have || fn — f|loo > € for alln > 1. The 
compactness of X implies that we can find a sequence {%},5, C X 
such that 
Passing to a next subsequence if necessary, we may assume 
that x, — « (recall that X is compact). Then by hypothesis, 
fn(%n) —> f(x). So, we have 


|fn(tn) — f(tn)| < |fn(tn) — f(x)| + | F(x) — f(en)| — 9, 


a contradiction. This proves that f, = f. 


Solution of Problem 1.97 
(a) Evidently each C;, is compact and so is C, \U =C,U*. We 
have 

(Gene) = (Gn = Une =i 

nol n>1 
Then by Proposition 1.67 the sequence of closed sets {Cr U‘},,54 
cannot have the finite intersection property (see ence 1.66). 
Hence we can find an integer nop > 1 such that jor C, US = @. 


Since the sequence {C;},,5, is decreasing (i-e., C1 = Cy ere gees 
we must have C,,, 1 US = = (), hence Cre GU. 


(b) If the sets C, are not bounded, the result does not hold. To 
see this, let U = (0,1) C R and let C, = {5} U [n,+cc) for 
n>1. Then {Cp},,51 is a decreasing family of closed sets such that 
() Ch ={5} CU, but C, ZU for alln>1 

n>1 
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Solution of Problem 1.98 
From the hypothesis, we know that for a given « > 0, we can find 
M > 0 such that 


\f(z)| < § VWae¢[-M,M]. 


By Proposition 1.77, Tice is uniformly continuous (see Defini- 
tion 1.45). So, we can find 6; such that 


\f(z)-F@| < § Va,ye[-M,M], with |x —y| <4). 


Since f is continuous at +M, we can find 62 = 62(M,¢) > 0 such that 


|f(z) + f(£M)| < ©, whenever |x—(+M)| < 69. 


Let 6 = min{6,,6}. Then for « <M < y with |x — y| < 6, we have 
|f(e)-F@)| < F(z) - FAD] + [FA - FM < 6 
and for c > —M > y with |x — y| < 0, we have 
|f(x)- Ff) < |F(x)- f(-M)| +|F(-M) - fy)| < 6, 


which proves the uniform continuity of f. 


Solution of Problem 1.99 
Let ¢ > 0. By hypothesis, we can find M > 0 such that 


lf@)-h®| < § Vit>M. 


Let T; = [- M-ée,M+ é]. Then f|r. is uniformly continuous (see 
Definition 1.45 and Proposition 1.77). So, we can find 6 = d(e) € (0,¢) 
such that 


IfO-f(X)| < © VtseT, |t-s|<o 


Since A is uniformly continuous, we can choose 6 = d(€) € (0,¢) even 
smaller if necessary, so that 


|h(t) —h(s)| < § Vt,sER, |t-—s| <0. 


1.3. Solutions 125 


Now, if |t|,|s| > M and |t — s| < 6, then 
|F(t) — F(s)| < |F() —h@| + |A(t) — h(s)| + |A(s) — F()| < e. 


Finally, if |t{] < M and |s| > M or conversely |t| > M and |s| < 
and |t — s| < 6, then 


lt] <|s|te < M+e V t,s, |t}-—|s| < jt-—s| <e 


so, we infer that t,s € Z- and thus | f(t) — f(s)| < e. This proves the 
uniform continuity of f. 


Solution of Problem 1.100 

(a) Let F be an open cover of C. Because F covers C, there exists 
Up € F such that x € Up. Because the set Up is open and x € Up, 
so there exists r > 0 such that B,(x) C Up (see Definition 1.8(a)). 
Because x, —> x, so there exists no > 1 such that 2, € B,(x) C Up 
for all n > no (see Definition 1.7). Now, for all k € {1,...,n9—1}, we 
can find U; € F such that xz, € Ux. So, for an arbitrary open cover 
F, we have found a finite subcover {U;}7°.) of the set C and thus the 
set C' is compact (see Definition 1.63). 


(b) “= >”: This is obvious. 


“<=”: Suppose that 7, —> x. Then C = {x} U{a,: n > 1} is 
a compact subset of X and so by hypothesis f|,, is continuous. There- 
fore f(a,) —> f(x), which proves the continuity of f (see Proposi- 
tion 1.30). 


Solution of Problem 1.101 
Let f: X —>+ Y be a continuous and proper function (see Defini- 
tion 1.72). Let C C X be a nonempty and closed set. We need to 
show that f(C) is closed. So, let {yn},s1 G f(C) be a sequence such 
that 

Yr — y iny. 
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Then yn = f(%n) with x, € C for all n > 1 and the set 
K={y}U{yn: io 1) oY 


is compact (see Problem 1.100(a)). By the properties of f, the set 
f-+(K) is compact and {ln}nsi © f-+(K). So, by passing to a sub- 


sequence if necessary, we may assume that 
In —> x ind 


(since C' is closed; see Proposition 1.11). Then f(x) —> f(x) (since 
f is continuous; see Proposition 1.30) and so y = f(x) € f(C), which 
shows that f(C) is closed (see Proposition 1.11). Therefore f is a 
closed function (see Definition 1.39(b)). 


Solution of Problem 1.102 

“(a) => (b)”: Let C C X be a nonempty closed set. We need to 
show that f(C) is closed. So, let {yn}ns1 C f(C) be a sequence such 
that yn —> yin Y. Then y, = f(an), with rp € C for all n > 1. 
By hypothesis we can find a subsequence {%p, },s1 Of {@n}ys1 Such 
that tp, —> xin X. Then z € C (as C is closed) and because f is 
continuous, we have 


f(@n,) — f(x) = y € FC), 
which proves that f(C) is closed. Also, if {,},5, © f~'(y), then 
f@,) = ¥ Yue i 


and so by hypothesis {zp},,, admits a subsequence {%p,},5, such 
that x, —> 2 in X. Note that f(x) = y and so f—!(y) is compact in 
Xx. 


“(b) => (a)”: Let {2p},51 GC X be a sequence such that f(x) — y 
in Y. Let 


CO, = {tei ken} and K = fy). 
Since by hypothesis f is closed, we have 
f(Cn) = f(Cn) 
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(see Proposition 1.32(d)) and because f (an) —> y, we have 


{yo} = [| FGa) = (FG) 


nel n>1 


So, if « € K, then 


which implies that the closed subsets D, = KC), of K are nonempty. 
Note that every finite subfamily of {Dr}asi has a nonempty intersec- 
tion. Due to the compactness of K, Proposition 1.67 implies that 


() Pn = (\(K Cn) = KN(()\Cn) # 4. 


n>1 n>1 n>1 


This means that {%},5, has an accumulation point in Kk (see Def- 
inition 1.13(b) and Theorem 1.14(d)), which is equivalent to saying 
that there is a subsequence {7n,},5, Of {2n}y51 and x € K such that 
ln, —? ein X. 


Solution of Problem 1.103 
Let K CY be a nonempty compact set and let {n},5, C f~'(K) be 
a sequence. Then 

f(tn) € K Vn2l1 


and since K is compact, we can find a subsequence { f (Ging) pon Ok 
eRe ae such that 


F(tn,) — y my. 


By statement (a) in Problem 1.102, we can find a further subsequence 
eee ee such that 2, —> x in X. This shows that f—~'(K) is 
compact. 
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Solution of Problem 1.104 
We do the case when fr, \, f (the proof of the case f, 7% f being 
similar). We have 


For a given ¢ > 0, let 
Un = {2EX: 0< (fr— f(z) <e} Vn21. 


For every n > 1, the set U, is open (since the function f, — f is 
continuous; see Proposition 1.32) and 


LU Un = X, 


nel 


By the compactness of X, we can find an integer m > 1 such that 


(see Definition 1.63). Note that {U,}n>1 is an increasing sequence 
(i.e., Un C Un41 for n > 1). Hence Up, = X and so 


0 < (fn—f)(4) < « YVnem, ce XxX, 


which implies that f, = f (see Definition 1.59). 


Solution of Problem 1.105 
First consider X = [0,1) and 


f(z) = 2” V2e(0,1), n>1. 


Then f, \, 0 but not uniformly (see Definition 1.59). So, the com- 
pactness of X cannot be dropped. 


Next let X = [0,1] and 


ile) = x” Va e€ [0,1], n>1. 
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Then fn \v X,,, but not uniformly. So, the continuity of the limit 
function cannot be dropped. 
Next let X = [0,1] and let f,,: [0,1] —> R, n > 1 be the functions, 
defined by 
0 if r=0, 
intZ) = 1 if O<a<é, 
0 if +<a<l. 
Then fy, \, 0, but not uniformly. So, the continuity of functions f, 
(at least for large n’s) cannot be dropped. 
Finally, let X = [0,1] and let f,: [0,1] —> R, n > 2 be the 
functions, defined by 


nx if 0<e<s, 
ie) = 2—nx if i<a<#2, 
0 if -<a<l. 


Note that {fr}ns2 is not monotone, f, —> 0 but we do not have 
uniform convergence (see Definition 1.59). Indeed, 


Bn = sup | fn(x)| = sup fn(z) 


x€(0,1] x€(0,1] 
fr(4) =1,/50 asn->+o. 


So, the monotonicity condition on {fn}, 5; cannot be dropped. 


Solution of Problem 1.106 


(a) Proceeding by contradiction, suppose that f(X) # X. So we 
can find u € X such that u ¢ f(X). Since f(X) is compact (see 
Definition 1.63 and Proposition 1.74), we have 


dist(u, f(X)) = € > 0 
(see Definition 1.6). For every integer n > 1, let 


fM = fo...of. 
eS — 
n-times 


Evidently for every n > 1, f™ is an isometry (see Definition 1.41) and 


f™(X) Cc f(X) Vn>1 
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Then, if nm > m > 1, we have 
e = dist(u, f(X)) < dist(u, f° ™(X)) < dy(u, f-™(u)), 


sO 
e< dy (fw), fw) Vam21. 


From this it follows that the sequence { f (n) Olea C X has no con- 
vergent subsequence, a contradiction to the fact that X is compact 
(see Definition 1.70 and Theorem 1.71). 


(b) Let X = N be equipped with the discrete metric da (see Exam- 
ple 1.3) and let 


f:Ndar5 ct+1eEN. 


Then (N, dé) is bounded (see Definition 1.6(b)) but not compact, f is 
continuous, but f(N) 4N. 


Solution of Problem 1.107 
Let « € R% be the fixed point of f, ie., f(x) = 2. Let r > 0 be 
arbitrary and let and u € B,(z) = {ue X: |lu—al| <r}. Then, 
since f is an isometry, we have 


IF) - 2) = Ff) - f@)|| = lle-ull < 1, 


so f(u) € B,(x). Thus f: B,(x) —> B,(x) and by Problem 1.106, we 
have that 


Then, Proposition 1.76, implies that f: B,(a2) —> B,(a) is a homeo- 
morphism. 

Let u € RY and consider the closed ball B,(x) with r = ||u—a||+1. 
Then u € B,(x) and from the previous part of the solution, we can 
find v € B,(x) such that 


f(a) = a, 
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Since u € RX was arbitrary, we infer that f is surjective. Therefore, 
f is a homeomorphism on all of RY. 


Solution of Problem 1.108 
Let {%n}ns1 G X be a sequence. As X is totally bounded (see Defini- 
tion 1.70(b)), so we can find a finite cover of X by balls of radius 3: 


Ni 
X = |) Bi(a;) 
i=1 ? 
(for some N; > 1, a} € X withi =1,..., N,). Because the above cover 


is finite, we can find a subsequence of {fn}n>1 denoted by { oH} oy 


such that all values of {oP} are in one of the balls of the above 
cover. So, in fact 


diam {x : n> 1} < 5. 


Next we choose further subsequences proceeding by induction. Sup- 
pose that we have already chosen subsequence {xi } 451 With the prop- 
erty, that 


n 


Because X is totally bounded, we can find a finite cover of X by balls 
of radius +4 


2(k+1): 
Nett 
X = a 
U B areas (44 ) 
i=1 
(for some Nzi1 > 1, ae € X with i = 1,...,Nx41). Because the 
above cover is finite, we can find a subsequence of {a} , denoted 


ie Cae. ee such that all values of {okt 


the balls of the above cover. So, in fact 


oe are in one of 


diam {a{*t ; n> k+1} < =a 


Finally, let us take a “diagonal subsequence” {an C {tn} nst- 


Note that {x is a Cauchy sequence (see Definition 1.7). To see 


n>1 
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this, let ¢ > 0 be arbitrary and let us choose N > 4, N € N. Then for 


E€ 


any m >n => N, we have 


Solution of Problem 1.109 
Let « > 0. For a given (x,y) € X x Y, by the continuity of f(-,-), we 
can find 6,(y),d2(y) > 0 such that 


ifd, (x, 0) < dy (y)and dy (u, y) < d2(y), then d,, (f(z, u), f (20, y)) < 5 


(see Definition 1.29). The balls 1B ies ) yes form an open cover of 
Y. The compactness of Y (see Definition 1.63) implies that, we can 
find a finite subcover fs eC of Y. Let 


5 = min{ 51 (Yn) :l<n< N} 
and let u€ Y. Assume that 
d Av, to) < Oy 
and n € {1,...,N} is such that 
UE Bs ny Yn): 
Then 
d, (t,t) < 61 < d1(Yn) and dy(u,yn) < 42(Yn) 


and so 


d,(f(t,u), f(t0,Yn)) < 


NIM 


It also follows that 


dy, (f (xo, u), f (x0, Yn)) << ae 
Then using the triangle inequality, we conclude that 


dy, (f(z, u), f(xzo,u)) <e€ Vue Y, with d, (2,20) < 61, 
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so 
f(a,-) 3 f(xo,-) whenz—>2p inX. 


Solution of Problem 1.110 
Let {2n}nsi © X be a sequence such that 2, —> x in X. We choose 
Yn © Y such that 

f(a,Yn) < m(tn)t+ i Vnel. 


Since Y is compact, we can find a subsequence un; t po OE {Yn}ns1 
such that 


Um, —> wey. 

The continuity of f implies that 

Ff (ngs Ung) —+ f(z,y) as k + +00 

and from the definition of m, we have 
mx) < f(2,y). 

Hence 

mx) < f(x,y) = lim f(%n,,¥n,) < liminf m(zn,). 

k—+00 k—+00 


On the other hand, from the Weierstrass theorem (see Theorem 1.75), 
we know that we can find ¥ = y(x) € Y such that 


m(x) = f(#,¥). 


We have 


and so 


limsupm(an) < f(#,9) = m(a). 


n—-+00 


134 Chapter 1. Metric Spaces 


It follows that m(an,) —+ m(x). Since every subsequence of 
{m(rn) bas has a further subsequence converging to m(x), we con- 
clude that m(z,) —> m(x) (Urysohn criterion for convergence; see 
Problem 1.3). This implies that m is continuous. 


Solution of Problem 1.111 

Since X x Y is compact (see Proposition 1.130), f is uniformly contin- 
uous (see Definition 1.45 and Proposition 1.77). So, for a given ¢ > 0, 
we can find 6 = d(€) > 0 such that 


dy (x1,%2) <6 and dy (yi,y2)<6 => dy (f (21,41), f (x2, y2)) <€. 


In particular keeping y € Y fixed, we have 


dy (x1, Z2) <0 => dy, (f(1,y), f(x2,y)) <€, 


so 
d (nt, 2) <8 = d Fag des) < €. 


This proves that the function « +> f, is continuous from X into 
(GY. a). Since X is compact, the continuity of x +> f, im- 
plies that the set {f,: «<€X}C C(Y;V) is compact (see Proposi- 
tion 1.74). So, by the Arzela—Ascoli theorem (see Theorem 1.84), we 
infer that family {fz}rex is equicontinuous (see Definition 1.83). 


Solution of Problem 1.112 
(a) For any n > 1, let 


iar | 
k=1 


Let C = {S, : k > 1} be equipped with the natural metric induced 
from R. Then the set C is complete (but not compact). 

Let f: C 3 Sy, +> Syii € C. Then f has no fixed point and for 
any n > m, we have 


n+1 n 
1 i 
do(F(Sn),f(Sm)) = Sni-Sma = Do g< Y= 
k=m+2 k=m+1 


= Sn — Sm = Sng ra) 
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(b) First we show the uniqueness of the fixed point. Indeed, if we can 
find ,u€ X such that « 4 u, f(x) = x and f(u) = u, then 


d,.(@,u) _ dy (f(x), f(u)) < (nw), 


a contradiction. So, the fixed point (if it exists) is unique. 
Next we turn our attention to the existence of a fixed point. Con- 
sider the function y: X —>+ Rj, defined by 


Then, for all 7,u € X, we have 


lo(z)- p(u)| = |dx(f 


x 
— 
ia 
— 
pa Fite. 
= 
8 
WwW 


x 
Q 
* 
—— 
SYS 
— 
8 
Ys 
=a 
S 
a 
+ 
Q 
* 
— 
8 
< 
a 
\ 
iw) 
Q 
x 
os“ 
8 
S 
— 


so y is Lipschitz continuous. 


Since X is compact, by Theorem 1.75, we can find 29 € X such 
that 


y(to) = inf {y(x): ce X}. 
Suppose that y(xo) > 0. Then f(xo) # zo and so 
e(f(#0)) = dx (F(a), f(a0)) < dx (f(#0),t0) = (eo), 


which contradicts the minimality of 29. Therefore y(ap) = 0 and so 


f (xo) = Zo. 


Solution of Problem 1.113 
Consider the (affine) function S, defined by 


b 
S(u)(t) = | bt,s)uls) ds +40 Yue X, te€ (0,9). 
0 
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Clearly, the continuity of k implies that S(u) € X for all wu € X. For 
every u,v € X, we have 


O<t<b 


b b 
d°(S(u),S(v)) = max Id f k(t, s)uts) ds— Xf K(t,s)o(s) ds| 
0 0 


O<t<b 


b 
= max [AI| [res (u(s) — v(s)) ds|. 
0 
The continuity of k on the compact [0,6] x [0,b] implies that there 
exists M > 0 such that 
|k(t,s)| < M VY (t,s) € [0,0] x [0,0] 
(from the Weierstrass theorem; see Theorem 1.75). Then 


d*(S(u),S(v)) < |A|Md™(u, v)b. 


So, if |A| < z4;, then 
d™(S(u),S(v)) < kd? (u,v) Vu,v Ee X, 
with k € (0,1). 


Since (X,d™°) is a complete metric space, invoking the Banach 
fixed point theorem (see Theorem 1.49), we can find u € X such that 


b 
i = rf we s)u(s)ds+ f(t) Wte (0,1). 
0 


Solution of Problem 1.114 
Let {Un} 51 be open dense subsets of X (see Definitions 1.20 and 1.78). 
We need to show that 


() U,, is dense in X 


n>1 
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or equivalently that for every nonempty open V CX, we have 


V((\Un) # ©. 


nol 


Since Uj is dense in X, we have 
VaU, # @. 


Because X is locally compact, we can find a nonempty relatively com- 
pact open set V; such that 


Vi C VNU, 


(see Definition 1.78 and Proposition 1.80). Then due to the density of 
U2, we have 
VYiNU2 # ) 


and so we can find a nonempty relatively compact open set V2 such 
that 
Vo © YNUs. 


By induction, we generate a whole sequence {V,},5, of nonempty 
relatively compact open sets such that 


Va Cc Vn-1 Un Vv ne 1 


(with Vo = V). Note that the sequence {V,,},,5, is decreasing and by 
Proposition 1.67, we have 


Vn #0. 


n>1 


Hence, if x € () Vn, then we have x € VN ( a Uns) which proves 
n>1 n>1 
that (] Up, is dense in X. Therefore X is a Baire metric space (see 
nel 


Definition 1.81). 


Solution of Problem 1.115 
For any given 7 > 0, we can find M = M(n) > 0 such that 


fie) > VaeRN®, lal] > M. 


138 Chapter 1. Metric Spaces 


Let u € RX, n = f(u) and M = M(n) > 0 be as above. Since f|_, 
Bu 


is continuous, it is bounded below (see Definition 1.6(b)) and we can 
find x9 € By such that 


f(xo) = inf f < f(u) 


Bm 


[see the Weierstrass theorem (Theorem 1.75)]. If 2 € RY with 
||z|| > M, then 


Solution of Problem 1.116 

Arguing by contradiction, suppose that X is not compact. Then we 
can find a sequence {1 },,5, C X with no convergent subsequence (see 
Theorem 1.71). Then the set C = ee : ne 1} is closed in X and 
let f: C —> R be defined by f(z,) = n. Then f is continuous and 
so by the Tietze extension theorem (see Theorem 1.44), we can find 
a continuous extension f : X —>R of f. Evidently bi is a continuous 
function on X which does not attain its supremum, a contradiction to 
our hypothesis. 


Solution of Problem 1.117 
(a) Since by hypothesis D C R% is an F,-set (see Definition 1.57), 


we have that 
PD ze | Ox 


n>1 


with C,, C R™ being closed for all n > 1. Without any loss of gener- 
ality, we may assume that 


Cr C Caw Yn21 
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n 
(indeed we can always replace C;, by U C,,). Let 
k=1 
Ch = = ‘¢,fi|0.n|* Vn>1. 
n> 


Then, for every n > 1, the set C,, is compact and 


Then 


and for all n > 1, the set f(C;,) is compact (see Proposition 1.74) 
hence closed (see Proposition 1.69). Therefore f(D) is an F,-set too. 


(b) No. To show this, we will construct a continuous function 
f: R — R such that f(Z) = Q. The set Z is a G5-set (since Z is 
closed in R) but Q is not a G5-set (see Problem 1.58). Let {Gn}ns1 CQ 
be an enumeration of Q. Then for every x € R, we can find k € Z such 
that k <a <k-+1 and we define 


f(x) = any t+ (anti — ae) (@ — k- 1). 


Then, the function f: R — R is continuous and f(Z) = Q. 


Solution of Problem 1.118 


(a) We argue by contradiction. So, suppose that dist(K,C) = 
(see Definition 1.6). We can find a sequences {Un},5, CG K and 
{In}ns1 © C such that 


d, (Un, tn) —> 0. 


Because of the compactness of K, by passing to a suitable subsequence 
if necessary, we may assume that 


Un —> uw ek. 
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Then also 
In — u* 


and because C' is closed, we have u* € C. Therefore u* € KNC,a 
contradiction to the hypothesis that KC = @. 
(b) No. To see this, let X = R? and consider two sets 


K = {(@,4): @>0} and C= {@0): e200}. 


Then K and C are nonempty closed disjoint sets, but dist(K,C) = 0. 


Solution of Problem 1.119 
Let r & 5dist(H,C) (see Definition 1.6). From Problem 1.118(a), we 


know that r > 0. Let a 
U = -|) Bae). 


cEek 


Then the set U is open (see Proposition 1.9(b)), A C U and CNU =0 
(from the choice of r > 0). 


Solution of Problem 1.120 
(a) Note that D C X is compact. So, due to the continuity of f, the 


set f(D) is compact (see Proposition 1.74), hence closed (see Proposi- 
tion 1.69(a)). Since f(D) C f(D), it follows that 


f(D) © f(D). 


On the other hand the continuity of f implies that 


(Oo) Cc FQ) 


(see Proposition 1.32(d)). So, we conclude that 


f(D). 


a 
g 
I| 
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(b) The inclusion f(D) C f(D) is always true (see Proposi- 
tion 1.32(d)). The opposite inclusion can fail. 
Let X = Y = D=R and f(x) =e?. Then 


f(D) = (0,+00) & [0, +00) = f(D). 


Solution of Problem 1.121 
(a) Let X* be the completion of X (see Definition 1.50 and Theo- 


rem 1.51). Reasoning indirectly, suppose that X* # X and let 
x* € X*\ X. Consider the function f: X —> R, defined by 


a) =e a) Vane xX, 


with d,, being the metric of the completion X*. The function f is 
continuous (see Proposition 1.36). 
Let D= X. Then 


D=D and O ¢ f(D), 
while 0 € f(D) (because X is dense in X*; Definition 1.20), so 


f(D) & f(D), 


a contradiction. Therefore X = X* and so X is complete. 


(b) Yes. Let us proceed by contradiction and suppose that X is not 
compact. Thus, there exists a sequence 1fnbast C X with no conver- 
gent subsequence. Note that the set 


D= oe ne 1} 
is closed, and the function 
1 
f:D>2I%n-> -—ER 
n 


is continuous on D. Using Tietze extension theorem (see Theo- 
rem 1.44), we can extent f to a function continuous on X (still denoted 
by f). Note, that 


f(D) = f(D) = {4: n>1} 
= {o}U {2 


a contradiction. So X is compact. 
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Solution of Problem 1.122 
(a) “==”: This comes from Problem 1.120(a). 


“<—”: This comes from Problem 1.121(b). 


(b) The inclusion “==>” is always true as it was stated in Prob- 
lem 1.120(a). 

The inclusion “<=” need not be true if we replace R by another 
metric space. Let Y = {0,1} be with the discrete metric. Then any 
continuous function f: X —> Y is constant and of course the condi- 
tion 

MP) = FW) 
is satisfied for any D C X. But X can be any metric space (not 
necessarily compact). 


Solution of Problem 1.123 

Since X is locally compact, for every x € K, we can find r(x) > 0 
such that the ball Byiey(@) is compact. The family { Bete (2) bee is 
an open cover of kK. Because K is compact, we can find a finite set 
{r,}*_, such that 


and K is compact. Note that the function h: X —> R,, defined by 
A(e) = dist(z, U*) 


is continuous (see Definition 1.6 and Problem 1.78) and h|,, > 0 (see 
Problem 1.118). Invoking the Weierstrass theorem (see Theorem 1.75), 
we can find xp € K such that 


A(zo) = dist(xo,U°) = inf {dist(x,U°): ze K}, 
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so h(xo) =r > 0. We claim that K, C U. Indeed, if v ¢ U, then 
dist(v, K) = inf {d,(v,y): y € K} > dist(v,U°) = h(a) =r > 0. 


So, uv ¢ K, and we have proved the claim. Finally note that the com- 
pactness of U implies that K, is compact too (see Proposition 1.69). 


Solution of Problem 1.124 
(a) Let {(2n, f(tn)) aa C Gr f (see Definition 1.132) be a sequence 
and assume that 


(tn; f(2n)) (ey) mXxY. 
Due to the continuity of f, we have 
f(tn) — f(x) my. 
Hence f(x) = y and so 
(x,y) = (x f(@)) € Grf, 
which proves that the set Gr f C X x Y is closed. 
To show that the converse is not in general true, let us consider 

the function f: R —> R, defined by 


+ if « £0, 
f(z) = {i if x=0. 


Then Gr f is closed in R x R = R? but f is discontinuous at x = 0. 
(b) “= >”: This comes from part (a). 
“<—": Let wv, —> x in X. Then, because of the compactness of 
Y, we can find a subsequence (oa, pea of {Zn}, 51 Such that 

f(tn,) —>y in. 


Since Gr f is closed, we have y = f(x). So, every subsequence of 
{f(@n)}ns1 has a further subsequence, which converges to f(x). This 
implies that f(x,) —> f(x) (see Problem 1.3) and proves the conti- 
nuity of f. 
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Solution of Problem 1.125 
We proceed by contradiction. So, suppose that 


[0,1] = Ucn, 


n>1 


with C, being nonempty closed sets which are pairwise disjoint. We 
can find an open set Uz such that 


Cy C Up and Unc, = 0 


(see Problem 1.119). Then some component D» of U2 (the component 
is of course a closed interval) satisfies 


D2gNCy # 0. 
If Dz C U2, then we can find an open interval (d,d*) such that 
Dz © (d,d*) © Uz 


(see Problem 1.119 with K = D2 and C = US), which implies that D2 
is not a component of Ds, a contradiction. Therefore Dy C Uz cannot 
occur and we have Dz \ Uz 4 0, hence 


Dz \ Co #0. 


It follows that 
OA De\Cy © J (D2 Cn) 


n>=3 


and so for some integer n > 3, we have D2 C, 4 . We repeat 
this argument to the closed interval D2 and this way by induction we 
generate a decreasing sequence of closed intervals {Dm },,59 such that 


De AY. Desa EC Dy, and. Dei, =v VYm>2. 


Therefore () Dy» 4 (see Proposition 1.67) and 


(Pm) (Gn) = Yu ( Pm) = 0 


a contradiction. 
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Solution of Problem 1.126 


Since () Cy, = 0, we have 
k=1 


N 
(Up. = ey. Withee = CF ha Teg). 
k=1 


So, if x € X, then we can find ko € fi, _ ,N} such that « € U;,. The 
set Uj, is open, hence there exists rz > 0 such that Bo,,(%) C Us. 
The family {B,, (Ol ese is an open cover of X, so there is a finite 


subcover { B,.,. (w.)}eL- Let 


6 = min 4,3 f= usa, M), 


Let E C X bea set which intersects all the sets C, fork =1,...,N. 
Suppose that diam FE < 6 and let y € E. Then we can find sg € 
eee a and ko € dTivees lh such that 


YE Bresso (Zs, 1 & Bors, (34) Cc Ukg- 
For every other point u € E, we have 
dx(U, Xs) < dy (uy) +dx(y, Fs) < 6+ Tey S 2% eqs 


sO 


and thus 
EN Ck = 0), 


a contradiction. Therefore diam FE > 6. 


Solution of Problem 1.127 
First we show that sup f < +oo. If this is not the case, then for 
R 


every n > 1, we can find zx, € X such that f(z,) > n. Then 
{ f—1([n, +00)) has is a closed subsets of X with the finite intersection 
property (see Definition 1.66). By Proposition 1.67, it has a nonempty 
intersection. Let wu be an element in that intersection. Then 


flu) Sn Vn2>1, 
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a contradiction. Hence 


Next, let 
C, = {re X: f(x) >M—+} = f'([M—i,+o0))  Vn2el. 
By hypothesis, each C, is a closed set in X and 
Cn 2 Crit Vno1. 
It follows that 


(\on #0 


n>1 


(see Proposition 1.67). We choose 2p € [) C,. Then 


nel 


Solution of Problem 1.128 
Let {2n},5, be a Cauchy sequence in X. The sequence {%p},,5, is 
bounded, i.e., 

diam { zp, :ne 1} < +00. 


So, we can find r > 0 and y € X such that {rn},5, C Br(y). But by 
hypothesis the latter is compact. Hence, we can find a subsequence 
{@na bess of {n}n>1 such that 


ig. > eS B,(y) as k + +00. 


Then x, — «x and this proves the completeness of X. Recall that 
every compact set is closed and bounded (see Proposition 1.69(a)). 
On the other hand every closed and bounded set, is a closed subset of 
some closed ball, hence it is compact (see Proposition 1.69(b)). 
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Solution of Problem 1.129 
By hypothesis, there exist 8 > 0 and M = M(() > 0 such that 


f(x) 2 Bllal| Vial] > M. 
For a given A € R. Let r = max {M, ae Then 
Ly, = {weR”: f(c) <A} C B,(0), 


so Ly is compact (see Proposition 1.69(b)). 


Solution of Problem 1.130 
Since EF C B,(0) for some r > 0, it suffices to prove the problem for 
the case when EF = B,.(0). We set 


IIflloo = max |f(é)| Vf € C([0,1)) 


te [0,1] 


and 
|Gllo0 = max {|G(t, s)| : (t,s) € [0,1] x (0, 1}. 
Then for all ¢ € [0,1], we have 
1 


NO] < [[Et.s)||£6)|ds < [Gloollflo < Glo 
0 
L(B,(0)) © Briaiix.(0). 
Also, if f € B,(0) and t,7 € [0,1], then 
1 
LN) - LN) <_f|ett,s) - 6¢7,9)||F()| dz 
1 


< r | \ale.s) — G(r, s)| ds. 
0 


Note that [0,1] x [0,1] is compact and by hypothesis G is continuous 
on [0,1] x [0,1]. Hence it is uniformly continuous (see Definition 1.45 
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and Proposition 1.77). Therefore, for a given ¢ > 0, we can find 
5 = 0(€) > 0 such that 

|G(t,s) —G(z,s)| < £ V s,t,7 € [0,1], with |t—-7| <6. 
Then 
IL(f)()-L(f)(7)| < « Vf e€B,(0), t,7 € [0,1], with |jt—7| <6, 


so L(B,(0)) is equicontinuous. Invoking the Arzela~Ascoli theorem 
(see Theorem 1.84), we conclude that 


L(B,(0)) is compact in C(([0, 1). 


Solution of Problem 1.131 

No. According to the Arzela—Ascoli theorem (see Theorem 1.84), if 
the set { sin(na) : ne 1} is relatively compact (for the d*° metric), 
it must be equicontinuous (uniformly since [—7,7] is compact) and 
uniformly bounded (see Definition 1.83). Clearly { sin(nz) : n > 1} is 
uniformly bounded. However, for a given 6, we can find no > 1 large 
enough such that - <6. If 


te _ 
2 = Fa and y = 


=i 
2no? 


then 


lc—y| = 7 < 6 and | sin(nox) — sin(noy)| = 2. 
Therefore the set { sin(nz) : n > 1} is not equicontinuous and so it 


cannot be relatively compact in C([-7, m)). 


Solution of Problem 1.132 
Let x € E. Since by hypothesis FE is locally compact with respect 
to the metric d, (see Definition 1.78), we can find an open set U in 
(E,d\.) such that U” is compact in (E,d.) (by U” we denote the 
closure of U in (E£,d4.)). Since 
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it follows that U” is compact in (X,d\.). Also since U is open in 
(E, a2), we can find a set V open in (X, d>.) such that 


U = Env. 


Since spaces (X,d\.) and (X,d2.) are topologically equivalent (see Def- 
inition 1.52), we have that U® is compact in (X, d?.) and V is open 
in (X,d?.). Hence U = EMV is open in (E,d?.) and U” is compact 
in (E,d2). Because x € E was arbitrary, we conclude that (£, a2.) is 
locally compact. 


Solution of Problem 1.133 
Let r > 0 be arbitrary. We will show that the closed ball B,((0,0)) 
is not compact. Let s = min{5,1}. Let us fix xo € (0,s) such that 


sin = s. Let 
xO 


1 
zp + 2k 
Then 
1 _ an (fd ee eee 
2. = sin (= + 2km) = 607 = 3 


so a. (xq, sin a) = (0,s) ¢ X and the sequence { (xp, sin eo ea 
has no limit in B,((0,0)). Thus the closed ball B,((0,0)) is not com- 
pact. This proves that X is not locally compact (see Definition 1.78). 


Solution of Problem 1.134 
(a) Let y € f(X). Then y = f(z) for some z € X. Since X is 


locally compact, we can find r > 0 such that B,(x) is compact. Since 
by hypothesis f is open, the set f (Br(x)) is open and y € FBH@))- 
Also f(B,(a)) is compact (see Proposition 1.74), hence closed in Y. 
By the continuity of f, we have 


f(B-(z)) © f(B,(x)) 
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(see Proposition 1.32(d)) and since f(B,(x)) is compact, we have 


f (B-(2)) = i (BAe) 
(see Problem 1.120). Therefore, f(B,(x)) is a relatively compact 
neighbourhood of y € f(X). Since y € f(X) was arbitrary, we con- 
clude that f(X) is relatively compact. 


(b) No. Let 


xX {(—1,0)} U ((0, +00) x R), 

Y = {(0,0)} U ((0,+00) x R), 
both with the natural metric induced by the Euclidean metric in R? 
and let f: X —>Y be defined by 

fa if x € (0,400) xR, 
oe { (0,0) if 2 =(-1,0). 

Then f is a continuous bijection (but not open), X is locally compact 
and Y = f(X) is not locally compact. 


(c) No. Let X = [0,+00) (with the natural metric induced by the 
Euclidean metric in R) and let 


Y = {(0,0)} U {(a,sin+): «> 0} 


x 
(with the natural metric induced by the Euclidean metric in R?). Let 
f: X — Y be the function, defined by 


= (x, sin +) i o> 0, 
f(a) = { (0,0) if 2=0. 


The f is an open bijection (but not continuous), X is locally compact 
and Y = f(X) is not locally compact (see Problem 1.133). 


Solution of Problem 1.135 

From Proposition 1.80, we know that X is an open subset of its comple- 
tion. Invoking the Alexandrov theorem (see Theorem 1.58), we infer 
that X is topologically complete. In particular, it is homeomorphic 
(see Definition 1.39) to a complete metric space (see Remark 1.53). 
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Solution of Problem 1.136 

If Q is homeomorphic (see Definition 1.39) to a complete metric space, 
then Q is a Baire metric space(see Problem 1.114). Let {dn},51 be an 
enumeration of Q. Then for each n > 1, the set Q\ {gn} is open and 
dense (see Definition 1.20). Hence the set (| (Q \ {qn}) is dense in 


n>1 
Q. But 


1) (Q\ {an}) = 9, 


n>1 


a contradiction. 


Solution of Problem 1.137 

Let c € X. Then x € U for some U € XY. Since U is open, we can find 
rz > O such that B,,, (x) C U. The balls {B,,, (ey twos form an open 
cover of X and so we can find a finite subcover on (eh as Let 
6=min {re, are We will show that this is the desired 6 > 0. To this 
end, let Ad C X be a nonempty set with diam A < 6. Let u € A. We 
can find & € {1,...,n} such that u € Bie. (x,). Let y € A. Using the 
triangle inequality, we have 


d,(y,t%e) < dy(y,u)+d,(u,2e) < O+7s, < 2rz,, 


soy € B,,, (zz) CU and thus A CU. 


Solution of Problem 1.138 
Let f: R —> R be the function, defined by 


0 if x is irrational or x = 0, 


f(a) = ¢ CRD ifs © Q\ {0} and x = 2 with (p,q) 


irreducible representation of x and q > 0. 


For every rational r 4 0, we have 


lf), < << 
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So, f is bounded above by 1 and bounded below by —1. Let T bea 
compact interval with nonempty interior. Let 


A = {q > 0: (p,q) is the irreducible representation 


with positive denominator of a rational x € sie 


We will show that A is unbounded. Let M > 0 be arbitrary and we 
will find k > M such that k € A. Let T = [a,b] with a < 6 and let 
— : € (a,b) with (p,q) being irreducible representation of x, with 
q > 2. Note that the function 
(@) = VteR\{-2 

e tq+p q 
is continuous and 
lim y(t) = &. 


too q 


So, we can choose r € N large such that 


q'p r 
a< tem = b and q’q+p>M. 


But note that the fraction 


q'p 


ae is irreducible. 


Sok = q'q+p satisfies k € Aand k > M. Hence A C N is unbounded. 
Since n—} — lasn— +o, we infer that 


—1 ¢ inf f(T) and 1 = supf(T). 


But 


Solution of Problem 1.139 

Suppose that (X,d,) is totally bounded metric space (see Defini- 
tions 1.70 and 1.21(d)). Then for every n > 1, we can find a finite 
set F,, C X such that 


x = |) Big), 


reFn 


S| 
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where Bi(xz) = {ue X: dy(u,xz) < +}. We set 
Dee: |) Fe 
nel 


Then D is countable and dense in X (see Definition 1.20). Therefore 
X is separable. 


Solution of Problem 1.140 
“(a) —> (b)”: Since the identity i: (X,d,.) —> (X,d,) is a homeo- 
morphism (see Remark 1.53 and Definition 1.52), then (X,d,.) is com- 
pact (see Proposition 1.74), hence complete too (see Theorem 1.71). 
“(b) ==> (a)”: We argue by contradiction. So, suppose that (X, d,,) 
is not compact. We may assume that d, is bounded and more pre- 
cisely d, < 1 (if this is not the case, we replace d, by eee note that 
the new metric is topologically equivalent (or even uniformly equiva- 
lent) to the previous one (see the solution of Problem 1.70) and the 
new metric still remains non-compact (see Remark 1.53 and Proposi- 
tion 1.74)). Since we assume that (X,d,) is not compact, we can find 
a sequence {%n},5, © X with no convergent subsequence. 

Let 


L = {f:X SR: |f(x)—f(w| < 4, (z,u) for all z,u€ X}. 


Then 
d,.(z,u) = Pes | f(x) _ f(u)|. 
Let 


In ={f:X—R: |f(2)—f(u)| < +d. (x,u) and f (xp) =0Vk >n} 


and let us set 


We define 


154 Chapter 1. Metric Spaces 


Claim 1. {an} 51 is a Cauchy sequence in (X, ao) 
Lette >0,N>1,mk>Nand fe L. Ife L, and n> N, 
then 


|f(@m) — f(er)| < 4d, (tm, th) < F< H < e 
If f € L, and n < N, then m,k >7n and so 


f(@m) = f(t) = 0. 


Hence 


do (tinsty) <. & YVm,k>N. 


So, we conclude that {v,},,5, is a Cauchy sequence in (X, d,). This 
proves Claim 1. 


Claim 2. d,, is topologically equivalent to des 
Since d, < d,, the identity function i: (X,d,) —> (X,d,) is 
continuous. We consider the inverse function 


i 8 OGd), — Gd.) 


Let u € X ande > 0. By hypothesis u is not an accumulation point of 
the sequence {2n},,5, (see Definition 1.13(b) and Theorem 1.14(d)). 
So, we can find no > 1 such that 


bt) Ss Yn>no. 


Let 
fa) = E(e-4x(z,u))" 


Evidently f is ~--Lipschitz continuous and so f € Ln,. Let 6 = = > 0. 
Suppose that 


do(24) <a, 
Then 


ale (e-d,(x,u))"| = |f(e)-f(w| < dy(a,u) < 4, 


so 
d Amt) << e. 


This proves the continuity of i~1. Therefore d, and d,. are topologi- 
cally equivalent. This proves Claim 2. 
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But the sequence {¢n}ns1 © (X, d,) has no accumulation point 


(since from Definition 1.52, the sequence {an},,5, has the same accu- 
mulation points in (X,d,) and in (X,d,)) and so by Claim 1, the 
metric space (X,d,) is not complete, a contradiction. 


Solution of Problem 1.141 
Arguing by contradiction, suppose that we could find two sequences 
{tn}as1 G K and {un},51, © X such that 


dy (Zn,Un) —> 0 
and ¢ > 0 such that 
dy (f(2n), f (un) > €E Vn2>1. 


Since K is compact and {In}n>1 C K, by passing to a subsequence if 
necessary, we may assume that x, —> x € K. Then 


Un —> x inX. 
So, 
f(un) — f(x) mY and f(tn) — f(z) my. 


Thus, by the triangle inequality, we have 


dy (f (tn), f(un)) —> 9, 


a contradiction. 


Solution of Problem 1.142 
(a) Recall that if B is compact, then B is totally bounded (see Theo- 


rem 1.71). So, a(B) = 0 by Definition 1.70(b). 


(b) Let B C X be a set such that a(B) = 0. Let ¢ > 0. From the 
definition of a, we can find a finite family of sets A;,..., A, such that 


for all k € {1,...,n}. 


n 
BC |JAx with diam Ay < § 
k=1 
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Let us fix 2, € Ag for all k € {1,...,n}. Because diam Ay < 5, we 
have 
Ap C B.(xx) Vie Ed leceug th}, 


Thus 


n 


BC L A Cc J Be(.) 
k=1 k=1 


and so the set B is totally bounded (see Definition 1.70(b)). 
(c) If 
Bic U C;, with diam C, < d for all k € {1,...,n}, 
k=1 
then e 
Bc U Cr 
k=1 
and so a(B) < a(B’). 


(d) Since B C B, from part (c), we have a(B) < a(B). On the other 


hand, if BC J Cp, then 
k=] 


and since diamC;, = diamC,, it follows that a(B) < a(B), hence 
a(B) = a(B). 


(e) First note that 
a({) Cn) < a(Ck) Vk>1 
nel 


(see part (c)) and so 


a [Ce = (0; 


n>1 
thus in particular the set () C;, is totally bounded (see (b)). Hence 
nel 


() C,, being also closed is complete, thus compact (see Theorem 1.71). 


n>1 
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Passing to a subsequence if necessary, we may assume that 


a(Ck) < aq Vk>1 
(cf. Problem 1.4). The set Ci can be covered by a finite family of 
sets: A, 1,...,Ai,s;, all of them of diameter less or equal to 1. We 
can assume that sets Aj 1,...,Aj,s, are closed (as for any set A, we 
have that A C A and diam A = diam A). Note that there exists 
i, € {1,..., 51} such that 


Ay i, Ck x ) VR 2 1. 
Indeed, if this is not the case, then we can find kg > 1 such that 
Ainic, = 0 Vk >ko, 7€ {1,..., 51}. 


But sets A,1,...,A1,s, cover Cj, so they also cover Ci, (because 
Ck. © C1), a contradiction. 

Let us replace sets Ci, C2,... by sets A1ji, 1 C1, Airs, MN Ca,... ob- 
taining a decreasing sequence of nonempty closed sets (still denoted 
by {Ck}ps1), with a(C,) — 0 and additionally such that 


diam (Cy) < 1 Veo 


Now, we proceed by induction. So, suppose that we have changed sets 
C1,C2,... is such a way that they are nonempty, closed, Ch41 C Cp 
for k > 1, 


and a(C,) — 0. 

Now the set Cy,4, can be covered by a finite family of sets: 
An+11)+++>Anti,sn4i» all of them of diameter less or equal to sat 
We can assume that sets An4yii,-.-,An+i,s,4, are closed. Note that 
there exists in41 € {1,...,5n41} such that 


Aged ga (Cy FY Vk>1. 
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Let us replace sets Cnii1,Cn+i2,... by sets 


Fadi Ul Unie (Cn 


obtaining a decreasing sequence of nonempty closed sets (still denoted 
by {Ck}xs1), with a(C,) — 0 and additionally such that 


diamC, < ¢ VWkeEf{l,...,.n +1}, 


a(Ck) < pq OV R21 
and a(C,) — 0. 
So, finally, we obtain a decreasing sequence of nonempty closed 


sets {Cr}ps1 such that 
diamC, < 4 Vno>1. 


Let us choose x, € Cy for all n > 1. By the above procedure, we know 
that 
i line Dig 4 YVme>n, 
so {@n}ns1 CG X is a Cauchy sequence. But by hypothesis, X is 
complete. So, 
In —> cEX 


and x € C,, for all n > 1. Hence 


Solution of Problem 1.143 
(a) Let x, —> x in X. Then by hypothesis the sets 


1 Pet Flan) tae et CY 


are compact for all & > 1. From Proposition 1.67, we have that 


(1) ({flen): n> kpULF@}) # 0. 


n>1 


Since f is injective, 


(Af: nek, =o 


n>1 
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and so 


1) (fen): n> k}ULF@}) = {FW}. 


n>1 


From Problem 1.94, we have 
diam ({f (tn): n>k}) —> diam{f(x)} = 0 ask— +00, 
thus { f (tn) bao is a Cauchy sequence. As the set 
{f(x)}U {flen): n> 1} 


is complete (being compact), we have that f(#,) —> y for some y and 
of course y = f(a), ie., f is continuous. 


(b) Let X = [0,1] and Y = {0,1} and 


0 if «=0, 
f(z) = { 1 if xe (0,1). 


Then f maps compact sets into compact sets, but f is neither injection 
nor continuous. 


Solution of Problem 1.144 
(a) For every k € oa .,m} and n > 1, let 


2G EX: dist(z,C,) < 4}. 
These are open sets and Cy C€ Uj’. PuppOr that for every n > 1, we 


have () Uz #@. Then we can find zp, € q U;’ and so 
k=1 k=1 


dist(@@n;C,) < 4 Vk=1)....m 
(see Definition 1.6). Since X is compact and {r,},,5, C X, so passing 


to a subsequence if necessary, we may assume that x, —> x. Then 
dist(z,C;,) = 0 for all kK = 1,...,m, so x € C, for all k = 1,...,m 


m 

(since each Cy is closed) and thus z € (} Cy, a contradiction. So, for 
k=1 

some n > 1, we must have 


Cur = Vk=1,...,m 


and of course Cy C Uy, for all k € {1,...,m}. 
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(b) Yes. In the above proof of part (a), we have used the compactness 
of X. But the result can be proved in another way (and the compact- 
ness is in fact not needed). 

For k € {1,...,m}, let 


fr(z) = dist(z,C,) VareX. 


We know that functions f;, are continuous (in fact Lipschitz continuous; 
see Problem 1.78). Let us define 


= {rEX: fx(a > fila Vke{l,...,m}. 
c=1 
itk 
The sets U;, are open and Cy C Ux for all k € {1,...,m}. We will 
show that 
m 
()Ur = 9 
k=1 
m 
If in contrast, we assume that there exists x € () U;,, then 
k=1 
m 
<i SO fila VRS ).grih 
£1 
itk 


Adding the above inequalities for k = 1,...,m, we get 


YA) = - 
k=l 


a contradiction. This ends the proof. 


Solution of Problem 1.145 
Arguing by contradiction, suppose that we cannot find such Lipschitz 
constant. Then for every n > 1, we can find un, uj), € X such that 


|| fun) — F(ur)|] > miler — wll. (1.6) 
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Let 
M = max ||/(u)| 


(M is finite by the Weierstrass theorem; see Theorem 1.75). 
From (1.6), we have 
lm —unll < 2 


and so ||u,, — uj, || —>+ 0. On the other hand, by the compactness of K 
and by passing to a suitable subsequences if necessary, we may assume 
that 

U, —> u ink and wv wu ink. 


We infer that u = u’. Let U,, be an open set containing u and k, > 0 
such that 


f(z) — f(x’)|| < kulle@-2'|| Viaje eU,. 
We can find no > 1 such that un, ui, € Ux for all n > no and so 
I Fun) — £4)|| < Kullu —uhl| Vn > no 


which contradicts (1.6). 


Solution of Problem 1.146 

Let {2n}nsi S proj, (C) be a sequence and suppose that 7, —> x. For 
every n > 1, we can find y, € Y such that (ap, yn) € C for all n > 1. 
The compactness of Y implies that by passing to a subsequence if 
necessary, we may assume that y, —> yin Y. Then (2p, Yn) — (2, y) 
in X x Y and (x,y) € C (since C is by hypothesis closed). Hence 
x € proj, (C) and so we conclude that proj, (C) is closed in X. 


Solution of Problem 1.147 
(a) No. Let 


D = {2: nEeN,} and X = Du {0} 


(with the natural metric induced from R). Then D has property S$ 
and it is dense in X (see Definition 1.20), while X has not property S. 
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(b) No. Let X = Rand D=Q. Clearly X has property S but D 
does not. 


Solution of Problem 1.148 

First note that the set A is closed (see Definition 1.13(b), Theo- 
rem 1.14(d) and Problem 1.24(b)).To prove that A is connected, we 
argue by contradiction. So, suppose that A is not connected, thus 
A=C,UC), with C,,Cy C X being nonempty, closed and disjoint 
sets (see Definition 1.85 and Remark 1.86). Sets C, and C2 are also 
closed in X and so they are compact. Thus there exists « > 0 such 
that 


dist (C1, C2) = inf {d,(u,w’) : we Ch, u E Cp} = 3¢€ > 0 
(see Definition 1.6 and Problem 1.118). We set 


Di = {(G)e = {eX » dist(x,Ci) < és} 
Dz = (Coe = {@ EX: dist(x,Cy) < el}. 


Then, the sets D; and Dz are open and dist(D,, D2) > « > 0. Induc- 
tively, we can generate a subsequence {%p,},5, Of {@n},51 such that 
{in tno1 G X \ (D1 U Da). Because dy (tn41,2n) —> 0, then there 
exists 7 > 1 such that 


Cli jig) Oe Vn>n. 


First let l,m > 7% be such that 2; € D, and rm € D2. We choose 
m1 € (l,m) such that zp, € X \ (Di U De) (the existence of such an 
element x,,, comes from the fact that dist(D,, D2) > ¢). Then, suppose 
that we have produced %p,,%n.,---,Xn,- Then, let l,m > nz +1 be 
such that 2; € D, and x, € Dz. We choose ngi; € (1,m) such that 
In, E X \ (D, U D2). 

Because the set X \ (D; U D2) is compact (as a closed subset of 
a compact metric space; see Proposition 1.69(b)), and {tn best Cc 


X \ (DUD), there exists a convergent subsequence of {2n, } p>, With 
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a limit « € X\(D,UD2). Thus z is an accumulation point of {t},51 
and x ¢ A, a contradiction to the definition of A. 


Solution of Problem 1.149 
(a) Since f is continuous, the set f({0,1]) is a closed interval [a, b] C 


(0, 1]. Let 


Then the intermediate value theorem (Bolzano theorem; see also Theo- 
rem 1.90) implies that there exist x € [0,1] such that h(a) = 0, hence 
f(a) =a. 


(b) No. Let f: (0,1) —> (0,1) be the function, defined by 


Then, f is continuous, but it has no fixed point. 


(c) No. Let X = [—2,—1]U [1,2] and let f: X —> X be defined by 
f(x) =—a. Then, f is continuous, but it has no fixed point. 


Solution of Problem 1.150 

We argue indirectly. So, suppose that A is not a singleton and let 
xz,u € A with x 4 u. We may assume that x < u. Let y € R\ Q be 
such that « < y <u. Let 


U = (-o,y)MA and V = (y,+o0) NA. 


Both U and V are nonempty open subsets of A such that A = U UV 
(as y ¢ A). So, A admits a separation and this contradicts the hy- 
pothesis that A is connected (see Definition 1.85). This proves that A 
is a singleton. 
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Solution of Problem 1.151 
“(a) ==> (b)”: Since X is disconnected, X = U UV with U and V 
being nonempty disjoint open sets (see Definition 1.85). 

Let h: X —> {0,1} be defined by 


0 if ce, 
ne) = {3 if eV. 


Clearly h is surjective. We claim that h is continuous. The open sets 
of the discrete space {0,1} are: 0, {0}, {1} and {0,1}. We have 


h-*(0) = 0, h-*({O}) = U, AN({1}) = VV, W-*({0,1}) = X. 


So, all these inverse images are open sets in X and this implies that h 
is continuous (see Proposition 1.32). 

“(b) = > (a)”: Let U = h-*({0}) and V = h-!({1}). Both are 
nonempty (since h is surjective) and open (since h is continuous). 
Moreover UN V = @ and X =UUV. Therefore X is disconnected 
(see Definition 1.85). 


Solution of Problem 1.152 

(a) Suppose that RY \ {0} is disconnected. So, we can find nonempty 
disjoint open sets U and V such that R% \ {0} =UUV. Let e €U 
and y € V. Consider the line interval joining x and y, i.e., 


ey) =fte=U—te+iy: 0 <t< 1}. 


If 0 ¢ [x,y], then [x,y] € R% \ {0} and we contradict the fact that: [:, y] 
is connected (as the continuous image of the interval [0,1] C R which 
is connected; see Proposition 1.88 and Theorem 1.90). So, 0 € [a, y]. 
Let z € R% be such that it is not on a straight line through x and 
y. Then z € R® \ {0} andsoz € Uorze€V. If z €U, then we 
replace « by z and we consider [z,y] C R™ \ {0}, a contradiction to 
the fact that [z,y] is connected. Similarly, if z € V, then we consider 
(x, z] C R™ \ {0}, again a contradiction. This proves that R™ \ {0} is 
connected (cf. Theorem 1.90). 


(b) Suppose that R and R% \ {0} are homeomorphic (see Defini- 
tion 1.39). Let h be a homeomorphism such that h(0) = 0 (clearly 
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we can always have this). Then R \ {0} and R¥ \ {0} are homeo- 
morphic under h, a contradiction since R \ {0} is disconnected, while 
RY \ {0} is connected. 


Solution of Problem 1.153 

We argue by contradiction. So, suppose that for some u € R, the set 
y'({u}) is bounded. Then we can find R > 0 such that y~!({u}) C 
Br(0). We have u ¢ »(R” \ Br(0)). The set R% \ Br(0) is connected 
and so by the continuity of y, the set y(R™ \ Br(0)) is connected (see 
Theorem 1.90), hence it is an interval J C R (see Proposition 1.88). 
Because u ¢ I, we have I C (—oo,u) or I C (u,+o0). To fix things 
assume that J C (u,+oo) (the argument is similar if J C (—oo,u)). 
Note that y(Br(0)) C R is compact (see Proposition 1.74) and so it 
is bounded above by some A € R. Then 


y(RX) = y(Br(0)) Uy(R® \ Br(0)) C (—oo, 4], 


with = max{A,u}, which contradicts the hypothesis that y is sur- 
jective. 


Solution of Problem 1.154 

No. If h: [0,1] —> (0,1) is a homeomorphism, then [0, 1] \ {1} = [0, 1) 
must be homeomorphic to (0,1) \ {A(1)}. But [0,1] \ {1} = [0,1) 
is connected, while (0,1) \ {h(1)} is not (it is not an interval; see 
Proposition 1.88 and Theorem 1.90). So [0,1] and (0,1) cannot be 
homeomorphic. 


Solution of Problem 1.155 

Yes. Let up = (uf = ey € RX. Let u € E and suppose that 
u’ € R\Q, for some i € {1,..., N}. Then we connect ug and & € RN, 
the vector with all components equal to e except ti’ = u’, by the 
line segment starting from ug and ending at t. Evidently this line 
segment lies in &. Next connect & and u again with the line segment 
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determined by these two vectors. This line segment is also in F (since 
the ith component of all its elements is u’ € R\Q). Therefore the path 
from up to u which results by concatenating the two line segments is 
in E and so by Proposition 1.98, E’ is path-connected. 


Solution of Problem 1.156 
(a) “(i) == (ii)”: Since X is locally connected (see Definition 1.95), 
for every x € X there is a connected open set U, containing « € X 
such that 

Uz © Bs(z). 
The family {Uz}cex is an open cover of X and since X is compact, 
we can find a finite subcover {Uz, }/.,. So, 


m 
x = | Us Uz, is connected and diam Uz, 
k=1 
< diam Bz(x;,) = ©. 


“(ii) => (i)”: Let e > 0 and let {E,}7., be a finite cover of X with 
each E;, connected and 


diam Ey, < e. 


Since E;, is connected too (see Proposition 1.89) and diam E, = 
diam E,, we may assume that each EF; is closed. Let u € X and 
let 


Iy = {keé{l,...,m}: we Ex}, 


E = (J & and U = () &. 
k€lu kee 


Evidently U is open and u € U © E. Also E is connected (see Theo- 
rem 1.91). Also, if  € EF, then x € Ex for some k € I, and so 


d,(z,u) < diamE, < e. 


Hence E C B-(u). Therefore u admits a local basis consisting of 
connected sets. Since u is arbitrary, we conclude that X is locally 
connected. 
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(b) The implication “(ii) ==> (i)” remains true, as we do not exploit 
the compactness of X in the above proof. 

The implication “(i) => (ii)” does not hold. Let X =R. Then X 
is locally connected, but X is not a finite union of sets with diameter 
less or equal to 1. 


Solution of Problem 1.157 
(a) We argue by induction on m > 1. For m = 1 by hypothesis Aj is 
connected. Suppose that the result is true for some m > 1. Then we 


set 
m 
Bm = |) Ar 
k=1 
which by hypothesis is connected and by hypothesis By A Am+1 4 9. 
m+1 
So, Theorem 1.91 implies that the set B,,U Am+1 = LU Ag is con- 
k=1 


nected. 


(b) Yes. We proceed by contradiction. So let us suppose that the set 


Aas U a 
k=1 


is not connected. Then, there exists a pair of nonempty, disjoint sets 
U,V C A both open in A such that A = U UV, both open (in A). 
First, note that for all k > 1, we have 


Ax cS U- or Ar C V 
(if this is not the case for some k > 1, then the pair A,NU, A, NV isa 
separation of the set A, and so A, is not connected, a contradiction). 
Let us define 


ky = inf {k : A, CU} and ky = inf {k: Ay CV}. 


One of the integers ky or ky is equal to 1 and the other is greater 
than 1. Without loss of generality, we can assume that ky > 1. Then 
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Ap G U and Ay,-1 GC V. But from the assumption, we have that 
Agy Ary —1 #9, so also UNV # 9, a contradiction to the fact that 
the pair U, V is a separation for A. 


Solution of Problem 1.158 
Note that 
C. = CU |) B(2) 
rEC 
(see Definition 1.6). By hypothesis C and B.(x) (with x € C) are 
connected sets and 


COB(z) 40 VareEc. 


So, we can apply Theorem 1.91 and conclude that for every ¢ > 0, the 
set C'; is connected. 


Solution of Problem 1.159 

Let wy = (@1,A1) and ug = (#2, A2) be two elements in epi f (see 
Definition 1.132(b)). Let M be the maximum of f on the bounded 
closed interval [71,22]. We connect wu; and uz with the following con- 
tinuous path. First we connect ui; and vj = (x1, M) with the vertical 
line segment [u1, v1]. Then we connect v1, and v2 = (#2, M) with the 
horizontal line segment [v1,v2]. Finally we connect vg and uz with 
the vertical line segment [v2, ug]. The result is a piecewise linear path 
which is continuous and connects u; and uw. Therefore we conclude 
that epi f is path-connected (see Definition 1.97). 


Solution of Problem 1.160 
(a) Let x € X and € > 0 be fixed and define 


Cz = {ueX: cwut. 
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We show that Cz is nonempty, open and closed in X. Since x € C4, 
we have that Cz 4 @. 

Let u € Cz and let y € B-(u). Then ({u,y} is an e-chain con- 
necting u and y and so u ~ y, hence by transitivity 2 ~ y and so 
B-(u) C Cz which proves that C, is open. 

Next, let u € C- and let y € B-(u) NC. As before, we have y ~ u, 
while u ~ x. Hence, by transitivity, y ~ x and so y € Cz, which proves 
that C, is also closed. 

Since by hypothesis X is connected, we have X = C; (see Propo- 
sition 1.87) and this is true for all ¢ > 0. Therefore X is well-chained 
(see Definition 1.108). 


(b) No. The space Q (with the metric induced from R) is well-chained 
but not connected. 


Solution of Problem 1.161 
“+”: This is Problem 1.160. 


“<=”: Suppose that X is well-chained (see Definition 1.108). Let 
€: X —+ {0,1} be any continuous function. Since X is compact, € is 
uniformly continuous (see Definition 1.45 and Proposition 1.77) and 
so we can find ¢ > 0 such that 


dy,(z,u) Ke => |€(x)-€(u)] < 1. 
Therefore (x) = €(u). For z,u € X, let (co,...,c,) be the e-chain 


connecting « and u. Then d, (cx, ch41) < € fork = 1,...,n—1, implies 
that €(c,) = €(cg41) and so 


E(x) = E(c1) = ... = E(en-1) = Elen) = E(u), 


hence € is constant. This, by Problem 1.151 implies that X is con- 
nected. 


170 Chapter 1. Metric Spaces 


Solution of Problem 1.162 

Let u = f(x). The set f(C(x)) (see Definition 1.92) is a connected 
subset of Y containing u (see Theorem 1.90 and Definition 1.39). So, 
we have f(C(x)) C C(u) (see Definition 1.92). Similarly, we show 
that f~1(C(u)) C C(x). Acting with f, we obtain C(u) C f(C(z)). 
Therefore 


Solution of Problem 1.163 
Let U be the open set in E, defined by 


One of the connected components of U is the interval {0} x ( - 5; 5); 
which is not open in E. So, by Proposition 1.96, the set F is not 
locally connected. 


Solution of Problem 1.164 
“+”: Follows from Theorem 1.90. 


“<=”: Without any loss of generality, we can assume that f is in- 
creasing (the proof for f being decreasing is similar). Let to € T. If f 
is not continuous at to, then 


f(tj) = lim f(t) < f(t) or f(to) < FC) = lim f(A). 
bed, ce, 


To fix things, we assume that f(to) < f(t} ) (the reasoning is similar if 
the other possibility is true). Since the limit f (tj) exists, we can find 
t € TN (to, +00) such that 


f(t (to) < f(t). 


0) < 
Let y € (f(t tj )) @ (f (to f(t) (t)). Since by hypothesis f(T) is 
an interval, we a ye f(T \ se so, we can find s € T such that 
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y = f(s). If s < to, then y < f(to), a contradiction. If s > to, then 
yof (tg ) again a contradiction. This prove the continuity of f on T. 


Solution of Problem 1.165 
Let 
Ce inert: aaa 


and let g: C —> R be defined by 


g(z,u) = fW=f@) V (a,u) EC. 


U—XL 


Let (x, u) € C. Then by the mean value theorem, we can find y € (xz, u) 
such that 


g(x,u) = f'(y), 
so 
g(C) © f(T). 
On the other hand, from the definition of the derivative, we have 


f(T) © fC). 


So, we have 
gC) © f(T) © g(C). 


But the set C is connected (in fact it is convex in R?) and g is con- 
tinuous. So g(C) is connected (see Theorem 1.90). Invoking Proposi- 
tion 1.89, we infer that f’(T) is connected which implies that jf’ has 
the Darboux property. 


Solution of Problem 1.166 
Let 29,271 € X with xp # x, and let J: X —> R be defined by 


O(c) = d,(2,2%6) Vane X. 


Then ¥ is continuous (see Proposition 1.36) and so 0(X) is connected 
(see Theorem 1.90), thus an interval (see Proposition 1.88), which is 
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not a singleton (as 0 € 0(X) and 0 4 d, (xo, 71) € V(X)). So the set 
0(X) is uncountable, and hence X is uncountable. 


Solution of Problem 1.167 

The nonemptiness of C’ follows from Proposition 1.67 and the com- 
pactness of C’ follows from the fact that C' is a closed subset of the 
compact set C;. It remains to show the connectedness of C. Suppose 
that C = Ky U Ke with Kj, Kg being closed subsets of C which are 
disjoint. Evidently AK, and K2 are compact and so we can find two 
disjoint open sets U; and U2 such that Ky C Uy; and Ko C U2. Then 
we can find no > 1 such that C,, C U, UU» for all n > np. The connect- 
edness of C;, implies that C,, C U; (or Cy, C U2) for all n > no, hence 
C C ky (or C C Koa) and so we conclude that Ky = 0 (or Kk; = 9), 
which proves that C is connected. 


Solution of Problem 1.168 
Let V = C,(X;Y) be furnished with the supremum metric 


d*(f,h) = supd, (f(z), h(x)). 
xrEX 
From Theorem 1.131(b), we know that (V,d%) is a complete metric 
space. Let €: V —> V be defined by 
E(h)(x) = g(x, h(z)) VhEeV, rex. 


Let us check that this function is well defined, i.e., for all h € V, 
€(h) € V. First, note that the function z ++ €(h)(x) = g(x, h(a)) is 
continuous, being the composition of two continuous functions. Also, 
we will show that €(h)(-) is bounded. To this end, fix ¢ € X and 
g © Y. Then for all u € V and all x € X, we have 


dy, (€(u)(x), 9(#,9)) < sup d, (€(u)(x), g(x, 9)) 


= sup d,(g(z,u(z)),9(z,9)) 
< k sup dy (u(x), 9) < +00 
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(since u € V). So, indeed €: V —> V. For all u,v € V, we have 
a (E(u).£(0)) = sup dy (g(2,u(x)),9(¢,0(@))) 
re 
< ksupd, (u(x), v(x) = kd*(u,v), 
rex 
so € is a contraction on V. 
Because (V,d®) is a complete metric space, we can apply the 


Banach fixed point theorem (see Theorem 1.49) and obtain f € V = 
Cy(X;Y) such that 


sO 


Solution of Problem 1.169 
The function 
Xx X3(r,u)->d,(z,u) ER 


is continuous (see Proposition 1.36). Also the set K x Cis compact in 
X x X (see Proposition 1.130). So, invoking the Weierstrass theorem 
(see Theorem 1.75), we can find (a,c) € K x C such that 


d,(a,c) = inf {d,(z,u): c€K, ue C} = dist(K,C) 


(see Definition 1.6). 
Also, if kK = C, then again from the Weierstrass theorem (see 
Theorem 1.75), we can find a’,c’ € K such that 


d,(a',¢) = sup{d,(z,u): z,ueK} = diamK 
(see Definition 1.6(c)). 


Solution of Problem 1.170 

Recall that all the metrics d,, 1 < p < +00 are Lipschitz equiva- 
lent (see Example 1.3(a) and Remark 1.119). So, without any loss of 
generality, we may assume that the metric on X is the metric 


dia). = Sew) Va,we X. 
k=1 
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The projection function proj, : X —+ Xx, defined by proj, (x) = ax for 
all « = (x1,...,%m) € X is 1-Lipschitz continuous, hence uniformly 
continuous (see Definition 1.45). So, by Proposition 1.46(b), proj, 
maps Cauchy sequences to Cauchy sequences. Therefore, we conclude 


that eee is a Cauchy sequence in Xz. 
Conversely, if each on) aa fork = 1,...,m is a Cauchy sequence, 
then from a 
dy (&p, 21) = x d,, G af) 
k=1 


we infer that {a,},51 is a Cauchy sequence in X. 


Solution of Problem 1.171 
Let x € lim inf E,, (see Definition 1.133). Then for every integer m > 1 
n->+Co 


there exists an index n,, > 1 such that 
Bi(aj\Nk AW Vn, (1.7) 


We may assume that ny, > NMm_1 for m > 2. Let z, € Bi NE, for 
Mm K<N<Mm+1-. We see that 


1 
a Vn nm, 


iia) < 


hence 
d,(in,t) —>+ 0 asn— +00. 


This proves the expressions for liminf E,. 
n—>+00 


Next let x € limsup£,. Then by definition for every integers 
n—-+00 
m,k > 1, we can find an integer n», > k such that 


Bi(t)N Ena, # (1.8) 


Therefore the sequence {dist(z, En) ast of nonnegative numbers has 


0 as an accumulation point (see Definitions 1.6, 1.13(b) and Theo- 
rem 1.14(d)) and so 


lim inf dist(z, E,) = 0. 


n— +00 
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So, we can find a subsequence {Fn,},5, Of {En}ysi such that 


lim dist(z,Ep,) = liminfdist(z,E,) = 0. 
k—++00 


n—-+00 


Let tp, € En, be such that 
d,(£,In,) < dist(z,En,)+% —? 0 as k— +oo. 


Hence 
Ln, —> @ in X, 


with %, € En, for all k > 1. Finally directly from the definition of 


lim sup E,, we see that for all m > 1, we have x € limsup E,, if and 
nN—-+00 n—+-+00 


only if 


xe |J)E, Vm21. 
n>=m 


This proves the different expressions for the set lim sup Ey. 
n—-+00 


From the above expressions it is clear that we always have 


liminf £, C limsup Ep. 


n+ +00 n—+00 


Moreover, it is clear that limsup FE, is closed (being the intersection 
n—-+00 


of the closed sets Cy, = U E,). Also, note that the condition (1.8) is 
nel 
equivalent to 


Vike sane el Bia) Eig FO 


a 
Therefore, we infer that 


limsup £, = limsup£, = limsup E,. 
n—>+00 n+ +00 nN— +00 


Next let « € liminf F,,. Then for every r > 0, we have 
n+ +00 


B,(x)Nliminf E, #4 @ 


n—-++00 


(see Definition 1.13(b)), hence we can find an integer n, > 1 such that 


Beloit. 2 VYn> nr, 
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hence x € liminfy.40 Ey. In addition, as before, since the equiva- 
lence of (1.7) to 


Ym >1ldnm 21Vn>my, B,(z)NEn £9, 
we conclude that 


liminf £,, = lim inf EF, = liminf E,. 


n—+ +00 — +00 n—-+00 


Hence it follows that the two sets liminf FE, and limsup Ey, are closed 
N+ +00 n— +00 


(possibly empty). 


Solution of Problem 1.172 
If lim inf C,, = 0, then 


n+ [o-e) 
dist (a, lim inf C,,) = +00 
n—- +00 


(see Definition 1.133, Problem 1.171 and Definition 1.6) and so 
the inequality is trivially true. Therefore, we may assume that 
liminf C, #9. So, let u € liminfC,. Then, we can find u, € Cy, 
nN— +00 n—- +00 
such that 

d,(tn,u) —> 0 


(see Problem 1.171). We have 
dist(# Cy) & e( a, uy) Yn21 


and so 
lim sup dist(z,C,) < d,(x,u). 


n—- +00 


Since u € liminf C,, is arbitrary, it follows that 
n—- +00 


lim sup dist(r,C,) < dist(a, lim inf OC, 


N—-+00 
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Solution of Problem 1.173 
Since the sets C, are compact for n > 1, we can find un, € Cy, such 
that 

dist(w,Cn) = dy (x, Un) 


(see Definition 1.6). From the definition of lim inf (see Definition 1.133 
and Problem 1.171), there exists a subsequence 4 gg isa of {Un}as1 
such that 
lim inf dy (4%) = jim dan (,Unx)- 

Next, since {un}, 5, C Br and the latter is compact, there exists a 
further subsequence {Ung, rea of ttn bd such that Un,, —> U in RY. 
From the definition of Kuratowski upper limit, we know that u € C. 
From the continuity of the distance function (see Proposition 1.36), 
we have 


dist(z,Cn,,) = dy (L,Un,,) —? dy (z,u) 2 dist(z,C), 
so 


lim inf dist(x, Cn) = lim | daw (# tng, ) = d.y(t,u) 2 dist(x,C). 


Because C' = liminf C,,, from Problem 1.172, we also have 
nN—+-+00 


lim sup dist(x,C,) < dist(x,C). 


n—-+00 


Thus, we conclude that dist(z,Cn) —> dist(x,C). 


Solution of Problem 1.174 
For every ¢ > 0, we can find x € C such that 


m < v(x) < m+e. 


Let {tn}n>1 Cc X be such that z, € C, for all n > 1 and 
d,(&p,£) —>0 (Problem 1.171). For every n > 1, we have 
Mn < y(#n). Due to the continuity of y, we have 


~Y(fn) —> (2), 
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sO 


limsupmn, < mM+e. 
n—-+oo 


Since € > 0 was arbitrary, we let « \, 0 to conclude that 


limsupMmn < m. 
n+ +00 


Solution of Problem 1.175 
Let us set 
Ey, = {iage nS 1h Vn2>1. 


Then from Problem 1.171, we have 


Im € liminf E, Vmeol1 


n— +00 


(see Definition 1.132). Because lim inf E,, is closed (see Problem 1.171) 
N+ -+O0o 
and 2m —> x, we have that x € liminf F,. So, 2 = lim yp, with 
n—>+00 n—++00 


Yn € Ep. But from the definition of the sets Ey, these elements have 
the form Yn = %m,,,n- Therefore 


x= lim &m,n. 
n—>+oo : 


Next let us set 


Ga = {tage St Vmo2>l. 


Note that 

Im © Gm Vm2>1. 
So 

z= lim zp, € liminfG, = liminfG,, 
m—+o0o m—+0o m—-+00 
(see Problem 1.171). Therefore x = lim um, with um € Gm 
m— +00 

for all m > 1. Every um has the form un = XLmn,»,- Hence 
eS Mi Wass 


m—- +00 
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Solution of Problem 1.176 
(a) Of course h(A,A) = 0. Let A,B € Py(X) be such that 
h(A, B) =0. Let ae A. Then 


0 = h(A,B) = sup |dist(x, A) — dist(x, B)| 
LEX 
> |dist(a, A) — dist(a,B)| = dist(a, B), 


thus a € B (as B is closed). Analogously, we show that for any b € B, 
we have b€ A. Thus A= B. 
The symmetry 


h(A,B) = h(B,A) VA,Be P(X) 


is obvious. 
To show the triangle inequality, let A,B,C € Py (Xx ys Then 


h(A, C) 


sup |dist (a, A) — dist (x, C)| 
wEeX 


IN 


sup (| dist (a, A) _ dist (x, B)| + |dist (x, B) — dist (x, C)|) 
rEX 


IN 


sup |dist (x, A) = dist (x, B)| + sup |dist (x, B) - dist(x, C)| 
vEX rEX 
h(A, B) + h(B,C). 


(b) Let A,B € Pr(X). Note that 


sup dist(a,B) = sup |dist(a, A) — dist(a, B)| 
acA acA 
< sup |dist(a, A) — dist(a, B)| = h(A, B). 
LEX 


Analogously, we have 


sup dist(b, A) < h(A,B). 
beB 


Thus 


h(A,B) < h(A,B). 
On the other hand, let x € X be fixed. Then 
dist(a, A) — dist(z,B) = dist(x, A) — oe dx (x, d) 
= sup (dist(«, A) — dy (x,b)) = sup ( inf d, (x,a) — dy, (x, b)) 
beB beB aca 


= sup inf (dx (x,a) — dy (x,b)) < sup inf d,(a,b) = sup dist(b, A). 
be Baca be Baca beB 
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Analogously, we show that 


dist(a, B) — dist(z, A) < supdist(a, B). 
acA 


Thus 


|dist(z, A)—dist(z,B)| < max {supdist(a, B), supdist(b, A) } 
acA beB 


h(A, B). 


As the above inequality holds for every x € X, taking the supremum 
on the left hand side, we obtain 


h(A,B) < h(A,B). 
(c) Let A,B € Pp(X). Let 
f= eo 0 AC Bond BC Ast, 
Ife € €, then AC B, and BC A;. Thus 


dist(a,B) < ¢€ VaeéA, 
dist(b, A) < € 


VbeB. 
So 
sup dist(a,B) < ¢ and supdist(b,BA) < « 
acA beB 
and hence _ 
h(A,B) < «. 


As, it holds for any ¢ € €, thus 


h(A,B) < h(A,B). 
On the other hand, from the definition of h, we have that 
dist(a,B) < h(A,B) VacéA, 


sO 


and thus 
AC Byap): 
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Analogously, we show that 


Thus finally 


Solution of Problem 1.177 
(a) Let D1, Do, Fi, Eo € Py (X) and let us set 


max {h(D1, £1), h(D2,E2)} and D = D,UDz», 
BE = E, UE, 


™ 
II 


then 


(E\)eU (Fa)e = (FU Ea)e = EB: 


C 
© Wi)-U Die — Miu Dae = Dz, 


where for each S € P(X), S: = {© € X: dist(x,S) < ec} (see 
Definition 1.6 and Problem 1.176(c)). From these inclusions and the 
definition of the Hausdorff metric (see Problem 1.176(c)), we obtain 
that 


h(D, U Do, E, U E2) ge= max {h(Dj, £1), h( D2, E2)}. 


(b) Let 7: X —+ X bea k-contraction and let D, E € P7(X). 
Let ¢ = A(D, E) and let us set 
D =D), E = nf). 
If y = n(x) € D, let u € E be such that d, (a,u) < ¢. Then, we have 


dist(y,E) < dx(y,n(u)) = dx (n(x), n(u)) < kdx (x,u) < ke, 


so DC Ee and similarly E C D,-. Thus 


= A(D,E) < ke = kA(D,E). 
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Solution of Problem 1.178 
(a) Let (X,d,) be a complete bounded metric space (see Defini- 


tion 1.7). To show that the Hausdorff metric space (Py (Xx ),h) (see 
Definition 1.134 and Problem 1.176) is complete, let us take any 
Cauchy sequence {Dx},5, © Pr (X) (see Definition 1.7). 

Let us start with two observations. First note that 


Vi >14N,€NWm,n>Ni: R(Dm,Dn) < & (1.9) 


(see Definition 1.7). Next, note that 


Viz 1Vk> Ni Vae Dy Vi Sk aye D;: d,(z,y) < %. (1-10) 


To see this, let us fix >1,k > N;, x € D, and j > k. From (1.9), we 
have that 
h(D;,Dr) < 
sO 
De © (Dj) 
and so, there exists y € D; such that x € Be. (y). This proves (1.10). 
Let us define 


Fo= {x € X: x is an accumulation point of some 
sequence {dx},5, G X, such that d, € Dz for k > 1} 


(see Definition 1.13(b) and Theorem 1.14(d)). We will show that 
Dz . F. To this end, let ¢ > 0. We will show that 


Vk > No: h(F,Dr) < € 
(see (1.10)). In other words, we need to show that 
Vk >No: F C(Dz)e and Dy C Fe. 


First, let us fix k > No and x € F’. From the definition of F’, there 
exists a sequence {dn}n>1 C X such that d, € D, for n > 1 and z is 
an accumulation point of {d,},5,. From (1.9), for all m,n > No, we 
have 

PD, Da). 


’ 


Do] om 
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so for all n > No, we have Dy C (Di) and thus d, € (Di) for all 
n > No. Hence all accumulation points of the sequence {dn},,51 are in 


(Dy)s: so x € (Dx)-. Thus, we have proved that FC (Dx)e. 
Next, let us fix k > No (see (1.9)) and x € Dz. We will show that 
x € Fy,. To this end, let ig be the biggest 7 > 1 such that k > N;, so 
k > Ni). We define 
fe = x2 © Dz. 


From (1.10), there exists 


Figs © DNigury With dy(frigust) < 3h. 
Then proceeding by induction, for any 7 > ig we choose 
fn, € Dn;, with d, (fn, INS) < aor: 
For any other / > n;, (namely for | # Nj; for all i > no), we choose any 
fi € D,. Note that 
d,(2,fn,) < dy (2, frig) pid (Nas IN; ei) bao Pay iN TN,) 


Sew ee 
io Diol yey 9s 2? 


so { Pe es Cc Bz (x) and thus for any accumulation point y of 
{ ce (so also for some accumulation point of { fn},s1), we have 
d,(u,y) <§- Asye F,s0 a € Fy. 


(b) Since X is compact, X is complete (see Theorem 1.71) and so 
(P7(X),h) is complete (see part (a)). Let us fix 6 € X and let 
g: (Py (X), h) os (C(X;R),d™) be the function, defined by 


g(A)(w) = dist(x, A) — dy (x,). 
First we show that g is an isometry. Note that 
d®(g(A),9(B)) = sup |dist(x, A) — dist(x,B)| = h(A,B), 
LEX 
so g is an isometry. 


Next we show that g (Py (Xx )) C C(X;R) is equicontinuous. For all 
AE Pix), we have 


|g(A)(x) — g(A)(u)| = |dist(w, A) — dist(u, B) — (dx (a,b) — dy (u, b)) | 
< 2d, (2,u), 


so g(Py(X)) is (uniformly) equicontinuous in C(X;R). 
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Because g is isometry, the set g (Py (Xx )) is closed in C(X,R). Also 
g(Ps(X)) is equicontinuous and for all x € X, the set {g(A)(x): A€ 
Py (X )} is bounded (since by hypothesis X is bounded). Therefore we 
can apply the Arzela—Ascoli theorem (see Theorem 1.84) and obtain 
that g (Pr (Xx )) is compact in C(X;R). Because g is an isometry, 
(Py (Xx ), h) is a compact metric space. 


Solution of Problem 1.179 
Let h be the Hausdorff metric (see Definition 1.134 and Prob- 
lem 1.176). From Problem 1.178, we know that (Py (X),h) is a com- 
plete metric space. 

Using Problem 1.177(a) and (b), we have 


h(€(D),€(E)) = h(f(D)Ug(D), f(E) Ug(E)) 
max {h(f(D), f(E)), h(g(D), 9(E)) } 
kh(D, E). 


IN. IX 


Since the space (Py (X ),h) is complete and € is a k-contraction with 
k, € [0,1), we can apply the Banach fixed point theorem (see Theo- 
rem 1.49) and obtain a unique Co € Py(X) such that €(Co) = Co. 


Solution of Problem 1.180 
(a) Let {Cr},51; C Py(X) be a sequence such that 


Cy =O CR), 
For a given € > 0, we can find ng = no(e) > 1 such that 
hA(Cn,C) < § Vn>no. 


The set C,,. is compact, hence it is also totally bounded (see Theo- 
rem 1.71). Thus we can find a finite set {x,}/"., C X such that 
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It follows that em 
C U B-(&x). 
k=1 


and so C’ is totally bounded. Since C’ € Py (X y, once again Theo- 
rem 1.71 implies that C € Py (X Ve Therefore P;, (Xx ) is a closed subset 
of P(X). 


(b) Now, if X is complete, then from Problem 1.178(a), we know that 
(Pr (X), h) is complete too. Thus (Pr, (X), h) is complete (as a closed 
subset of a complete space). 


Solution of Problem 1.181 
“——»”: This is exactly Problem 1.178(b). 


“<=”: Let {@n}n51 be a sequence in X and let 
On = dan} EP (x) Vwe 1. 
The compactness of (Py (X ie h) implies that we can find a subsequence 
{Crrbesr f {Ca}nsi Such that 
Cn, + Ce P;(X) 


(see Definition 1.134 and Problem 1.176). So, for a given ¢ > 0, we 
can find kg = ko(e) > 1 such that 


Ce (Gye = Bex.) Vk > ko 


(see Problem 1.176(c)). Hence diam C < 2. Since € > 0 was arbitrary, 
we conclude that diam C = 0, ie., C = {x}. Then, we have 


fn, € B-(z) Vk > ko 


and so %, —+> x. This proves the compactness of X. 
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Solution of Problem 1.182 
We argue by contradiction. So, suppose that C is not connected. Then 
we can find two open nonempty sets U;,U2 C X such that 


C C U,UUd, CnU, # O, CnU, # 0 and U,;NUp = 0. 
Let x € CN Uj. Since by hypothesis C,, aes, , we have that 
dist(z,C,) —> 0 


(see Problem 1.176(b)). For every n > 1, we can find x, € C,, such 
that 
dx(#,2n) < dist(2,Cn) + —, 


hence d, (x,t) —> 0. Since Uj is open and x € Uj, we can find 
nm, > 1 such that 
In € Uj Vne>n. 


So 
Cit #0 Vnen. 


Similarly, we show that 
Cr OUg # 0 Yn>no, 
for some ng > 1. The connectedness of C,, implies that 
Cn £ Uy UU Vn > no = max{nj, 9}. 


So, for all n > no, we can find uz, € Cy, Un ¢ Uy UU. Since the set 
(U, UU2)° is closed and the set C is compact, from Problem 1.118(a), 
we have 


0 < dist((U; UU2)°,C) < dist(um,C) < h(C,,C) — 0, 


a contradiction. This proves that the set C’ is connected too. 


Solution of Problem 1.183 

From Problem 1.180, we already have that (Pe (x ) . h) is complete. So, 
it remain to show the separability of (P,(X),h) (see Definition 1.21). 
Let {an},5, be dense in X (it exists since X is separable; Defini- 
tion 1.20) and let F be the family of all finite subsets of {rn},,51- 
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Evidently F is countable and clearly it is dense in (Pe (X ),h) (see 
Definition 1.20). 


Solution of Problem 1.184 
Let X =N and consider two metrics 


d, (nin) = . - hee Yn,sm>1 
d,(n,m) = |4-4| Yn,m 21. 


The two metrics are topologically equivalent (they both generate the 
discrete topology). Let h; be the Hausdorff metric for d, and let hz be 
the Hausdorff metric for d, (see Definition 1.134 and Problem 1.176). 
Setting C, = {1,...,n}, we have 


hi(C,,N) = 1 Vn21, 
he(Cr,N) = supdist,(k,C,) = lim (4-¢) = i, 
k 


k—+00 


hence ho(C,,,N) —> 0. So, the Hausdorff metrics hy and hg are not 
topologically equivalent. 


Solution of Problem 1.185 
Consider N furnished with the discrete metric. Let C, = {1,...,n}. 
Then these are closed sets and 


liminf C, = limsupC, = N 


N00 n—+00 


(see Definition 1.133 and Problem 1.171). On the other hand, 
hGy,N) = 1 Uae dL 


sO 


Crh AO N_ in the h-metric. 
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Solution of Problem 1.186 
First note, that we always have 


lim i infC, C limsupC, 


N+ +00 n—+00 


(see Definition 1.133 and Problem 1.171). Let x € C. Since C;, mee 6 
see Definition 1.134 and Problem 1.176, we have 


dist(z,C,) —> dist(z,C) = 0, 


hence x € liminf C;, (see Problem 1.171) and thus 


n—- +00 


GC lim inf Cn. 


n—+0o0 
Next, let z € limsupC,,. Then we can find a subsequence {nx},5, of 


n—-+00 


{n}n>1 and Zp, € Cy, such that x, —> x in X (see Problem 1.171). 
We have 
dist(z,Cn,) < d,(@,%n,) —> 0 


and since Cn, 2s C’, we also have 
dist(z,Cy,) —> dist(z,C) 


(see Problem 1.176). Therefore dist(z,C) = 0, hence x € C (since 
C € P;(X)). This proves that 


limsupC, CC C liminf C, 


n—+oo n+ +00 


and so finally 


liminf C, = lim inf Cy = C. 


n—-++00 


Solution of Problem 1.187 
Let 


= | pea 


n>1 


It suffices to show that (A,d,.) is totally bounded. For a given ¢ > 0, 
we can find N = N(e) > 1 such that 


A(Cn,Cm) < § V aan 2, 
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N 
The set (J C; is compact, hence totally bounded. So, we can find an 
i=1 


N 
s-net {21,...,¢~} © U Cj. We will show that {x1,...,a2,} is an e-net 
i=1 


7 N 

in A. To this end let x € A. If x € LU Ch, then clearly d, (x, 2x;) for 
i=1 

some 7 € {1,...,N}. Ifa eC; with i > N, then h(C;,Cn) < §, hence 


dist(x,Cn) < 5. Choosing y € Cy with d, (x,y) < § and j > 1 such 
that d,(y,2j) < §, we set d,(#,2;) <e. 
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Chapter 2 


Topological Spaces 


2.1 Introduction 


2.1.1 Basic Definitions and Notation 


Definition 2.1 

A topological space is a pair (X,T) where X is a nonempty set and 
T is a family of subsets of X called open sets, which satisfies the 
following three requirements: 

(a) 0,X €7; 

(b) 7 is closed under arbitrary unions, 1.e., 


af {U7} 27 Sa, then U Uj; € 7; 
ier 


(c) 7 is closed under finite intersections, 1.e., 


if (Uitier GT and I is finite, then () Uj; ET. 
ier 


The complements of open sets are called closed sets, 


Remark 2.2 
By the De Morgan law, if {C;},-,; is any family of closed sets, the 


set (| C; is a closed set. Evidently many different topologies can be 
wel 

defined on the same set X. The smallest of all topologies on X (i.e., 

the one with the fewest open sets) is the topology 7 = {@, X} and it 


is called the indiscrete topology. The biggest of all topologies on 
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X (i.e., the one with the most open sets) is the topology consisting 
of all subsets of X and it is called the discrete topology. The space 
X with the discrete topology is a discrete space. If 71,72 are two 
topologies on X and 7; C€ 7) then we say that 7, is weaker than 7) 
or that 7) is stronger than 7. Finally note that a subset of X may 
be both open and closed (for example ( and X are open and closed in 
any topology on X or in a discrete space every set is open and closed). 
A set which is both open and closed is usually called clopen. 

If (X,d,) is a metric space then the family 7 of all open sets (in 
the sense of Definition 1.8) is a topology. We call it the topology 
induced by the metric d,.. So every metric space is in a natural way 
a topological space. 

Finally, if for the topological space (X,7) there exists a metric d 
such that 7 is induced by the metric d, then we say that the topological 
space (X,7T) is metrizable. 


Definition 2.3 

Let (X,T) be a topological space. A neighbourhood of x is a set U € T 
such that x € U. The family of neighbourhoods of x € X is denoted 
by N(a). Similarly, a neighbourhood of a set C C X is an open set 
U such that C CU. IfU € N(a), then U \ {x} is called the deleted 
neighbourhood of x. 


Definition 2.4 

Let (X,7) be a topological space. 

(a) X is a To-space (or Kolmogorov space) if for every pair of 
distinct points x,y © X, we can find U € 7 such thatx CU, y €U. 
(b) X is aT,-space (or Hausdorff or separated space) if for every 
pair of distinct points x,y © X, we can find U,V € 7 such that x € U, 
y€U andx€V,yeEv. 

(c) X is a To-space if for every pair of distinct points x,y € X, we 
can find U,V € 7 such thatx CU, ye V andUNV = 9. 

(d) X is a T3-space (or regular or Vietoris space) if for every 
x € X and every closed set C C X not containing x, we can find 
U,V €7 such thatxr €U,C CV andUNV =9. 

(e) X is a Ty-space (or normal or Tietze space) if for every pair of 
disjoint closed sets C,D C X, we can find U,V € 7 such that C CU, 
DCV andUNV=¢%. 
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Remark 2.5 

In general a T\-space is always a To-space, a T>-space is a T\-space, 
but a 73 space does not need to be a T5-space. A Ty space needs to be 
neither 73 nor Ty (consider X = {x, y} with topology 7 = {0, {7}, X}). 
A discrete topological space (see Remark 2.2) is To,7,, 72,73 and Ty, 
while the indiscrete topological space X (where X has at least two 
elements) is T3 and Ty but not 7o,7) and T> (in particular it is not a 
Hausdorff space). 


Remark 2.6 

Strictly speaking, for a space X to be non-Hausdorff, seems rather 
unreasonable. However, it turns out that there exist useful topologies 
(such as the Zariski topology in algebraic geometry), which are non- 
Hausdorff. Nevertheless, for the purpose of Analysis, the Hausdorff 
separation axiom suffices. For this reason in this book 


all topological spaces are assumed to be Hausdorff. 


Every metric space is Hausdorff and in a Hausdorff space singletons 
are closed sets. 


Definition 2.7 

Let (X,7) be a topological space and let {tn},5, C X be a sequence. 
We say that x € X is the limit of the sequence {rn},51, if for every 
U € N(a), we can find no = no(U) > 1 such that x, € U for all 
ne no. 


Remark 2.8 
In a Hausdorff space a sequence can have at most one limit. 


Definition 2.9 

Let (X,T) be a topological space and let A C X be a nonempty set. 

(a) A point x € X is an interior point of A, if we can findU € N(z) 
such that U C A. The set of interior points of A is called the interior 
of A and is denoted by int A (or A). 

(b) A point x € X is an exterior point of A, if x € int A® (recall 
that A® = X\A). The set of exterior points of A is called the exterior 
of A and is denoted by ext A. 

(c) A point x € X is a boundary point of A, if for every U € N(a), 
we have ANU 40 and ASNU £9. The set of boundary points of A 
is called the boundary of A and is denoted by OA (or bd A). 
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(d) A point x € X is a limit point (or accumulation point or 
cluster point) of A, if every U € N(x) satisfies AN (U \ {x}) #90. 
The set of limit points of A is called the derived set of A and is 
denoted by A’. The set AUA’ is called the closure of A and is denoted 
by A (or cl A). A point x € A is an isolated point of A if x € A\ A’ 
(i.e., there exists U € N(x) such that AN (U \ {x} =). 

(e) We say that a set A is dense in X if A= X. We say that a set 
A is nowhere dense in X if int A= 9. 

(f) We say that the space X is separable if it has a countable dense 
subset. 


Proposition 2.10 

If (X,7) is a topological space and A,B C X are nonempty sets, 
then 

(a) A is open if and only if A = int A; 

(b) int A is the biggest open set contained in A, i.e., if U is the family 
of all open sets contained in A, then int A= \) U; 


UcU 
(c) int(An B) =intA lO int B; 
(d) int(AUB)DintA U int B. 


Proposition 2.11 

If (X,7) is a topological space and A,B C X are nonempty sets, 
then 

(a) A is closed if and only if A = A; 

(b) A is closed if and only if A’! C A; 

(c) x € A if and only if for all V € N(x), we have VONAF OD; 

(d) A is the smallest closed set which contains A, i.e., if F is the 


family of all closed set containing A, then A= ()\ C; 
CEF 


(e) AUB=A U B; 
(Gf) ANBCAN B. 


Proposition 2.12 

If (X,7) is a topological space and {Aj}icr C X is a family of sets, 

then 

(a) (Ai 
EL 

(b) (\Ai S 


ieL wel 


In 
C 
> 


a 
me xe 
al 
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Proposition 2.13 

Let (X,T) be a topological space. The following statements are equiv- 
alent: 

(a) D is dense in X; 

(b) if C is a closed subset of X and DCC, thenC = X; 

(oe) imp =f 

(d) for everyU €7, we have UN DFO. 


Definition 2.14 

Let (X,T) be a topological space and let C C X be a nonempty set. The 
subspace topology (or relative topology or induced topology) Tc 
on C is defined by to = {C NU: UE ee With these open sets C 
becomes a topological space in its own right and we refer to C' as a 
subspace of X. 


Proposition 2.15 

Let (X,7) be a topological space and let C C X be a nonempty sub- 
space. Every open (respectively, closed) set in C is open (respectively, 
closed) in X if and only if C is open (respectively, closed) in X. 


Proposition 2.16 

Suppose that (X,7) is a topological space, C C X is a nonempty sub- 
space and D is a nonempty subspace of C’. Then the subspace topologies 
on D induced by X and C' coincide. 


Proposition 2.17 

The Hausdorff property and the regularity property (see Definition 2.4) 
are hereditary, i.e., if (X,7) is Hausdorff (respectively, regular) and 
CC X is nonempty, then (C,tc) is Hausdorff (respectively, regular) 
too. 


Definition 2.18 

Let (X,7) be a topological space. 

(a) A set EC X is said to be a G5-set if E = () Uy, with U, C X 
n>1 

open for alln > 1. 

(b) A set DC X is said to be a Fa-set if D= U Cy with C, C X 
n>1 

closed for alln > 1. 
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2.1.2 Topological Basis and Subbasis 


Definition 2.19 

Let (X,T) be a topological space. 

(a) A family B C 7 is a basis for 7 if every U € T is a union of 
elements in B. 

(b) A family Y Cr is a subbasis for rT if the collection of all finite 
intersections of sets from Y form a basis for T. 


Proposition 2.20 

If (X,7) is a topological space and B Cr, 

then B is a basis if and only if for every x € X and every U € N(a), 
we can find V € B such thatx EV CU. 


Proposition 2.21 

If (X,7) is a topological space and B is a basis for 7, 

then U is open (i.e., U € rT) if and only if for every x € U, we can 
find V € B such thatzx EV CU. 


Definition 2.22 

Let A be a family of subsets of a set X. The topology on X generated 
by A (denoted by r(A)), is the smallest topology on X containing A. 
This topology can be obtained from A by taking finite intersections of 
elements of A and creating this way a basis for a topology which is 
unique. Clearly T(A) is the intersection of all topologies containing A. 


Definition 2.23 

Let (X,7) be a topological space and letx € X. We say that D C N(a) 
is a local basis at x (or a neighbourhood basis at x) if for every 
U € N(x), we can find V € D such thatx EV CU. 


Definition 2.24 

A topological space (X,T) is said to be: 

(a) first countable if there is a countable local basis at every x € X; 
(b) second countable if it has a countable basis. 


Remark 2.25 

Every metric space is first countable, but need not be second count- 
able. From Proposition 1.24 we know that a metric space is second 
countable if and only if it is separable. For example the open intervals 
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with rational endpoints form a countable basis for the separable space 
X = R (recall Q = R). Clearly every second countable space is first 
countable. The converse is not in general true. 


Definition 2.26 
Let (X,7) be a topological space. 


(a) Let V Cr. We say that Y is an open cover of X if X = U U. 
Uey 
A subfamily Y'’ CY which is also a cover is called a subcover of Y. 


(b) X is said to be a Lindeléf space if every open cover of X has a 
countable subcover. 


Theorem 2.27 
Every second countable space is Lindelof and separable. 


Remark 2.28 

While for metric spaces separability (or the Lindel6f property) is equiv- 
alent to second countability (see Theorem 2.27), for general spaces this 
is not true. Consider X = R and 


A = {(A, 400): AER} U {(-co, pn]: wER}. 


We consider the topology 7(A) (see Definition 2.22). The topology 
has a basis consisting of the intervals (A, 4], 4 < uw. Note that 7(A) is 
not the usual (Euclidean) topology on R since the sets (A, 4] are not 
open sets in the Euclidean topology. In fact the Euclidean topology 
is strictly weaker than r(A) (usually called the upper limit topol- 
ogy). Then (R,7(A)) is Lindeléf and separable (Q is a countable 
dense subset), but it is not second countable. 


2.1.3 Nets 


Sequences which were very useful in the study of metric spaces are of 
limited interest in general topological spaces which need not be first 
countable. Instead we use nets, which are a suitable generalization of 
sequences. In the indexing of a net the set of positive integers (used 
in sequences) is replaced by the more general notion of directed set. 
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Definition 2.29 

(a) A relation < on a set I is a partial ordering if it is reflexive 
(i.e., 2 <2 for allx € I), antisymmetric (i.e., 2 < y and y < x imply 
x = y for all x,y € I) and transitive (i.e., « < y and y < z imply 
x<zforallz,y,z€T). 

(b) A pair (I, <) consisting of a set I and a partial ordering < is said 
to be a directed set if for any x,y € I, we can find z € I such that 
rezandy<z. 


Example 2.30 


(a) If J = N and < is the usual ordering in N, then (N, <) is a directed 
set. 

(b) Let X be a nonempty set and let I be the family of finite subsets 
of X and let < be the relation on I defined by Fy < F2 (for Fi, Fp € I) 
if and only if Fy C Fy. Then (J, <) is a directed set. 

(c) Let (X,7) be a topological space, x € X and let J = N(x). On 
I we consider the relation < defined by U < V (for U,V € N(a)) if 
and only if U D V (the partial order is the reverse inclusion). Then 
(N (2), < ) is a directed set. 

(d) Let (11, <1) and (2, <2) be two directed sets. If on J = l, x Ig 
we consider the partial order < defined by (21,22) < (tw, ug) if and 
only if v1 <j uy and x2 <2 ue, then (I, <) is a directed set. 


Definition 2.31 

Let X be any set. A net {aj}ier C X is any function x: I —> X with 
(I,<) being a directed set. In particular, a sequence is a net defined 
on the directed set N with the usual ordering. If (X,7) is a topological 
space, then a net {x; ic, is said to converge to x, written x; —> x if 
and only if for every U € N(x) there is ig € I such that x; € U for all 
io <1. This convergence can also be expressed by saying that {xi}ier 
is eventually in U for every U € N(x). We say that the net {x;}ier 
is frequently in a set C C X, if for anyi € I, there is ag ETI such 
that i <j and x; € C. Note that the negation of the statement “the 
net is eventually in C” is the statement “the net is frequently in C°” 
Evidently if a net {x;}ier is eventually in Cy C X and eventually in 
Cy C X, then it is eventually in Cy NC. 
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Proposition 2.32 
The Hausdorff property of (X,7) is equivalent to saying that every 
convergent net has a unique limit. 


Proposition 2.33 

If (X,7) is a topological space and C C X is nonempty, then 

(a) & is a limit point of C if and only if there exists a net {aj}ier C 
C \ {x} such that x; — x. 

(b) C is closed if and only if every convergent net {x;}ier C C has its 
limit in C. 


In Theorem 1.71 we saw that in metric spaces compactness can be 
characterized using convergent subsequences. We shall see that the 
same can be done for general topological spaces provided we replace 
sequences by nets and subsequences by subnets, which we define next. 


Definition 2.34 

Let I and J be directed sets and let {xj}ier and {y;}je7 be nets in a set 
X. We say that {y;}je7 is a subnet of {xi}ier, if there is a function 
w: J —> TI such that: 

(a) yj; =Xyj) for each j € J; 

(b) for every ig € I, there is a jo € J such that for every j € J, jo <j 
implies ig < (J). 


Proposition 2.35 

If (X,7) is a topological space and {x;}icr is a net in X, 

then x € X is a limit point of {xihier of and only if x is the limit of 
some subnet of {xj hier. 


Corollary 2.36 

If (X,7) is a topological space, 

then a net {x;}ie1 converges to x € X if and only if every subnet of 
{xi}ier converges to x. 


2.1.4 Continuous and Semicontinuous Functions 


The notion of “continuous function”, which we are about to introduce, 
is in the core of Topology. We give both the local and global definitions 
of continuity. 
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Definition 2.37 

Let (X,Tx) and (Y,ty) be two topological spaces and let f: X —> Y 
be a function. 

(a) We say that f is continuous at x € X if for every V € N(f(2)), 
we can find U € N(x) such that f(U) CV. If f is not continuous at 
ze X, then we say that f is discontinuous at x. 

(b) We say that f is continuous if for every V € Ty we have 
FAV) € TX. 


Proposition 2.38 

If (X,Tx) and (Y,ty) are two topological spaces and f: X —>+ Y is 
a function, 

then f is continuous if and only if f is continuous at every x © X. 


Recalling that inverse images preserve all set theoretic operations, 
we have the following equivalence. 


Proposition 2.39 

If (X,Tx) and (Y,ty) are two topological spaces and f: X —>+ Y is 
a function, 

then f is continuous if and only if for all C CY closed, f~'(C) CX 
is closed. 


Proposition 2.40 

If (X,Tx) and (Y,ty) are two topological spaces and f: X —+ Y is 
a function, 

then the following statements are equivalent: 

(a) f is continuous; 

(b) the inverse image of every basis element of Ty is in Tx; 

(c) the inverse image of every subbasis element of Ty is in Tx; 

(d) for every AC X, we have f(A) C f(A); 

(e) for every BCY, we have f-1(B) C f-'(B); 

(f) for every net {ri hier, if t; —> x, then f(x;) — f(z). 


Proposition 2.41 

If X,Y,Z are topological spaces and f: X —> Y is continuous at xo 
and g: Y —> Z is continuous at yo = f (x0), 

then go f: X —> Z is continuous at xo. 
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If Y is a metric space, the notion of continuity of a function 
f: X —> Y can be expressed in terms of oscillation (see Problem 2.23). 
The following definition extends Definition 1.37 to a more general no- 
tion. 


Definition 2.42 

Suppose that X is a topological space, (Y,d,.) is a metric space and 
f: X — Y is a function. For x € X, the oscillation of f at x, 
denoted by w(x), is defined by 


w(x) = inf diam f(U). 
g(z) = | inl - fU) 
Next we will see how we can “glue” together continuous functions 
(piecewise definition of functions). First a definition. 


Definition 2.43 

Let X be a topological space and let {Ca}aca be a family of subsets 
of X. We say that {Ca}aca 1s locally finite (or neighbourhood 
finite) if for every x € X, we can find U € N (2) such that UNC, 4 0 
for only finite number of indices a € A. 


Using this notion, we can have the following “gluing theorem”. 


Theorem 2.44 
If X is a topological space, {Ca}taca is a cover of X, for alla € A, 
functions fa: Co —> Y are continuous, we have 


faloancg = Stlenc, VY (%B)EAxA 


and at least one of the following conditions holds: 

(i) all sets Ca are open; or 

(it) all sets Ca are closed and the family {Ca}aca is locally finite, 
then there exists a unique continuous function f: X —> Y such that 


ip = fa WaceA 


(i.e., f extends fy for all a € A). 


For real functions (i.e., functions into R or R* = RU {+o00}), we 
can exploit the fact that half lines {(a, +00) } e-pU {(—00, @)} vem form 
a subbasis for the usual topology on R, to have the following result. 
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Proposition 2.45 
If X is a topological space and f: X —+R is a function, 
then f is continuous if and only if for every », 4 € R both sets 


{xe X: f(x) <A} and {xeX: f(x) > pu} 
are open in X. 


If we require openness only for one of the two sets in the above 
proposition, then we have the notion of semicontinuous function (upper 
or lower). 


Definition 2.46 

Let X be a topological space and let f: X —> R* = RU {+co} be a 
function. 

(a) We say that f is lower semicontinuous at x € X, if for every 
AER with A < f(x), we can find U € N(x) such that X < f(y) for 
ally € U. We say that f is lower semicontinuous, if f is lower 
semicontinuous at each x € X. 

(b) We say that f is upper semicontinuous at x € X, if for every 
AER with A> f(x), we can find U € N(x) such that X > f(y) for 
ally © U. We say that f is upper semicontinuous, if f is upper 
semicontinuous at each x € X. 


Remark 2.47 
According to the above definition f: X —> R* is lower semicontinuous 
if and only if —f is upper semicontinuous. 

Also f: X —> R* is lower semicontinuous at x € X if and only if 


f(x) < sup inf f(y). 
UEN (x) YEU 


Since 


inf f(y) < f(t) WUEN(2), 


yeU 
we infer that f is lower semicontinuous at « € X if and only if 


— inf 
f(x) peur BF) 


Similarly f: X —> R* is upper semicontinuous at x € X if and only 
if 


f(x) = inf sup f(y). 


UEN (x) yeu 
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It follows immediately that if f is lower semicontinuous (respectively, 
upper semicontinuous) at x, then 


N—->Co 


Fe) S limant fF (a, ) (respectively limsup f(a) < f(«)) 


for every sequence {%,},5, converging to x in X. The converse is true 
if we assume additional structure on the topological space X. 


Proposition 2.48 

If X isa first countable topological space, f: X —+ R* is a function 

andxe X, 

then the following statements are equivalent: 

(a) f is lower semicontinuous at x € X (respectively, upper semicon- 

tinuous at x © X); 

(b) f(x) < liminf f(x,,) (respectively, limsup f(a) < f(«x)) for every 
N+ +00 n—>-+0o 

sequence {n}n>1 CX such that t, — xe X; 

(c) f(x) < lim f(x) (respectively, lim f(a) < f(x)) for every 
n—++00 N+ +00 

sequence {In}n5, C X such that t, —> x € X and lim f(tn) < 


+oo (respectively, tim f (xn) > —00). 
nr (oe) 


Definition 2.49 

Let X,Y be two topological spaces. 

(a) A function f: X —>+ Y is said to be sequentially continuous 
atx € X if for every sequence {in},5, C X such that r, —> x in 
X, we have that f(xy) —> f(x) in Y. We say that f is sequentially 
continuous if it is sequentially continuous at every x © X; 

(b) A function f: X —+ R* is said to be sequentially lower semi- 
continuous at x € X (respectively, sequentially upper semicon- 
tinuous at x € X) if for every sequence {in}ys, GC X such that 
In —> x in X, we have that 


f(x) < liminf f(z,) (respectively limsup f(t) < f(a). 
N00 n— +00 

We say that f is sequentially lower semicontinuous (respectively, 

sequentially upper semicontinuous) if it is sequentially lower 

semicontinuous at every x © X (respectively, sequentially upper semi- 

continuous at every x € X ). 
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Proposition 2.50 

If X,Y are topological spaces, then 

(a) f: X —Y is continuous (at x € X ) implies that f is sequentially 
continuous (at x € X) and the converse is true if X is first countable; 
(b) f: X —> R* is lower semicontinuous (at x € X) (respectively, 
upper semicontinuous (at x € X)) implies that f is sequentially lower 
semicontinuous (at x € X) (respectively, upper semicontinuous (at 
xExX)). 


Definition 2.51 

Let (X,7) be a topological space and let AC X be a set. We say that 
A is sequentially open in X, if for every x € A and every sequence 
{In}n>1 C X, such that rx, —> x in X, there exists no > 1 such 
that x» € A for alln > np. We say that A is sequentially closed 
in X, if for every sequence {In}n5, G X such that rz, —> x in X, 
we have x € A. Evidently A is sequentially open if and only if A© is 
sequentially closed. 


Remark 2.52 

The sequentially open sets form a topology Tse,. This is the strongest 
topology on X for which the converging sequences are the 7-converging 
sequences. We have 7 C Tseq and the inclusion can be strict (for 
example an infinite dimensional Banach space endowed with the weak 
topology, see Chap.5). We have T = Tseq if and only if X is first 
countable. 


Proposition 2.53 

If X is a topological space and f: X —> R* is a function, 

then the following statements are equivalent: 

(a) f is lower semicontinuous (respectively, sequentially lower semi- 
continuous); 

(b) for every X € R the set {x EX: f(x)> r} is open (respectively, 
sequentially open); 

(c) for every \ € R the set {Zz EX: f(x)< r} is closed (respectively, 
sequentially closed); 


Proposition 2.54 
If X is a topological space and f: X —+ R* is a function, 
then the following statements are equivalent: 


2.1. Introduction 207 


(a) f is upper semicontinuous (respectively, sequentially upper semi- 
continuous); 

(b) for every X € R the set ie EX: f(r)< r} is open (respectively, 
sequentially open); 

(c) for every \ € R the set {a EX: f(x)> r} is closed (respectively, 
sequentially closed); 


Proposition 2.55 

If X is a topological space, fi: X —+ R* are functions fori € I, 

then 

(a) if each f; is lower semicontinuous (respectively, sequentially lower 

semicontinuous), then sup f;(x) is lower semicontinuous (respectively, 
ier 


sequentially lower semicontinuous); 

(b) if I is finite and each f;, is lower semicontinuous (respectively, 

sequentially lower semicontinuous), then inf fi(x) is lower semicontin- 
ve 


uous (respectively, sequentially lower semicontinuous); 

(c) if each f; is upper semicontinuous (respectively, sequentially upper 

semicontinuous), then inf fi(x) is upper semicontinuous (respectively, 

sequentially upper semicontinuous); 

(d) if I is finite and each f; is upper semicontinuous (respectively, 

sequentially upper semicontinuous), then sup fi(x) is upper semicon- 
i€ 


tinuous (respectively, sequentially upper semicontinuous). 


Corollary 2.56 
If X is a topological space and fi: X —+ R* fori € I are continuous 
(respectively, sequentially continuous) functions, 


then f = sup f; is lower semicontinuous (respectively, sequentially 
iel 
lower semicontinuous) and f = inf fi is upper semicontinuous 
ve 


(respectively, sequentially upper semicontinuous). 


Definition 2.57 
Suppose that X is a topological space and f: X —+ R* is a func- 
tion. The relaxed function of f, denoted by f, is the biggest lower 


semicontinuous function majorized by f, 1.e., f = sup g, where 
g€L£(f) 


Lop = {g: X —>R*: g is lower semicontinuous and g < fi 
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Proposition 2.58 

Let X be a topological space. The set of all functions f: X —> R = 
RU {+00} which are lower semicontinuous (respectively, sequentially 
lower semicontinuous) is a cone, i.e., it is closed under addition and 
scalar multiplication with X > 0. Similarly for the set of functions 
f: X — BR’ = RU {-co} which are upper semicontinuous (respec- 
tively, sequentially upper semicontinuous). 


2.1.5 Open and Closed Maps: Homeomorphisms 


Definition 2.59 

Let (X,Tx) and (Y,ty) be two topological spaces and let f: X —> Y 
be a function. 

(a) We say that f is an open function if for every U € Tx, 
f(U) € Ty. 

(b) We say that f is a closed function if for every C C X closed, 
f(C) is closed in Y. 


The notion of homeomorphism that we are about to introduce, is 
of fundamental importance in Topology. 


Definition 2.60 

Let (X,Tx) and (Y,7y) be two topological spaces and let f: X —> Y 
be a function. We say that f is homeomorphism if f is bijective 
and U € Tx if and only if f(U) € ty. Evidently f-!: Y —> X 
is a homeomorphism too and we say that the spaces X and Y are 
homeomorphic. We say that f: X —> Y is a local homeomorphism 
if each x € X has a neighbourhood which is mapped homeomorphically 
by f onto an open subset of Y. 


Remark 2.61 

The relation “X homeomorphic to Y” is an equivalence relation in the 
family of topological spaces. It is the fundamental equivalence relation 
in Topology. A homeomorphism preserves the topological structure (it 
is an isomorphism of topological structures). From a purely topological 
point of view there is no difference between two homeomorphic topo- 
logical spaces. They can be considered as two representatives of the 
same geometric entity. When a space X has several different structures 
(such as algebraic, metric, linear etc.), we say that a property of X is 
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“topological”, if it is preserved by homeomorphisms. Roughly speak- 
ing, a property which can be stated in terms of open sets and derived 
notions such as closed sets, limit points, dense sets, etc., is topological. 
For example, the Hausdorff property is a topological property, but in 
a metric space completeness is not a topological property. 


2.1.6 Weak (or Initial) and Strong (or Final) 
Topologies 


From the definition of continuity (see Definition 2.37), we see that the 
continuity of a function f: X —> Y is preserved if we strengthen the 
topology on X or weaken the topology on Y. More generally, let X 
be a set and let eerie <, be a family of topological spaces (finite 
or infinite). For a given family of functions { fi: X — Ar cy We are 
looking for those topologies on X which ensure the continuity of all 
functions fj, 7 € I. 


Definition 2.62 

Let X be a set and let (a7) ey be a family of topological spaces. 
Also for each i € I, let fi: X —> Yj; be a function. The weakest 
topology on X which makes all the functions f;, 1 € I continuous is 
called the weak topology (or initial topology) on X. This is the 
topology w({fitier) generated by the subbasis 


Vat): ieT, Uer}. 


Remark 2.63 
If I is a singleton, then the defining subbasis Y = {f~'(U): U € ty} 
is in fact the weak topology w(f). 


Since we are interested on Hausdorff topological spaces, we want 
to know when this topology w({ fitie 1) is Hausdorff. To check this we 
need the following definition. 


Definition 2.64 

Let X be a set and let { fiticr be a family of functions defined on X. 
We say that the family { fitier is separating (or total) if for each pair 
of points r,we X, x Au we can findi € I such that f;(x) F fi(u). 


Proposition 2.65 

If X is a set endowed with the weak topology w({fitier) determined by 
a separating family of functions {fe xX — Ye (where {(¥i, Ti) } 
is a family of topological spaces), 

then (X, w({fi}ier)) is Hausdorff. 


ie. 
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Proposition 2.66 

If X is a set endowed with the weak topology w({fitier) determined by 
a separating family of functions we xX — Mi heey (where qe Fo) ees 
is a family of topological spaces) and {ta}kaca C X is a net, 

then 2g —> x in X if and only if fi(ta) — fi(x) for alli € I. 


Example 2.67 

(a) Let Y be a topological space, X C Y and consider the identity 
function ix: X —> Y (ie., ix(x) == for all c € X). Then the weak 
topology w(ix) is nothing else but the subspace topology on X (see 
Definition 2.14). So, we see that the subspace topology is a particular 
case of a weak (initial) topology. 

(b) Let V be a set and let XY be a separating family of functions 
f: V —R. For every v € V, we define ey: ¥ —> R by 


ev(f) = ftv) Ver. 


Then the family {e,},ey induces a weak topology on ¥ which is Haus- 
dorff. Moreover fa — f in ¥ with this weak topology if and only 
if fa(v) —> f(v) for all v € V (ie., weak convergence coincides with 
pointwise convergence). 


Proposition 2.68 
If X is a set, { fi: X — R} 
andC CX, 


then w({fisier) . = w({filc}ier). 


ier 18 @ Separating family of functions 


The notion of weak or initial topology leads easily to the notion of 
product topology. 


Definition 2.69 
Let {(Xet) bier be a family (finite or infinite) of topological spaces 
and let 
Re [R= x. 
EL 
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We consider the canonical projections p,;: X —> X; fori € I, defined 
by 
pills) = ae 


Then the weak topology w({pi}ier) on X is called the product topol- 
ogy on X. The space (X, w({pi}ier)) is called the product space of 
the family {X; hier. 


Remark 2.70 
Based on Definition 2.62, we see that a basis for the product topology 
(obtained by taking finite intersections of subbasis elements) is the 
collection of all sets of the form [| U; which satisfy two conditions: 
wel 
(a) each U; is open in Xj; 
(b) only for a finite number of indices i € I, we have U; 4 Xj. 
When I is infinite, if requirement (b) is not satisfied and we permit 


in the collection set [[ Ui, where U; # X; for an infinite number of 
wel 
indices, we get a stronger topology, known as the box topology. In 


what follows on product sets [] X; we will always consider the product 
wel 
topology. 


Proposition 2.71 

(a) || X; is Hausdorff (respectively, regular; see Definition 2.4) if and 
1EL 

only if each X; if Hausdorff (respectively, regular). 


(b) The product [| X; of normal spaces X; need not be normal. 
ier 

(c) The product [] Xn is second countable (see Definition 2.24) if 
nel 

and only if each Xp, is second countable. 


(d) The product || Xp is separable if and only if each Xy, is separable. 
nel 

(e) The product [| Xn of Lindeldf spaces need not be Lindeldf (see 
ier 

Definition 2.26). 


Next we consider the opposite case from the one that led to the 
weak (initial) topology. So, now we are given a family of functions 
eee Xi; ane with {X;};e7 being a family of topological spaces 
and we are looking for the strongest topology which can be placed on 
Y for which all functions { f;};¢7 are continuous. 
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Definition 2.72 

Suppose that UG a) pees 
set and ice xX; — Ve is a family of functions. The strongest 
topology on Y which makes all functions {fi}ier continuous, is called 
the strong topology (or final topology) on X. It is given by 


is a family of topological spaces, Y is a 


{UeEY: f,'(U) € 7% for allie I} 
and it is denoted by s({fifier)- 


Proposition 2.73 

If Y is endowed with the strong topology s({fi}ier) determined by a 
family of functions Ree Xi; — Y} 
g:Y -V, 

then g is continuous if and only if for everyi € I, go fi: X; —> V is 
continuous. 


icp V 18 a topological space and 


We concentrate our attention on the case of a single function 
f: X — Y. Let Y have the strong topology s(f). Let Yo= Y\f(X). 
If y € Yo, then f—!(y) = @ and so {y} is clopen in Y. Also, f(X) is 
closed in Y. Therefore Y is the disjoint union of f(X) with a discrete 
space. Hence we may assume that f is surjective. 


Definition 2.74 

Let X,Y be two topological spaces and let f: X —>+ Y be a function. 
We say that f is an identification function if the following two 
requirements are satisfied: 

(a) f is a surjective; and 

(b) Y is endowed with the strong topology s(f). 

Then s(f) is called the identification topology with respect to f and 
Y is an identification space of f. A set A C X is said to be f- 
saturated if f-*(f(A)) =A. 


Proposition 2.75 
If ff: X —+Y is an identification function, 
then 


Sy = {f(V) : for all V CX open, f-saturated} 
= { f(C) : for all C C X closed, f-saturated}. 


A special case of the identification topology is the quotient 
topology. 
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Definition 2.76 
Let X,Y be topological spaces and let ~ be an equivalence relation 
on X. Let p: X —> X/~ be the quotient map. Then 


ap) = {U0 CX/.% p (U) is open in xX} 


is called the quotient topology on X/~ and (X/x,s(p)) is called the 
quotient space of X by ~. 


Remark 2.77 
Quotients of Hausdorff spaces need not be Hausdorff. However, if 
Gr ~C X x X is closed, then X/ . is Hausdorff. 


2.1.7 Compact Topological Spaces 


One of the most important topological properties is compactness. 


Definition 2.78 

Let (X,7) be a topological space. 

(a) We say that X is compact if every open cover of X admits a 
finite subcover (see Definition 2.26). 

(b) A set C C X is compact if every open cover of C in X (i.e., a 


family {Uj}ier CT such that C C LU U;) admits a finite subcover. 
ier 


Proposition 2.79 

If X is a topological space andC C X, 

then C is a compact subset of X if and only if C with the subspace 
topology is a compact topological space. 


Definition 2.80 
Let X be a set and let D C 2* \ {0}. We say that D has the finite 
intersection property if for every nonempty finite subset F C D, 
we have (| A#9O. 
ACF 
The next theorem provides important alternative characterization 
of compactness. 


Theorem 2.81 
Let X be a topological space. The following statements are equiva- 
lent: 
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(a) X is compact; 

(b) Every nonempty family of closed subsets of X with the finite in- 
tersection property has a nonempty intersection; 

(c) Every net in X has a convergent subnet. 


Proposition 2.82 

If X,Y are two topological spaces, f: X —> Y is a continuous func- 
tion and CC X is a compact set, 

then f(C) CY is compact. 


In the next proposition we have gathered some properties of com- 
pact spaces which are useful in Analysis. 


Proposition 2.83 

(a) Every closed subset of a compact set is compact. 

(b) Every compact set in a topological space is closed. 

(c) If Cy and C2 are disjoint compact sets in a topological space X, 
then there exist disjoint open sets U; and Ug such that Cy C U, and 
C2 C Usd. 

(d) A compact topological space is normal (see (c)). 

(e) A quotient space of a compact space is compact. 


Theorem 2.84 

If X,Y are two topological spaces, X is compact and f: X —> Y is 
a continuous bijection, 

then f is homeomorphism. 


Theorem 2.85 (Heine—Borel Theorem) 
A set C CR® is compact if and only if C is closed and bounded. 


Theorem 2.86 

If X is a compact topological space and f: X —+R = RU {+00} is 
lower semicontinuous (respectively, f: X —> R = RU{—co} is upper 
semicontinuous), 

then f attains its infimum (respectively, supremum). 


Corollary 2.87 
If X is a compact topological space and f: X —+ R is continuous, 
then f attains both its infimum and supremum. 
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Definition 2.88 

Let X be a topological space and let CC X. 

(a) We say that C is sequentially compact if every sequence in C 
has a subsequence which converges to a point in C. 

(b) We say that C is countably compact (or Fréchet compact or 
a set with Bolzano—Weierstrass property) if every infinite set 
DCC has a limit point in C. 


Remark 2.89 

From Theorem 1.71, we know that in metrizable spaces the above two 
notions coincide with compactness. For general topological spaces this 
is no longer true. 


Proposition 2.90 


(a) A compact topological space is countably compact, but the converse 
is not in general true. 

(b) A sequentially compact topological space is countably compact, but 
the converse is not in general true. 

(c) A first countable space is sequentially compact if and only if it is 
countably compact. 

(d) A first countable compact space is sequentially compact. 

(e) A topological space is countably compact if and only if every count- 
able cover has a finite subcover. 

(f) A topological space is countably compact if and only if every se- 
quence has a limit point. 


Theorem 2.91 (Tichonov Theorem) 

If {Xi}ier is a family of topological spaces, 

then X = || X; with the product topology (see Definition 2.69) is 
wel 

compact if and only if for each i € I, X; is compact. 


Definition 2.92 
A topological space X is locally compact if for every point x © X 
there exists U € N(x) such that U is compact. 


Remark 2.93 
Compact spaces are locally compact, but the converse is not true (con- 
sider X = RY, N > 1). Also discrete spaces (see Remark 2.2) are 
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locally compact and as will see in Chap.5, a normed space is locally 
compact if and only if it is finite dimensional. 


Proposition 2.94 

If (X,7) is a locally compact topological space, CC X is a nonempty 
compact subset and U € r is such that C CU, 

then we can find V € t which is relatively compact (i.e., V is com- 
pact in X) andCCVCV CU. 


Corollary 2.95 
X is a locally compact topological space if and only if every x © X has 
a local basis consisting of relatively compact open sets. 


Definition 2.96 

Let X be a topological space. A compact topological space Y is said 
to be a compactification of X, if X is homeomorphic to a dense 
subspace of Y. 


Remark 2.97 

Such a compactification always exists. The simplest example is the 
so called Alexandrov one-point compactification. Let (X,7) be a non- 
compact topological space and define a new set X* by X* = X Uf{co}, 
where oo is not already an element of X. We define 


tT = rU{K°U{oo}: K CX compact}. 


Then 7* is a topology on X* and (X*,7*) is the Alexandrov one- 
point compactification of X. Since for us only Hausdorff spaces 
matter, the following theorem is important. 


Theorem 2.98 

If (X,7) is a topological space and (X*,7*) is its Alerandrov one-point 
compactification, 

then (X*,r*) is Hausdorff if and only if X is locally compact. 


Definition 2.99 
A topological space X is said to be o-compact if there is a sequence 
{Cr}nsi of compact subsets of X such that 


X= LU Cn. 


n>1 
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Proposition 2.100 
If X is a locally compact, o-compact topological space, 


then there exists an increasing sequence {Cr}n>1 of compact subsets 
of X such that 


X = LJ Cr and Cy © intChit Vno>1. 


nel 


Proposition 2.101 
If X is a locally compact topological space, 
then X is o-compact if and only if it is Lindeldf (see Definition 2.26). 


Corollary 2.102 
A locally compact, o-compact topological space is normal. 


Definition 2.103 

Let X be a topological space and let f: X —> R* be a function. We 
say that f is coercive (respectively, sequentially coercive) on X 
if for every X ER, the set {a EX: f(x) < A} is countably compact 
(respectively, sequentially compact; see Definition 2.88). 


2.1.8 Connectedness 


Connectedness is another important topological property of a space. 


Definition 2.104 

Let X be a topological space. We say that X is disconnected if we 
can find two disjoint, nonempty, open sets U,V such that X =UUV 
(i.e., the pair {U,V} forms a partition of X). The pair {U,V} is 
called a disconnection of X. We say that the topological space X is 
connected if it is not disconnected. A subset C of X is connected 
if it is connected as a topological space with the subspace topology (see 
Definition 2.14). 


Theorem 2.105 

Let X be a topological space. The following statements are equiva- 
lent: 

(a) X is connected; 

(b) The only clopen subsets of X are) and X; 

(c) There is no continuous surjection f: X —> {0,1}. 
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Proposition 2.106 

If X is a topological space andC C X, 

then C is connected if and only if for every U,V open subsets of X 
such that C CUUV andUNV =9, we have COU =9 or COV =9. 


Corollary 2.107 

If X is a topological space and C C X is a connected set, 

then every D satisfying C C D C C is connected. In particular the 
closure of a connected set is connected. 


Proposition 2.108 

If X,Y are two topological spaces, f: X —> Y is continuous and 
ie: C X is a connected set, 

then f(C) is connected. 


Proposition 2.109 
If X is a topological space and {C;}ier is a family of connected subsets 
of X such that there exists ig € I with CO; 9 Cin £9 for alli € I or 
C,0C; #0 for all i,j € 1, 
then the set U C;, is connected. 

1eL 


Proposition 2.110 

If {Xi}ier is a family of topological spaces, 

then X = || X; with the product topology (see Definition 2.69) is 

EL 

connected if and only if for every i € I the space X; is connected. 
Every topological space can be decomposed uniquely into “con- 

nected components”, which are the maximal connected subsets of the 

space. Of course, if X is connected, then it has just one connected 

component (X itself). 


Definition 2.111 
Let X be a topological space. A connected component of X is a 
connected subset of X which is not properly contained in another con- 
nected subset of X. 


Remark 2.112 
Here is another way to define the connected components of X. Let 
x € X and let C(x) be the union of all connected subsets of X which 
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contain « € X. By Proposition 2.109, C(x) is connected and it is 
maximal with respect to inclusion among all connected subsets of X 
containing « € X. This is the connected component of X containing 
cEX., 


Proposition 2.113 

If X is a topological space, 

then the connected components of X are closed and form a partition 
of X. 


Remark 2.114 

The connected components of a topological space need not be open 
subsets of X. For example, let X = Q with the subspace topology 
as a subset of R. Then the connected components of X = Q are 
the singletons. Indeed, suppose that A C X and card A > 1. Let 
x,y € A with x < y. We can find u € Q such that x < u < y. Then 
{U = AN (—co,u),V = AN (u, +00)} is a disconnection of A C Q. 
So, every subset of X = Q with more than one point is disconnected. 
The connected components {x}, « € X = Q are closed but not open. 
This example leads to the following definition. 


Definition 2.115 
A topological space X is said to be totally disconnected if its con- 
nected components are its singletons. 


Sometimes it is more important that the space exhibits connectiv- 
ity “locally”. This leads to the following definition. 


Definition 2.116 

A topological space X is said to be locally connected at x € X if 
every U € N(x) contains a connected open set belonging in N(x). We 
say that X is locally connected if it is locally connected at each point 
DEX. 


Remark 2.117 
Another equivalent way to define local connectedness for a topological 
space X is to say that X has a basis containing of connected sets. 


Proposition 2.118 

A topological space X is locally connected if and only if the con- 
nected components of open sets are open sets (see Definitions 2.111 
and 2.116). 
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Remark 2.119 

A connected space need not be locally connected. To see this, let 
Y = {(a,y): y=sin4, x € (0,1]} and let X = YU{(0,0)}. Then X 
is connected (note that Y is connected being the image of (0, 1] under 
the action of the continuous function ¢(x) = sin 4, x € (0,1); see 
Proposition 2.108, note that X C Y and use Corollary 2.107). However 
X is not locally connected since the connected components of X M 
{ (a, iw < 5} are not open in X; see Proposition 2.118. A discrete 


space is a totally disconnected and locally connected topological space. 


Let X,Y be two topological spaces and let f: X —> Y bea home- 
omorphism. If C is a connected component and xz € C, then f(C) isa 
connected component of Y containing f(x). Consequently f induces a 
bijection from the connected components of X to the connected com- 
ponents of Y. Therefore the number of topological components of X is 
a topological invariant of X. The drawback of this topological invari- 
ant is that it fails to distinguish between different connected spaces. 
For this reason we introduce the following notion. 


Definition 2.120 

Let X be a connected topological space and let k € NU {co}. A point 
x €X is acut point of order k if X \ {x} has k connected compo- 
nents (see Definition 2.111). The number of cut points of order k is a 
topological invariant of X. 


Refining Definition 2.120, we introduce the following notion. 


Definition 2.121 

Let X be a connected topological space and let x,y € X. We say 
that {x,y} is a cut pair of order k if X \ {x,y} has k connected 
components (see Definition 2.111). 


In many cases in Analysis, only connected spaces of special type 
are used. For example, in Global Analysis we deal with spaces which 
locally look like (i.e., are homeomorphic to) R“. For this reason we 
introduce the following notions. 


Definition 2.122 

Let X be a topological space and x,u€ X. 

(a) A path from x to u in X is a continuous function 
f: 1 = [0,1] —> X such that f(0) = x and f(1) = u. We say that 
x is the initial point and wu is the finale point. 
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(b) We say that X is path-connected (or arcwise-connected) if 
every pair of points x,u © X can be connected by a path. 


Proposition 2.123 

If X is a topological space and x € X, 

then X is path-connected if and only if each x € X can be connected 
to xo be a path (see Definition 2.122). 


Proposition 2.124 

If X,Y are two topological spaces, X is path-connected (see Defini- 
tion 2.122) and f: X —>Y is a continuous function, 

then f(X) CY is path-connected. In particular path-connectedness is 
a topological invariant. 


Proposition 2.125 
A path-connected topological space is connected (see Definitions 2.122 
and 2.104). The converse is not in general true. 


Example 2.126 
Let 


C= t@a)s wens, 0<e< 1}, 
Evidently X is connected being the image of the connected set (0, 1] 
under the continuous function 7)(x) = (a,sin 4). Hence C is connected 


(see Corollary 2.107) and 7 
C = Cu ({0} x [-1, 1). 


However, C is not path-connected since there is no path joining (0,0) 
to (4,0) (see Definition 2.122). 

To produce conditions which guarantee that the converse of Propo- 
sition 2.125 holds, we need the following analog of Definition 2.116. 


Definition 2.127 

A topological space X is said to be locally path-connected at x € X, 
if every U € N(x) contains a path-connected open set belonging in 
N(x). We say that X is locally path-connected if it is locally path- 
connected at each point x © X. 
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Theorem 2.128 
A topological space X is path-connected if and only if it is connected 
and locally path-connected (see Definitions 2.122 and 2.127). 


Proposition 2.129 
If X is a topological space and {A;}ier is a family of path-connected 
subspaces of X (see Definition 2.122) such that there exists ig € I with 
A, Aig #0 for allie I or ANA; #9 for alli,j ET, 
then U A; is path-connected too. 
tel 
Because of this proposition, we can define path-connected compo- 


nents of a topological space X, as maximal path-connected subsets 
of X. 


Definition 2.130 

Let X be a topological space. A path-connected component of X, 
is a path-connected subset of X which is not properly contained in 
another path-connected subset of X. 


Remark 2.131 

The path-connected components of X form a partition of X (as did 
the connected components; see Remark 2.112). However, in contrast 
to the connected components (see Definition 2.111), path-connected 
components of X need not to be closed subsets of X. For example, 


C = {@,u)* w=sing, 0<a@<1} 


is a path-connected component of C (see Example 2.126), but it is not 
closed. 


Proposition 2.132 

If X is a topological space, 

then X is locally path-connected if and only if the path-connected 
components of every open set of X are open (see Definitions 2.122 
and 2.130). 


Corollary 2.133 

X is locally path-connected (see Definition 2.127) if and only if its con- 
nected components and path-connected components coincide (see Def- 
initions 2.111 and 2.130) (and are both open and closed, i.e., clopen). 
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Corollary 2.134 
An open set in RN (or in SN = {xe RA+1: |la|| = 1}) is connected 
if and only if it 1s path-connected. 


Proposition 2.135 

If {Xi}ier are topological spaces, 

then X = ][% with the product topology (see Definition 2.69) is 
wel 

path-connected if and only if for every i € I, Xj; is path-connected (see 

Definition 2.122). 


2.1.9 Urysohn and Tietze Theorems 


The next two theorems provide alternative characterization of normal- 
ity (see Definition 2.4). 


Theorem 2.136 (Urysohn Lemma) 

If X is a topological space, 

then the following two statements are equivalent: 

(a) X is normal (see Definition 2.4); 

(b) if C and D are two disjoint closed sets in X, then there exists a 
continuous function f: X —+ [0,1] such that f|, =0 and f|, = 1. 


Definition 2.137 
We say that a topological space X is perfectly normal if for every 


pair of disjoint closed sets C,D C X, we can find a continuous function 
f: X — [0,1] such that C = f-1({0}) and D = f-({1}). 


Theorem 2.138 (Tietze Extension Theorem) 

If X is a topological space, 

then the following two statements are equivalent: 

(a) X is normal (see Definition 2.4); 

(b) for every closed set C C X and every continuous function 
f:C — R, we can find a continuous extension f: X —> R of f 
(i.e., flo = f); moreover, if |f(x)| < M for all « € C and some 
M > 0, then we can choose f such that |f(a)| <M for alla eX. 


One of the main problems in point set topology is the so called 
“metrization problem”. Namely, for a given topological space (X,7), 
when is it possible to define a metric d, on X such that the metric 
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topology induced by d, coincide with 7? In this direction we have the 
following important result. 


Theorem 2.139 (Urysohn Metrization Theorem) 
A second countable topological (see Definition 2.24) space is metrizable 
if and only if it is regular (see Definition 2.4). 


In fact a second countable regular space is homeomorphic to a 
subset of the Hilbert cube [0, 1]. 


2.1.10 Paracompact and Baire Spaces 


One of the most important generalizations of the notion of compactness 
is paracompactness. Before introducing it, we need some additional 
information about coverings. 


Definition 2.140 

Let {Uj}ier and {Vj}je7 be two coverings of a set X. We say that 
{(Uihier is a refinement of {Vj}jeJ, if for eachi € I there isaj Ee J 
such that U; C V;. We often write {Ui}ier < {Vi}jez to denote re- 
finement. A refinement of a covering may contain more sets than the 
given covering. We say that a refinement is precise if I = J and 
U; CV; for all j € J. 


Proposition 2.141 

If the covering {Vj}je7 has a locally finite refinement {Ui }ier (see 
Definition 2.43), 

then it also has a precise locally finite refinement {Ujhjeu- Moreover, 
if for each j € J, the set U; is open, then each U; can be chosen to be 
open too. 


Now we can introduce the notion of paracompactness. 


Definition 2.142 
A topological space X is paracompact if every open covering of X 
has a locally finite refinement. 


Proposition 2.143 

If X is a regular topological space (see Definition 2.4), 

then X is paracompact if and only if every open covering of X has a 
closed locally finite refinement. 
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Theorem 2.144 
Compact spaces and metrizable spaces are paracompact. Every para- 
compact space is normal (see Definition 2.4). 


Proposition 2.145 

(a) Paracompactness is invariant under continuous closed surjections. 
(b) Paracompactness is not a hereditary property; however every F,- 
subset of a paracompact space is paracompact. 


One of the main reasons that paracompactness is important is that 
paracompact spaces admit arbitrarily fine partitions of unity and the 
latter is a major tool in modern analysis. 


Definition 2.146 
Let X be a topological space. 
(a) For any function f, the support of f is the following closed set 


supp f = {re X: F(a) #0}. 


(b) A family {vi sier of continuous functions y,: X —> [0,1], i € 1 

is a partition of unity on X if {supp Vibie , form a closed, locally 

finite covering of X and ¥> y;(x) =1 for all x € X (in this sum only 
ier 


finitely many terms are nonzero since {supp Wi}, er #8 locally finite). 
(c) If {Uihier is an open covering of X, then we say that the partition 
of unity {Wi }ier is subordinated to {U;}ier, if supp vi C U; for every 
wel. 


Theorem 2.147 
If X is a paracompact space and {U;}ier is an open covering of X, 
then there is a partition of unity {Wi }ier subordinated to {Uj }ier. 


Definition 2.148 
A topological space X is said to be a Baire space if every nontrivial 
countable intersection of dense open sets in X is dense too. 


From the Baire category theorem (Theorem 1.26), we know that 
complete metric spaces are Baire spaces. Next we add one more class 
of spaces to Baire spaces. 


Theorem 2.149 
Locally compact spaces are Batre spaces. 
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2.1.11 Polish and Souslin Sets 


Next we pass to a generalization of separable metric spaces. 


Definition 2.150 
A topological space X is a Polish space if it is separable and metriz- 
able by means of a complete metric space. 


Remark 2.151 

There are many topological spaces which are Polish, but have no com- 
plete metric which is particularly natural or simple. However, many 
constructions and results in Analysis depend on the existence of a 
complete metric but not on a specific choice of it. So, working with 
Polish spaces instead of separable complete metric spaces provides a 
more general framework of Analysis. 


Proposition 2.152 
Every closed or open subset of a Polish space is Polish. 


Proposition 2.153 

(a) Any finite or countable product of Polish spaces with the product 
topology (see Definition 2.69) is Polish. 

(b) Countable intersection of Polish spaces is Polish. 

(c) A locally compact, o-compact metrizable space is Polish. 

(d) The set of irrationals R \ Q with the subspace topology induced by 
R is a Polish space. 


Theorem 2.154 

(a) A subspace of a Polish space X is Polish if and only if it is G5 
in X. 

(b) A topological space X is Polish if and only if it is homeomorphic 
to a G5-subset of a Hilbert cube [0,1]. 


Proposition 2.155 
Every Polish space X is a continuous image of N°. 
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Definition 2.156 
A topological space (X,T) is said to be Souslin space if there exists a 
Polish space Y and a continuous surjection from Y to X. Equivalently, 
we can say that (X,T) is a Souslin space, if there exists a topology 7 
on X stronger than T such that (X,7) is homeomorphic to a quotient 
of a Polish space. 


Remark 2.157 

A Souslin space is separable and Lindel6éf (see Definitions 2.156 
and 2.26) but need not be metrizable (for example an infinite dimen- 
sional separable Banach space with the weak topology; see Chap. 5). 
A Souslin subset of a Polish space is called in the literature an analytic 
set. 


Proposition 2.158 

If X is a Souslin space (see Definition 2.156) and C C X is nonempty, 
then C has a countable subset D which is sequentially dense in C, i.e., 
every x € C is the limit of a sequence in D. 


Proposition 2.159 


(a) Closed and open subsets of a Souslin space are Souslin spaces (see 
Definition 2.156). 

(b) Countable products of Souslin spaces with the product topology (see 
Definition 2.69), are Souslin spaces. 

(c) In a topological space, countable intersections or unions of Souslin 
subspaces are Souslin spaces. 


Theorem 2.160 

If X is a locally compact topological space, 

then the following statements are equivalent: 

(a) X is Polish (see Definition 2.150); 

(b) X is Souslin (see Definition 2.156); 

(c) X is second countable (see Definition 2.24); 

(d) X is separable metrizable (see Definition 2.9); 

(e) the Alexandrov one-point compactification X* of X has any of the 
above properties (see Remark 2.97). 
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Definition 2.161 

(a) A topological space X is said to be dispersed if it is Polish and 
every point has a local basis consisting of clopen sets. 

(b) A topological space is said to be dispersible if it is the continuous 
image of a dispersed space. 


Proposition 2.162 

(a) Countable products of dispersible spaces are dispersible. 

(b) Countable intersections of dispersible spaces are dispersible. 

(c) A subspace of a dispersible space is dispersible if and only if it is 
a Gs5-set. Also disjoint unions of dispersible spaces are dispersible. 


We introduce the following stronger version of a Lindeldf space (see 
Definition 2.26). 


Definition 2.163 
A topological space X is said to be strongly Lindel6of if every open 
cover of any open set of X has a countable subcover. 


Proposition 2.164 

(a) Arbitrary intersections and countable unions of strongly Lindeléof 
spaces are strongly Lindelof. 

(b) A subspace of a strongly Lindeldf space is strongly Lindeléf. 

(c) If (X,7) ts strongly Lindelof, then for any topology rT’ C T, we 
have that (X,7’) is strongly Lindeléf. 

(d) A second countable topological space (see Definition 2.24) is 
strongly Lindelof. 


(e) The continuous image of a strongly Lindeldf space is strongly 
Lindelof. 


Corollary 2.165 
Every Souslin space is strongly Lindelof. 


Remark 2.166 
The cartesian product of two strongly Lindelof spaces need not be 
strongly Lindel6f. However, if {Xn},51, are second countable (see 
Definition 2.24) or Souslin (see Definition 2.156), then so is [[ Xn 
and therefore it is strongly Lindelof (see Proposition 2.164(d) and 
Corollary 2.165). 
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Definition 2.167 
We say that a topological space (X,7) is a Lusin space if there exists 
a Polish space Y and a continuous bijection from Y to X. 


Remark 2.168 

The above definition of a Lusin space (X,7T) is equivalent to saying 
that there is a topology r* on X stronger than 7 such that (X,7*) is 
a Polish space. 


2.1.12 Michael Selection Theorem 


In this section, we introduce some continuity notions from the theory of 
multifunctions (set valued functions) and state the celebrated selection 
theorem of Michael. 


Definition 2.169 

Let X,Y be two topological spaces and let F: X —> 2° be a multi- 
function. 

(a) We say that F is upper semicontinuous at x9 € X (usc at x, 
for short), if for any open set V C Y such that F(ao) C V, we can 
find U € N(ao) such that F(U) CV. If this is true at every xo € X, 
then we say that F is upper semicontinuous (usc, for short). 

(b) We say that F is lower semicontinuous at xp € X (Isc at xo, 
for short), if for any open set V CY such that F(a) NV #0, we can 
find U € N(ao) such that F(x) 1V 40 for all x € U. If this is true 
at every to € X, then we say that F is lower semicontinuous (lsc, 
for short). In fact in the above definition V can be taken to be a basis 
open set. 

(c) We say that F is continuous at x9 € X (or Vietoris con- 
tinuous at xp € X), if it is both upper semicontinuous and lower 
semicontinuous at xo. If this is true at every xo © X, then we say that 
F is continuous (or Vietoris continuous). 


Theorem 2.170 (Michael Selection Theorem) 

If X is paracompact (see Definition 2.142), Y is a Banach space 
and F: X —+ 2¥ is a lower semicontinuous multifunction with values 
which are nonempty, closed and convex subsets in Y (a set C CY is 
convex if for every u,v € C and t € [0,1], we have tu+ (1—t)v € C; 
see Chap. 5), 
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then there exist a continuous function f: X —> Y such that 
f(z)e F(x) VuEex 
(we call f, a continuous selector of F'). 


Theorem 2.171 

If X is a metric space, Y is a Banach space and F: X —> 2° is a 
lower semicontinuous multifunction with nonempty, closed and convex 
values, 

then there exists a sequence has xX — ee of continuous selectors 


for allx eX. 


of F such that F(x) = {fn(x)} 


n>1 


Theorem 2.172 

If X is a metric space, Y is a Banach space and F: X —>+ 2° is 
a lower semicontinuous multifunction with nonempty, convex values 
such that int F(x) £0 for alla ec X, 

then F admits a continuous selector. 


Definition 2.173 
Let X and Y be two topological spaces and let F: X —> 2° be a 
multifunction. The graph of F is the set Gr F C X x Y, defined by 


GrF = {(z,y)EXxY: ye F(z)}. 


2.1.13 The Space C(X;Y) 


Next we will topologize the space of continuous functions between two 
topological spaces using a topology that corresponds to the concept of 
uniform convergence on compacta. 


Definition 2.174 

Let X and Y be two topological spaces and let C(X;Y) denote the 
space of all continuous functions from X into Y. The compact-open 
topology on C(X;Y) is the one having as subbasis all sets of the form: 


(KV) = {f eC(X;sY): f(K) CV} 


with any compact K C X, and open V C Y. In what follows the 
compact-open topology is abbreviated as the c-topology and is denoted 
by c. 
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Proposition 2.175 

(a) C(X;Y) with the c-topology is Hausdorff (in fact (C(X;Y),c) is 
Hausdorff if and only if Y is Hausdorff). 

(b) C(X;Y) with the c-topology is regular (see Definition 2.4) if and 
only if Y is regular. 


Definition 2.176 

Let X,Y,Z be three topological spaces. We introduce the following two 
functions. 

(a) The composition function T: C(X;Y)xC(Y;Z) — C(X; Z), 
defined by 


Th,g) = g9°f WKEC(X;Y), gE C(Y;Z). 
(b) The evaluation function e: C(X,Y) x X — Y, defined by 


e(f,2) = f(x) VfEC(X;Y), cEXx. 


Theorem 2.177 

(a) The composition function T: C(X;Y) x C(Y;Z) — C(X;Z) is 
continuous on each argument separately, when C(X;Y), C(Y;Z) and 
C(X;Z) are endowed with the respective c-topology. 

(b) If Y is locally compact, then r(-,-) is jointly continuous, when 
C(X;Y), C(Y;Z) and C(X;Z) are endowed with the respective 
c-topology. 


Theorem 2.178 
(a) For fixed xp € X, the function ez,: C(X;Y) —> Y, defined by 


€xy(f) = e(f,#0) = f(xo) 


is continuous, when C(X;Y) is endowed with the c-topology. 

(b) If Y is additionally locally compact, then the evaluation function 
e: C(X;Y)x X —>+Y is jointly continuous, when C(X;Y) is endowed 
with the c-topology. 
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Theorem 2.179 
(a) If f: Xx Y —> Z is continuous and oo C(Y;Z) is defined 
by ; 

f(z)-) = f(z,-), 
then f is continuous, when C(Y;Z) is endowed with the c-topology. 
(b) If f: X —+ C(Y;Z) is continuous, when C(Y;Z) is endowed 
with the c-topology and Y is locally compact, then f: X x Y —> Z is 
jointly continuous. 


Assuming that Y is a metric space, we will identify the compact 
subsets of (C(X;Y),c) (the Arzela-Ascoli theorem). We start with a 
definition. 


Definition 2.180 

Let X be a topological space and let (Y,d) be a metric space. A subset 
AC C(X;Y) is said to be equicontinuous at xo € X, if for every 
e>0, we can find U € N(xo) such that f(U) C Be(f(xo)) for 
all f € A. The set U € N (ao) is called a neighbourhood of «- 
continuity for A. We say that A is equicontinuous if it is equicon- 
tinuous at every 29 € X. 


Theorem 2.181 (Arzela—Ascoli Theorem) 

If X is a topological space, (Y,d) is a metric space, A C C(X;Y) 
and 

(i) A is equicontinuous; 

(ii) for every x € X, e,(A) CY is compact (i.e., {f(z): f € A} is 
relatively compact in Y ), 
then A® (c denotes the c-topology on C(X;Y)) is compact and equicon- 
tinuous. 


Next we have a closer look at the sequential convergence in the 
c-topology. 


Definition 2.182 

Let X be a topological space and let (Y,d,,) be a metric space. A 
sequence { fr}ns, GC C(X;Y) is said to converge to f € C(X;Y) uni- 
formly on compacta if for every compact set K C X and every 
é>0, we can find no = no(K,¢) > 1 such that 


dy (fn @yt@)) <2 Ynen, «eK. 
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Theorem 2.183 
If X is a topological space, (Y,dy.) is a metric space, {fa}ns, © 


C(X;Y) and f €C(X;Y), 
then 


ba — f uniformly on compacta] => Ee “> f in COGY) |. 


Definition 2.184 

Let X,Y be two topological space, {fn}ns, GC C(X;Y) and f ¢€ 
C(X;Y). We say that the sequence {fn}ns,; converges continu- 
ously to f, if for every x © X and every sequence {Zn}n>1 CX such 


that tn —> x © X, we have fr(tn) — f(z) nY. 


Theorem 2.185 

If X is first countable, (Y,dy.) is a metric space, {fn}ns1 GC C(X;Y) 
is a sequence and f € C(X;Y), 

then 


[ fn — f continuously] = Re — f uniformly on compacta) . 


2.1.14 Elements of Algebraic Topology I: Homotopy 


The main problem of topology is the classification of topological spaces. 
Given two topological spaces X and Y, are they homeomorphic? In 
general, this is a very difficult question to answer, without the use of 
tools from other fields such as algebra. This then leads us to the realm 
of “algebraic topology”. In the rest of this chapter we present some 
introductory notions and results from this field, which can be useful 
to the analyst. 


Definition 2.186 

(a) A topological pair (X,C) consists of a topological space X and a 
subspace CC X. IfC =, then the pair (X,0) stands for the space X. 
A subpair (X’,C’) C (X,C) is a topological pair such that X' C X 
and C' CC. A function f: (X,C) —> (Y,D) between topological 
pairs, is a continuous function f: X —+ Y such that f(C) C D. If 
C = {x} with x € X, then the topological pair (X,C) is said to be a 
pointed topological space and is denoted by (X, 2). 
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(b) For a topological pair (X,C) and I = [0,1], we set 
ie a0: 6) ete Swe 26 


Let V C X and suppose that fo, fi: (X,C) —> (Y,D) are functions 


between topological pairs such that fo|, = fily. We say that fo is 
- 4 ‘ . 
homotopic to f; relative to V (denoted by fo ~ fi), if there exists 


a continuous function h: I x (X,C) —+ (Y,D) such that 
h(O,7) = for) VareXx, 
h(1, x) fi(z) Vae X, 
h(t, x) fol) = file) Vtel, ev. 


The function h is a homotopy relative to V from fo to fi. IfV =9, 


then we omit the expression relative to V and write ~ instead of mo, 
(c) A continuous function f: X —>+Y is said to be nullhomotopic 
if it is homotopic to a constant function. In this case we write f ~ 0. 
(d) Two paths f,g: [0,1] —>+ X are said to be path homotopic if 
f(0) = g(0) = 20, f(1) =9(1) = 21 (i.e., the two paths have the same 
initial and finale points) and there exists a continuous map h: [0,1] x 
[0,1] —+ X such that 


h(s, 0) = f(s), A(s, 1) = g(s) BE (0, 1] 
h(O,4) =, hO,f) = a £e [0,1]. 
We call h a path homotopy between f and g and we write f ~p g. 


Proposition 2.187 

If WOV CX and foX fi, 
Ww 

then fo = fi. 


Proposition 2.188 
The homotopy relation is an equivalence relation. 


Definition 2.189 
For a continuous function f: X —> Y the equivalence class under ~ 
is denoted by |f] and is called the homotopy class of f. 


The next proposition shows that the equivalence relation ~ (see 
Proposition 2.188) is compatible with composition. 
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Proposition 2.190 

If X,Y,Z are topological spaces and ff: X —Y,9,9: Y — Z are 
continuous functions such that f ~ f and g ~ G, 

thengof~gof. 

Therefore, we can define the composition of homotopy classes, by 


lal o[fl = Igo fl. 


Recall that two topological spaces X,Y are said to be homeomor- 
phic, if there exist continuous functions f: X —> Y and g: Y — X 
such that go f =id, and fog =id,. We can extend this notion by 
replacing “=” by “x”. This leads to the following definition extending 
the idea of homeomorphic spaces. 


Definition 2.191 

Two topological pairs (X,C) and (Y,D) are said to be homo- 
topy equivalent if there exist functions f: (X,C) —> (Y,D) and 
g: (Y, D) — (X,C) such that gof ~ Oligo (i.e., the homotopy keeps 
the image of C in C) and fog ~id,p) (i.e., the homotopy keeps the 
image of D in D). We write (X,C) ~ (Y,D). If C = D = 9, then 
gof ~idy, fog ~ id, and we write X ~ Y. Clearly homotopy 
equivalence between topological spaces is an equivalence relation. The 
equivalence classes are called homotopy types. 


The simplest topological spaces are the singletons. We characterize 
the homotopy type of a singleton as follows. 


Definition 2.192 

A topological space X is said to be contractible if it is homotopy 
equivalent to a singleton. This is equivalent to saying that the identity 
function on X is nullhomotopic (i.e., id, ~ 0). Another equivalent 
definition is that there exists a continuous function h: I x X —> X 
such that 


h(0,-) = idy, and h(1,x) = uo for someug € X and allx € X. 


Remark 2.193 

In other words contractible is a topological space which can be con- 
tinuously shrunk to a point. Some obvious examples of contractible 
spaces are convex sets in R% and more generally, any star-shaped set 
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C CRN. This means that there is a point ug € C such that for every 
x € C, the line segment 


[uo, a {u=(1—t)hut+tr: 0<t<1} 
is contained in C. 


Proposition 2.194 

A topological space X is contractible (see Definition 2.192) if and 
only if for any topological space Y any two continuous functions 
f,g: Y — X are homotopic. 


The next theorem establishes an important relation between null- 
homotopy and extendability of the special class of functions defined 
on spheres. 


Theorem 2.195 

If SN ={xeERt!: |x| =1}, u € SX, Y is a topological space 
and f: SY —>Y is a continuous function, 

then the following statements are equivalent: 


(a) f~0; 
{uo} 
(b) f ~ 0; 
(c) there exists a continuous function 


Pf: BY ={reR™: |e] <1} 4x 


such that jee =f. 


Definition 2.196 

Let X be a topological space and let C C X be a subset. 

(a) We say that C is a retract of X if there is a continuous func- 
tion r: X —+ C such that rlo = id,. The function r is called a 
retraction. 

(b) We say that C is a deformation retract of X if there exists a 
retraction r: X —+ C which is homotopic (as a function into X ) to 
the identity function id,. Therefore C' is a deformation retract of X, 
if there exists a continuous function h: I x X —> X such that 


h(0,-) = idy, A(l,z) € C VarEX and R(I,-)\o = ido. 


This homotopy h(t,x) is called deformation retraction. 
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(c) We say that C is a strong deformation retract of X if there 
exists a retraction r: X —+C which is homotopic (as a function into 
X) relative to C to the identity function id... Therefore C is a strong 
deformation retract of X, if there exists a continuous function h: I x 
X — X such that 


RO,*) = tidy, 
h(1,z) € C Vae xX, 
Nia: = td, V t € [0,1]. 


This homotopy h(t,x) is called strong deformation retraction. 


Proposition 2.197 

A topological space X is contractible if and only if any singleton in 
X is a deformation retract of X (see Definitions 2.192 and 2.196). 
Hence a contractible space is path-connected (see Definition 2.122). 


Theorem 2.198 
If X is a topological space and C is a deformation retract of X (see 
Definition 2.196), 
then C and X are homotopy equivalent (i.e., of the same homotopy 


type). 


Next we will briefly discuss the fundamental group, an algebraic 
group, which in some sense measures the number of “holes” in a space. 
Consider for example the plane and the punctured plane, which are 
both path-connected. Using the standard topological properties, we 
cannot distinguish between the two and this may suggest that they 
are homeomorphic. Yet intuition suggests that due to the “hole” in 
the punctured plane, the two cannot be homeomorphic. To see that 
this can be detected topologically, observe that every closed curve in 
R? can be continuously shrunk to a point, while by contrast it is clear 
that this cannot be done in the punctured plane, without leaving it. 
This observation is formalized by using the fundamental group. 


Definition 2.199 

Let X be a topological space and let 79 € X. We say that a con- 
tinuous function f: I = [0,1] —> X is a loop based at xo if 
f(0) = f(1) = 20. Two loops f,g: I —> X are said to be homotopic 
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0,1 ; ; 
if f poe g. The homotopy relation between loops is an equivalence re- 


lation and it partitions the set of all loops based at xo into equivalence 
classes. This set of equivalence classes is denoted by 7(X,2o) and if 
f is a loop based at xo, then [f] denotes its equivalence class. 


On 7(X,20) we can define an operation “x” as follows. For any 
two loops f,g based at xo, we set 


#(20) if t € |0, 3], 
g(2t—1) if te|§,1]. 


(fxg)(t) = 


Evidently (f * g)(-) is again a loop based at xp. We can lift this 
operation to the set 7(X,20) by setting 


[fl*lg] = [f*gl. 


0,1 
This operation “x” is well defined on 71(X,2%o), namely, if f va g 


and 7 a g, then Tag 1 gx*g. 


Theorem 2.200 
(11(X, 0), *) is a group (not necessarily abelian). 


Definition 2.201 
The group ™(X,2) is called the fundamental group of X at xo. 


Remark 2.202 

In general the dependence of the fundamental group on the base point 
cannot be omitted. However, for an important special class of spaces 
it can be ignored. 


Theorem 2.203 
If X is path-connected (see Definition 2.122) and 20,241 € X, 
then 7(X,29) and 71(X,21) are isomorphic. 


Remark 2.204 
So, for path-connected topological spaces we can speak of the funda- 
mental group 71(X) without any reference to a base point. 


The power of the fundamental group lies on the fact that contin- 
uous functions between pointed topological spaces induce homomor- 
phisms between the corresponding algebraic structures. 
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Theorem 2.205 
Every continuous function h: (X,x0) —> (Y,yo) induces a homomor- 
phism hy: ™(X, 29) —> 7(Y, yo), defined by 

def 


hs([f]) = [ho fl. 
The function h, is called the homomorphism induced by h. 


The induced homomorphism introduced above has two “functional 
properties”, which are crucial in applications. 


Proposition 2.206 

(a) If h: (X,20) — (Y,yo) and g: (Y, yo) — (Z, 20) are continuous 
functions, 
then (g 0h) = ga 0 Ae. 

(b) If i: (X,xo) —> (X, a0) ts the identity function, 
then ix: 7(X,x20) —> ™1(X, x0) is the identity homomorphism. 


Corollary 2.207 
If h: (X,20) — (Y,yo) is a homotopy equivalence, 
then hy: ™1(X,x29) —> ™(Y, yo) is an isomorphism. 


Definition 2.208 
A topological space S is simply connected if it is path-connected (see 
Definition 2.122) and 7(X) is trivial. 


Theorem 2.209 
A contractible topological space is simply connected (recall that a con- 
tractible space is automatically path-connected; see Proposition 2.197). 


Proposition 2.210 
If h,g: (X, 20) — + (Y,yo) are homotopic, 
then hy = Qx- 


Next let us have an alternative description of the fundamental 
group which motivates the introduction of higher order homotopy 
groups. Consider the loop ¢: I = [0,1] —> S' = {a € R?®: ||a|| = 1}, 
defined by 

e(t) @& em veel. 
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This function, known as the exponential function, wraps the inter- 
val once around the circle counterclockwise and functions 0 and 1 to 
the base point 1 of S'. From Problem 2.51, we know that ¢ is an iden- 
tification function (see Definition 2.74). If X is a topological space and 
f: I = [0,1] —> X is a loop, then there exists a unique continuous 
function f: St —>+ X such that 


Definition 2.211 
We call f the circle representative of the loop f. 


The next proposition gives a convenient criterion for detecting 
nullhomotopic loops using their circle representatives (see also Theo- 
rem 2.195). 


Proposition 2.212 
A loop in a topological space X is nullhomotopic if and only if its 
circle representative f: S' —> X extends to a continuous function 
fo: Bi — X, where 
def 


By {x ER?: |x|] <1} and f= fol 


sl 

Here by identifying loops with their circle representatives, we can 
view the fundamental group 7(X,2) as the set of equivalence classes 
of functions from $1 into X sending 1 to x modulo homotopy relative 
to the base point 1. Generalizing this, we have the following definition. 


Definition 2.213 
For every integer n > 1, we define T,(X,x) to be the set of all equiva- 
lence classes of continuous functions from 8" = {x € R"*+ : |x|] = 1} 
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into X sending (1,0,...,0) to x modulo homotopy relative to the base 
point (1,0,...,0). For given such elements f,g, we define f#g, by 


FFG Figs ta) = 


f Cigszasecisley 1). a ey 


Oy dex ya OU) if @n 


Using #, we introduce the operation “+” on T)(X,x), defined by 


[f]+ 9] = [f#al. 


We have that (7,(X,x),+) is a group, which is abelian if n > 2. 
We call (tn(X, a +) the nth homotopy group of the pointed space 
(0). 


Remark 2.214 

For every n > 1, m(X,2x) is a topological invariant. The higher ho- 
motopy groups (n > 1) are notoriously difficult to compute. If X,Y 
are pointed topological spaces, then 


gi SY) Say XN) aay | Vue i 


Theorem 2.215 

(a) ™(S") = Z. 

(b) Ifn > 2, then m,(S") =0 for all kk <n and m,(S") = Z. So, for 
n > 2, S” is simply connected (see Definition 2.208). 


Remark 2.216 
However, if k > n, then 7,(S”) can be nontrivial. For example, it can 
be shown that 73(S7) ~ Z. 


Definition 2.217 

Let X and X be two topological spaces and let p: X —> X be a con- 
tinuous function. We say that a set U C X is evenly covered by p 
if U is open, connected and each component of p~'(U) is an open set 
which is mapped homeomorphically onto U. 


The next definition introduces an important tool in computing 
critical groups. 
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Definition 2.218 

Let X and X be two topological spaces with x being path-connected 
and locally path-connected (see Definitions 2.122 and 2.127) and let 
Dp: X — X be a continuous surjection. If every x © X has a neigh- 
bourhood U which is evenly covered by p, then p is called a covering 
function and X isa covering space of X. 


Example 2.219 
(a) The exponential function ¢: R —+ S', defined by e(x) = e?7**, 
Le., 

e(x) = (cos2rz,sin 272) VaeR 


is a covering function. 
(b) The function p,: S' —> S', given by 


DPal2) =e Vze si 


(here we consider S$! as a subset of C with |z| = 1, z € C), is a covering 

function for every n > 1. 

(c) Consider the n-torus T” = S' x... x S1 (if n = 2 we have the 
— os 

usual torus T = S! x S', ie., the doughnut) and let ¢,: R” —> T” be 

the function, defined by 


ey(e) = (e(zk)); 4 Va = (ep) pe € R”. 


(d) Let P” be the n-dimensional projective plane (this is the set of 
one-dimensional linear subspaces (lines through the origin) in R”*+). 
There is a natural function p: R"*! \ {0} —> P”, defined by sending 
a point « € R"*! \ {0} to its span. We topologize P” be giving it the 
identification (quotient) topology (see Definition 2.74) with respect to 
p (an alternative way to define P” is to say that it is the space obtained 
from S$" = {x € R"*!: ||x|| = 1} by identifying antipodal points, i.e., 
the points where every line through the origin intersects S”). Consider 
the function p: S” —>+ P” (n > 1) which sends each x € S” to the line 
through the origin and x, thought as an element of P”. Then p is a 
covering function. 


Definition 2.220 ; 
Let X,X and Y be three topological spaces, let p: X —> X be a cov- 
ering function and let f: Y —>+ X be a continuous function. A lift 
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of f is a continuous function f: Y —+ X such that po f =f. So we 
have the following commutative diagram 


The next theorem establishes a crucial link between covering spaces 
and the fundamental groups. 


Theorem 2.221 

If p: X —+ X is a covering function, yo,y1: I = [0,1] —> X are 
path homotopic and 49,41: 1 — X are lifts of yo and y1, such that 
40(0) = 71(0), 

then Vo and 4, have the same end point and are path homotopic. 


The next theorem characterizes the fundamental group homomor- 
phism induced by a covering function. 


Theorem 2.222 ; 
If p: X —+ X is a covering function andie X, 


then py: ™(X,£) —> 1(X,p(#)) is injective. 


We still need to determine when a given continuous function 
f: Y — X admits a lift. The theorem that follows transforms this 
topological problem to an equivalent algebraic one. 


Theorem 2.223 

If p: X—>X isa covering function, Y is a connected and locally 
path-connected topological space (see Definitions 2.104 and 2.127) and 
f: Y — X is a continuous function, 

then for a given yo € Y and &9 € X such that p(#o) = f(yo), f has 
a lift f: Y —+ X such that f (yo) = &o if and only if the subgroup 
fe (m1 (Y, yo)) of (X, f(yo)) is contained in px (71(X, #0)). 


Two immediate consequences of this theorem are useful in 
applications. 
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Corollary 2.224 

If p: X —> X is a covering function and Y is a simply connected and 
locally path-connected topological space (see Definitions 2.104, 2.208 
and 2.127), 

then every continuous function f: Y —> X admits a lift. 

Moreover, for a given yo € Y, we can choose the lift to map yo to any 
point in the fibre over f (yo). 


Corollary 2.225 

If p: X —+ X is a covering function, X is simply connected, Y 
is connected and locally path-connected (see Definitions 2.104, 2.208 
and 2.127) and f: Y —>+ X is a continuous function, 

then f admits a lift to X if and only if f, is the trivial homomorphism 
for any base point yo € Y and the lift can be chosen to map yo to any 


point in the fiber above f (yo). 


Theorem 2.226 

If p: (X, 0) —> (X,x0) is a covering function, 

then there is a surjection €: 1(X, #9) —> p7!(a0). 
Moreover, if X is also simply connected, then € is a bijection. 


Definition 2.227 
If X is simply connected covering space of X (see Definition 2.208), 
then we say that X is a universal covering space of X. 


For easy reference let us recall the fundamental groups of some well 
known spaces. 


Example 2.228 

(a) 7(S') = Z and a(S") = 0 for all n > 2 and k < n, while 
T(S”") = Z (see Theorem 2.215). 

(b) 7(R” \ {0}) = 7(S") (here R” \ {0} is simply connected; Defi- 
nition 2.208). 

(c) (TL) = Z x Z (here we use the fact that ™1(X x Y, (20, yo)) = 
1 (X, Xo) x TY, Yo))- 

(d) (PB?) = Zo. 

(e) The “double torus” T> is the surface obtained by taking two copies 
of the torus T deleting a small open disk from each of them and pasting 
the remaining pieces. The fundamental group of T> is not abelian. 
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Before passing to homology theory, we state an important theorem, 
which is a useful tool in the computation of fundamental groups. It 
describes the fundamental group of a space in terms of the fundamental 
groups of its subspaces, subject to certain conditions. 


Theorem 2.229 (Van Kampen Theorem) 

If X =UUV where U,V C X are open, UNV is path-connected (see 
Definition 2.122) and zy EC UNV, 

then every element 0 € 7™(X,20) can be written as a sum 


vo a M+... +n; 
where for each k > 1, we have 


me € ™(U,20) or me € m7 (V, 20). 


2.1.15 Elements of Algebraic Topology II: Homology 


Algebraic topology came into existence by the efforts to solve topo- 
logical problems using algebraic tools. Homology theory is the core 
subject in algebraic topology. As usual, we start with the geometric 
approach to the subject which is called “simplicial homology theory” 
and then pass to the abstract approach which has two branches: “sin- 
gular homology theory” and “Cech homology theory”. 


Definition 2.230 

Let {rz }Ro9 © RY withn < N. We say that these vectors are affinely 
independent if the vectors {xz — xo}%_, C R% are linearly indepen- 
dent. The convex hull of n+1 affinely independent vectors in RN (with 
n< N) is called an n-simplex and is denoted by on. All these n+ 1 
vectors are called vertices of a, and n is the dimension of on. 


Remark 2.231 ' 
If wu € on, then u = D> Apey with Ax > O for all k € {0,1,...,n} 
k=0 


n 

and >) Ay = 1. The numbers {A,}j_9 are called the barycentric 
k=0 

coordinates of u. Every u € on admits a unique set of barycentric 


coordinates. The boundary of o,, consists of (n — 1)-simplices. 


Definition 2.232 
An m-face of an n-simpler on is the convex hull of any set of m 
vertices of On, wherem <n. 
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Definition 2.233 

K is a geometric simplicial complez if it is a finite set of simplexes 
in some Euclidean space RN satisfying the following requirements: 

(a) If on € K and om is a face of On, then Om € K. 

(b) Ifon,om € K, then on Nom = or otherwise o,NOm is a common 
face of both simplexes and so by (a) belongs in K. 

The dimension of K, denoted by dim kK, is the maximum of the di- 
mensions of its simplexes. A subcomplex L of K is a subfamily of 
simplexes of K satisfying (a). 


Definition 2.234 

The union of all simplexes of a geometric simplicial complex K in 
RY, topologized as a subset of R™ is called the polyhedron of K and 
is denoted by |K|. If L is a subcomplex of K, then |L| is called a 
subpolyhedron of K. 


Proposition 2.235 
A subset C of |K| is closed if and only if Co is closed in o for every 
simplera € K. 


Definition 2.236 

For given two simplicial complexes K and L, a function f: |K| —> |L| 
isa simplicial function if it satisfies the following requirements: 

(a) If x is a vertex of a simpler in K, then f(x) is a vertex of a 
simplex in L. 

(b) If o is a simplex of K with vertices {x,}R_, then T = 
conv (i@yy is a simplex of L (possibly of lower dimension). 


n 
(c) Ift = Yo Axxy is in a simplex o of K with vertices {xp }p_o, then 
k=0 


f(x) = do Anf(xx), te, f is “linear on each simplex”. 
k=0 


A simplicial function of simplicial pairs f: (|K|,|L|) — 
(\M|,|N|) is a simplicial function f: |K| —> |M| such that 
FEI) S [NI. 


Proposition 2.237 
A simplicial function f: |K| —> |L| is continuous. 


There is a slight difficulty in the use of polyhedra. Namely, not 
every topological space which is homeomorphic to a polyhedron is itself 
a polyhedron. We rectify this problem with the following definition. 
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Definition 2.238 

If X is a topological space, a triangulation of X is a pair (K, f), 
where K is a simplicial complex and f: |K| —+ X is a homeomor- 
phism. A topological space X with a triangulation is called a triangu- 
lated space. Similarly, if (X,A) is a pair of topological spaces, a tri- 
angulation consists of a simplicial pair (K,L) and a homeomorphism 
of pairs f: (|K|,|L|) —+ (X,A). A pair (X,A) with a triangulation 
is called a triangulated pair. 


Remark 2.239 
In general the particular homeomorphism f involved does not matter 
and so we often mention only kK when referring to a triangulation of X. 


Definition 2.240 

Let Kk be a simplicial complex and x € |K|. 

(a) The simplicial neighbourhood of x, denoted by Nx(x), is the 
set of all simplexes of K which contains x together with all their faces. 
(b) The link of x, denoted by Lkx(x), is the subset of simplexes of 
Nx(ax), which do not contain x. 

(c) For every simplex o € K, the star of 0, denoted by stx(o), is the 
union of the interiors of the simpleres of K that have o as a face. 


Remark 2.241 
We usually omit the suffix K, when it is clear from the context which 
complex is used. 


Proposition 2.242 
For every simpler 0 € K, st(o) is an open set and if x is a point in 
the interior of a, then st(a) = |N(a)| — |Lk(a)|. 


Theorem 2.243 

If K and L are simplicial complexes and f: |K| —> |L| is a homeo- 
morphism, 

then for every x € |K\, |Lkx(2)| and |Lkp (f(x))| are homeomorphic. 


Definition 2.244 

Let K and L be simplicial compleres and let f: |K| —> |L| be a 
continuous function. A simplicial function g: |K| —> |L| is a sim- 
plicial approximation of f, if for every vertex u of K, we have 


f(stx(u)) C str (9(z)). 
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Remark 2.245 
A simplicial function is a simplicial approximation of itself. 


Theorem 2.246 

If K and L are simplicial complexes and f: |K| —> |L| is a continu- 
ous function, 

then there exists a simplicial approximation g of f and every such 
simplicial approximation is homotopic to f. 


Orientation of a simplex means an ordering of its vertices. 


Definition 2.247 

Two orderings of the vertices are said to determine the same orienta- 
tion of the simplex if every even perturbation of the vertices transforms 
one ordering to the other. If the permutation is odd, then we say that 
the orientations are opposite. Hence there are basically two orienta- 
tions of a simplex. An oriented simplex is a simplex together with 
a choice of orientation. So, for a k-simplex o ordered by the linear 
ordering (uo,.--,Ux) of its vertices, by —o we will denote the same 
simplex but with the opposite orientation. 


This definition allows us to produce an abelian group out of a 
simplicial complex. 


Definition 2.248 

Let K be a simplicial complex. A k-chain is a function g from the set 
of all oriented k-simplexes of K to the integers such that: 

(a) g(o) = —g(r), if the k-simpleres 0,7 have opposite orientation; 
(b) g(a) =0 for all but finitely many oriented k-simplezes o. 


We add k-chains in the usual way by adding their values. Similarly 
for the multiplication of k-chains with c € Z. The resulting group is 
called the group of (oriented) k-chains and is denoted by C;,(K). 
Ifk <0 ork>dimk, then C,(K) =0. 

If o is an oriented simplex, the elementary chain g correspond- 
ing to o is the function g defined by g(7) = 1, g(—c) = —1 and 
g(t) = 0 for all other oriented simplezes. 
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Proposition 2.249 

C;,.(K) is a free abelian group. A basis for C,(K) can be obtained by 
orienting each k-simplex and the using of corresponding elementary 
chains as a basis. 


Remark 2.250 
The group Co(K) differs from the others, since it has a natural basis 
(note that the 0-simplex, being a point, has only one orientation). In 
contrast, the group C;,(K), for k > 1, has no “natural basis”. We need 
to orient the k-simplexes of K in some arbitrary fashion in order to 
produce a basis. 


Proposition 2.251 

A function f from the oriented k-simplexes of K to an abelian group 
G extends uniquely to a homomorphism from C,(K) to G provided 
f(—o) = —f(c) for every oriented k-simplex o. 


Definition 2.252 

We define a homomorphism Op: Cy(K) —> Cp_1UK) called the 
boundary operator as follows. If o = [uo,...,Ug] is an oriented 
k-simplex (k > 1), then 


n 


Ono = SO (= 1)” [toy «65 ayes Ue) 


k=0 


where the symbol ti, means that the vertex uy, is deleted from the array. 
Since Cy(K) = 0 for k < 0, the operator O, is the trivial homomor- 
phism for k < 0. 


Proposition 2.253 
On—1 © On = 0. 


This fundamental equation leads to the definition of the (simplicial) 
homology groups. 


Definition 2.254 

Consider the boundary operator Oj: Cy(K) —> Cy_1(C). The kernel 
of Oy is an abelian subgroup of Cy,(K) and is denoted by Z,(K). It is 
the group of k-cycles. The image of Op41: Cr41() —> Cy(K) is an 
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abelian subgroup of C,(K) and is denoted by B,(K). It is the group 
of k-boundaries. By Proposition 2.258, we have 


B,(K) © Z(K). 
We can define the quotient (factor) group 
AK) = Ze)/p UK): 
which is called kth (simplicial) homology group of K. 


Theorem 2.255 
Ho(K) ~ Z if and only if |K| is connected. 


Theorem 2.256 
If |K| = U |Kil, where |Kj| are pairwise disjoint and connected, 
i= 
then 
n 
Ay(K) = SOA(Ki) Vk>O. 
i=l 


Sometimes it is more convenient to consider an alternative version 
of the 0-dimensional homology. 


Definition 2.257 
Let ¢: Co(K) —> Z be the surjective homomorphism, defined by 


e(u) = 1 for every vertex u of K. 


Then, if g is a O-chain, e(g) equals the sum of the values of g on the 
vertices of K. We call « the augmentation function for Co(K). 
Note that e(Oic) = 0 tfc is a 1-chain. The reduced homology group 
of K in dimension 0, denoted by Ho(K), is defined by 


Ho(K) = kere/m 9,- 
Ifk >1, then H,(K) = H,(K). 


Proposition 2.258 
Ho(K) is a free abelian group and 


Hy(K) ~ Ho(K) @Z. 
Hence, if |K| is connected, then 


Hy(K) = 0. 
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Definition 2.259 
If L is a subcomplex of K, the quotient group Cr)/c (1) is called 


the group of relative chains of K mod L and is denoted by Cy(K, L). 


Remark 2.260 

The group C;,(K, L) is a free abelian group. It has as basis all cosets 
of the form [o;] = 0; + C,(L), where {o;} is a basis for Cy(kK) and 
ao €é L. 


Proposition 2.261 

The boundary operator O,: Cy(L) —> Cp_1(L) is the restriction of the 
boundary operator Oy: Cy(K) —> Cy-1(K) (we use the same sym- 
bol for both). Then this homomorphism induces a homomorphism 
On: Cy( Kk, L) —> Cr_i(K,L) (again the same symbol is used). We 
have Op-1 0 O, = 0. We set 


Zr (K, L) = ker Ons 


im Op+1; 


Z4(K,L)/B,.(K, Ly: 


We call Z,(K,L) the group of relative k-cycles, B,(K,L) the 
group of relative k-boundaries and H;,(K,L) the kth relative 
(simplicial) homology group of K mod L. 


Remark 2.262 

A relative k-chain is a coset c+ C;,(K). This is a relative k-cycle if 
and only if Ogc is carried by L. It is a relative k-boundary if and only 
if there is a (k + 1)-chain gx41 of K such that c— Op419%41 is carried 
by L. If L = {v} (a singleton), the 


Ho(K,L) ~ Ho(K). 


If K consists of an n-simplex and its faces and L is the set of all proper 
faces of K, then 


H,(K,L) = dpnZ Vk>0, 
where n is the dimension of the simplex. 


One of the greatest advances in the algebraic topology has been 
the extension of homology theory to general topological spaces. So far 
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homology groups have been defined for a special kind of spaces, namely 
compact polyhedra and complexes resulting from them. Singular ho- 
mology theory extends the notion of homology groups to general topo- 
logical spaces. 


Definition 2.263 

Let en = (0,...,0,1) € R” (n>1). By means of the standard identifi- 
cation of R" with the subspace R” x {0} of R°x R™ = R"™™, en can be 
viewed as an element of R°*™ for any m > 0. Let eg = (0,...,0) € R” 
(n >1). Clearly {e9,...,@n} are affinely independent and so they may 
be taken as vertices of an n-simplex denoted by Ayn. We call A, the 
standard n-simplex. If X is a topological space, a singular n- 
simplex, is a continuous function T: An —> X. 


Definition 2.264 

The free abelian group with the singular n-simplexes as generators and 
coefficients in Z is called the nth singular chain group and is de- 
noted by S,(X). Forn <0, S,(X) =0. Ifc € S,(X), then c is called 
a singular n-chain. 


Definition 2.265 

Let X,Y be two topological spaces and let f: X —>+ Y be a continuous 
function. If T: A, —> X is a singular n-simpler in X, then the 
composition foT: A, — Y is a singular n-simplex in Y denoted by 


nr 
fT. Ifc= >> ajT;, a; € Z, belongs in C,(X) (an n-chain in X), then 
i=1 


je) = DGS CY) 
i=1 


(an n-chain inY ). The homomorphism f,: Cy(X) —> C,(Y) is called 
the homomorphism induced by f. Clearly 


(foo file = (fa) o (fide: 
Definition 2.266 
For each i € {1,...,n}, let dj: An-1 —> Ay be the affine function, 
defined by 


d;(Xo, we Pee o = (xo, fe. ,Xj-1,9, 2, sieve ae 


2.1. Introduction 253 


called the i-face function. It maps An—1 onto A‘, (the ith face 
of An opposite to the vertex e;). For a given singular n-simplex 
T: Ayn — X, then Tod;: An-1 —> X are n+1 different singu- 
lar (n — 1)-simplexes, which can be thought of as the boundary of T. 
So, for each n > 1, the boundary operator 0,,: Cp(X) — Cp_-1(X) 
is the homomorphism, defined by 


Proposition 2.267 
For alln > 1, we have On © On41 = 0. 


Definition 2.268 

The collection C,(X) = {C,,(X), oe eee of abelian groups and bound- 
ary operators is called a singular chain complex for X. The re- 
mainder of the construction of singular homology copies that of sim- 
plicial homology. So, we set 


Zn(X) = ker dn Yuet 
and 
These are abelian subgroups of C,(X) and their elements are called 
singular (n)-cycles. Also we set 
Ba(X) = iors Vn>0. 


These are abelian subgroups of C,(X) too and their elements are 
called singular (n)-boundaries. From Proposition 2.267 we see that 
B,(X) C Z,(X) and so we can define the quotient groups 


ker On finn Ont if n>, 


A(X) = 2n(X)/Bi(x) = ene i 0, 


This is the nth singular homology group of X. The singular 
homology of X is the collection 
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Remark 2.269 

The elements of H,,(X) are called singular homology classes, the coset 
u+ B,(X) being the class for the singular n-cycle u. If two singular 
n-cycles u and u’ belong to the same singular homology class, they 
are said to be homologous. Evidently u and u’ are homologous if and 
only if u— wu’ = On+ic for some singular (n + 1)-chain. If H,(X) is 
finitely generated, then rank H,,(X) is the nth Betti number of X. 
Note that Z,(X) and B,,(X) being subgroups of an abelian group are 
normal. Finally note that in contrast to the simplicial homology, if 
X #0, then 

Cr(X) 4 0 Vn 20. 


Proposition 2.270 
(a) If X = {x} (a singleton), then Ho(x) ~ Z and 


H,(*) =0 Vn21. 


(b) If X is path-connected, then Ho(X) ~ Z and if X has path- 
connected components {X;}ier (see Definitions 2.122 and 2.130), then 


Hak) = SJ HGG) Vaeo 
ie. 


(b) If X CRN is convex, then Ho(X) ~ Z and 


H,(X) =0 Vn. 


Remark 2.271 

As with simplicial homology (see Theorems 2.255 and 2.256), Ho 
counts the number of path-connected components of X, thus giving the 
same information as the zero homotopy group 7(X) (in fact Ho(X) 
is isomorphic to the abelianization Z[mo(X)| of 7o(X)). However, 
unlike higher homotopy groups, the singular homology groups give 
information about all the path-connected components of X (see Defi- 
nition 2.130). 


Proposition 2.272 
If Bi = {zs € R”: |x| < 1} ands" = OBP! = {2 e R™: 
\|2|| = 1}, then 
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(a) we have 
H,(B”) ~ d40Z Vk>0, 


where 
es lL af =O, 
0 ) 0 if k#O. 
(b) we have 
BR es Z ifk=Oork=n, 
ce { 0 otherwise. 


We can also define relative singular homology. In this theory chains 
on a certain subspace A C X are identified with 0. That is, for a chain 
to be a singular cycle of X mod A, it must have a boundary which is 
a singular chain on A rather than zero. So, we make the following 
definition. 


Definition 2.273 
Let (X, A) be a topological pair. We set 


This is the relative n-singular chain group of XmodA._ It 
is a free abelian group with generators those singular n-simplexes 
T: A, —> X whose image is not completely contained in A. The 
elements of C,(X,A) are called relative singular n-chains of 
XmodA. Since On: Cy(X) —> Cp-i(X) (n = 1) is a homomor- 
phism and O(C,,(A)) © Cp—-1(A), there exists a unique homomorphism 
On: Cn(X, A) —> Cn-1(X, A) (for notational economy it is denoted 
by the same symbol). This is the boundary operator for the relative 
singular chain groups. Again 


On—-1° On = 0 Vno>1. 
As before (see Definition 2.268), we set 
Zy(X,A) = kerO, and B,(X,A) = imdny1 Vn>0. 


Then Z,(X,A) is the group of relative singular n-cycles of 
XmodA and B,(X,A) is the group of relative singular n- 
boundaries of XmodA. Both are abelian subgroups of Cy,(X, A) 
and 

B,(X,A) © Z,(X,A) Wn 0. 
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We set 


This is the nth relative singular homology group of X mod A and 
it is a free abelian group. If it is finitely generated, then rank H,,(X, A) 
is the nth Betti number of the topological pair (X, A). 


Remark 2.274 
Note that 


{ce € On(X) : Onc € Cy_1(A)} if n>, 


er a oe if n>O0, 


and 
Br(X,A) = By(X)+C,(A) 


(the subgroup of C,,(X) generated by B,(X) and C,,(A)). If A = 9, 
the 
H,(X,0) = Hy(X). 


One of the characteristic features of homology theory is a long exact 
sequence, which relates the homologies of X,A and X mod A. To 
describe it we will need the following proposition. 


Proposition 2.275 

If f: (X,A) — (Y,B) is a continuous function between topological 
pairs, 

then f induces a homomorphism f.: Hy(X,A) —> Hn(Y,B), n > 1 
such that: 

(a) if f is the identity function i: (X,A) —> (X,A), then f, is the 
identity isomorphism; 

(b) for another continuous function between topological pairs 
g: (Y, B) — (Z,C), we have (go f)x = gx ° fe. 


Let (X,A) be a topological pair and let i: A —+ X and 
j: (X,0) —> (X, A) be the inclusion functions. They induce the ho- 
momorphisms i,: H,(A) —> Hy(X) and j,: Hy(X) — HAp(X, A) 
(see Proposition 2.275). Also, there is a unique homomorphism 
Ox: Hy (X, A) — Hn_i(A), defined by 


Ox ([e+ Bn(X)+Cn(A)]) = [Onc + Bu1(A)] 
(see Remark 2.274). 
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Theorem 2.276 
If (X,A) is a topological space, 
then the following infinite homology sequence is exact 


wes i EA A Ss AY Ss 
a= Hit A Ss ae) ie Ao 

Moreover, a continuous function f: (X,A) —> (Y,D) between topo- 

logical pairs induces a homomorphism of the infinite exact sequence 


of (X,A) into that of (Y,D), namely in the following diagram every 
square is commutative. 


Theorem 2.277 
If AC DCX is a triple of topological spaces, 
then there is an exact sequence 


+ Hy, (D, A) —> H,(X, A) — Bp (X, D) 25 Hy (D, AY 
Ae a 2 Ho(D, A) — 0, 


where the unlabelled homomorphisms result from the corresponding 
inclusion functions and O, = jx © Ox, 1.e., the composition 


Hy, A) 2S (Dy Sn, 1, m, 


Moreover, a continuous function f: (X,D,A) — (X’, D’, A’) between 
topological triples induces a homomorphism of the exact sequence of 
(X,D, A) into that of (X', D', A’) (see Theorem 2.276). 


In the relative singular homology of X mod A, the singular chains 
on A are identified with 0. This suggests that removal of a set EF C A 
should not affect the homology. This is true under the stronger con- 


dition & C intA and is known as “excision property” of singular 
homology. 
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Theorem 2.278 (Excision Property) 
If (X, A) is a topological pair and E C int A, 
then H,(X \ E,A\ E) ~ H,(X, A) for all n > 0. 


This property leads to the following definition. 


Definition 2.279 

Let X be a topological space and let A,D C X be two sets such that 
X = AUD. We say that the pair (A, D) is excisive if the inclusion 
function i: (A, AN D) —> (AU D,D) = (X,D) induces an isomor- 
phism of the singular homology groups. 


Theorem 2.280 
If X is a topological space and A,D C X are such that X = AUD= 


(int A) U (int D), 
then the pair (A, D) is excisive. 


Theorem 2.281 

If X is a topological space and (A, D) is an excisive pair, 

then there is a homomorphism OF: H,(X) —> Hy-1(AND) such that 
the following infinite homology sequence is exact: 


Gage) ite ar 
... —> Hn(AN D) ~—"" Hn(A) @ An(D) — An(X) —> Hn-1(AN D) —... 


1442 
ty +43, 


oe + Hi(X) 25 Ho(An D) 24") H(A) @ Ho(D) ‘24% Ho(X) — 0, 
where i}: A —> X, #2: D—> X, jt: AND A, j?: AND X 


are the inclusion functions. This exact sequence is known as the 
Mayer-—Vietoris sequence. 


Theorem 2.282 
If (X,A) is a topological pair and x € A, 
then the following infinite singular homology sequence is exact: 


.. —> H,(A,*) — Hy(X,*) — Hpn(X, A) — Ayn_-1(A,*) — ... 0, 


where the homomorphisms are induced by inclusions or boundary op- 
erators (see Theorem 2.277). This sequence is known as the reduced 
exact homology sequence. 
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Theorem 2.283 

Let f: (X, A) — (Y,D) be a continuous function between topological 
pairs. If f: X —+Y and f|4: A — D are homotopy equivalences 
(see Definition 2.191), 

then f, is an isomorphism in relative singular homology. 


First we defined homology groups for a particular class of spaces, 
namely polyhedra. Then we passed to general topological spaces, by 
means of the singular homology theory. In fact there is a plethora 
of homology theories, a fact that led to an axiomatic unification by 
Eilenberg—Steenrod. 


Definition 2.284 

Let P be a class of topological pairs such that: 

(a) If (X,A) © P, then (X, X), (X,0), (A, A), (A, 0) € P. 

(b) If (X,A) © P, then (I x X,I x A) © P (where I = [0,1]). 
(c) There is a singleton {x} such that ({x},0) € P. 


Then we call P an admissible class of spaces for a homology theory 


Using this notion we can produce an axiomatic definition of a ho- 
mology theory. 


Definition 2.285 

Let P be an admissible class of spaces. A homology theory on P 
consists of the following three “functions”: 

(a) A function H from Z x P into the family of abelian groups with 
the image of (n,(X,A)) denoted by H,(X, A). 

(b) A function which to every n € Z and every continuous function 
f: (X,A) — (Y,D) with (X,A),(Y,D) © P, assigns a homomor- 
phism (fx)n: Hn(X,A) — Hn(Y, D). 

(c) A function which to every n € Z and every (X,A) € P, assigns 
a homomorphism (O%)n: Hn(X,A) —> Hn(A) (where A denotes the 
element (A,@) € P). 

These three functions should satisfy the following axioms: 

Axiom 1. Ifi is the identity, then i, is the identity homomorphism. 
Axiom 2. (go f)x = gx fa- 

Axiom 3. If f: (X,A) — (Y,D) is a continuous function between 
topological pairs, then the following diagram commutes: 
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H,(X,A) —!*+ H,(Y,D) 


n-1 n-1 


Axiom 4. Ifi: A —> X and j: X = (X,0) — (X,A) are the 
inclusion functions, then the sequence 


ee DS OAS A 


is exact (this is known as the exactness axiom). 

Axiom 5. If f and g are homotopic, then fx = gx (this is known as 
the homotopy axiom). 

Axiom 6. Let (X,A) € P and let U be an open subset of X such that 
U Cint A. If (X\U,A\U) €P, then 


H,(X\U,A\U) ~ H,(X,A) Vn>0 


(this is known as the excision axiom). 
Axiom 7. If {x} is the singleton space in P, then 


An({s}) = 6.2 Vne20 
(this is known as the dimension axiom). 


Theorem 2.286 

(a) Simplicial homology theory on the class of triangulated pairs (see 
Definition 2.238) satisfies the Eilenberg—Steenrod axioms of Defini- 
tion 2.285. 

(b) Singular homology theory on the class of topological pairs satisfies 
the Filenberg—Steenrod axioms. 


Theorem 2.287 

If X is a topological space, K is a simplicial complex and X,|K| are 
homeomorphic, 

then for every integer H,(X) (singular homology group) is isomorphic 
to H,(K) (simplicial homology group). 
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Cohomology theory can be axiomatized in the same way as homol- 
ogy theory. 


Definition 2.288 

Let P be an admissible class of spaces and let G be an abelian group 
(the group of coefficients). A cohomology theory on P consists of 
the following three “functions”: 

(a) A function H from G x P into the family of abelian groups with 
the image of (n,(X,A)) denoted by H"(X, A;G). 

(b) A function which to every n € Z and every continuous function 
f: (X,A) — (Y, D) with (X, A), (Y, D) € P assigns a homomorphism 
(f*)n: H"(Y, D;G) —+ H"(X, A;G). 

(c) A function which to every n € Z and every (X,A) € P assigns a 
homomorphism (5*)n: H"—1(A;G) —> H"(X, A;G). 

These three functions should satisfy the following axioms: 

Axiom 1. If i is the identity, then i* is the identity homomorphism. 
Axiom 2. (go f)* = f*og*. 

Axiom 3. If f: (X,A) — (Y,D) is a continuous function between 
topological pairs, then the following diagram commutes: 


H"(X, A; G) a 


H"(Y, D; G) 


(0) n 5") n 
HWA; Q) (fla) H"-\(D; es) 


Axiom 4. Ifi: A —> X and j: X = (X,0) — (X,A) are the 
inclusion functions, then the sequence 
HAG) & H"(x:6) & 8x, 4:@) 222 HAG) OK... 


as exact. 

Axiom 5. If f and g are homotopic, then f* = g*. 

Axiom 6. Let (X,A) € P and let U be an open subset of X such that 
U Cint A. If (X\U,A\U) EP, then 


H"(X\U,A\U) ~ H"(X,A) VneZ. 
Axiom 7. If {x} is the singleton space in P, then 
H"({x}) = 6, ,Z Vn20. 
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Definition 2.289 
The singular n-cochain is defined to be the homomorphism 
c: C,(X;G) —> G. We use the bracket notation |-,c] and we have 


[T1 + To, c] = (T1,c] + [To,¢ V 7,75 E C,(X;G) 
and 
lef ce) = .9[F ye VgeEG, TEC,(X;G). 

The set of all singular n-cochains Hom (C,,(X;G),G) is denoted by 
C"'(X;G). We have 

[T,e. +o] = [Ta] + (7, ce] VT €C,)(X;G), c1,c2 € C"(X;G) 
and 

[T, gc] = g{T, Cc VgeEG, TEC,(X;G), cE C"(X;G). 


So the duality brackets [-,-| is a bilinear form on C,(X;G) x 
C"(X;G). Then the dual operator of the boundary operator (O.)n with 
respect to |-,-] is called the coboundary operator and is denoted by 
(0*)n. We have 


Op ek Cl EO eel VT €EC,(X;G), ce C"(X;G). 


Hence (6*)n: C"-1(X;G) —> C"(X;G) is a homomorphism and 
(Ox )n—1 © (Ox)n = 0 implies (6*)n 0° (6*)n-1 = 0. Then singular co- 
homology is defined as follows. Let (X,A) be a topological pair and 
let 

C"(X,A;G) = Hom ((Cn(X3@))/o, (4: G)) 


and 
(0*)\n: C™-1(X, A) — C™(X, A) 
is the dual operator of the boundary operator 


(Oe OL ok OG), =. On A, ALG. 


We define 


H"(X,A) = ker (O")n/. Bea 


This is the relative nth singular cohomology group of X mod A. 
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Remark 2.290 
Note that 
C"(X, A;G) ~ {ec € C"(X;G): [T,¢ =0 for all T € C,(A;G)}. 
The isomorphism is realized by the dual homomorphism 
PoC AG = OG) 
of the homomorphism €: C;,(X;G) —> C,,(X;A;G). Therefore 
ker (O")n = Z"(X,A;G) 
{ee C"(X,A;G) : [T,c] =0 for all T € B,(X, A;G)} 
and 


im (0*)n—1 


B"(X, A;G) 
{ce € O"(X,A;G): [T,c] =0 for all T € Z,(X, A;G)}. 


In general we have a canonical homomorphism 
B: H"(X,4;G) — H,(X, 4;G)*. 


If G is a field, then @ is surjective. Note that in this case H,(X, A; G) 
is a vector space and H"(X, A;G) is its dual. 


Proposition 2.291 
The singular cohomology theory satisfies the Eilenberg—Steenrod ax- 
1OMS. 


Definition 2.292 
Let {Cp(X), (Ox)nst basi be an augmented chain complex (see Defini- 
tion 2.257). Let €: Hom (Z,G) —> C°(X;G) be the dual to the aug- 
mentation function. We define the reduced singular cohomology 
groups by setting 


ra fs a 
H (X;G) = H"(X;G) ifn>1, and HA (X;G) = ker(d*)iAme- 


The next theorem relates homology and cohomology groups. 


Theorem 2.293 (Alexander Duality Theorem) 
If A is a proper nonempty subset of S” = ee EeR™!: |x|] = 1} and 
(S”, A) is a triangulated pair, 

k 


then HI (A) yea 8" \ A). 
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We conclude this section with the diagram summarizing the rela- 
tions between the various types of spaces introduced in the theory and 
in the problems (arrows stand for inclusions). 


Hausdorff 
4 
regular 
4 
completely regular Baire 
r ee a 
completely normal ———> normal locally compact 
4 4 ry 
perfectly normal paracompact 
| 
metric regular Lindelof 
Oe oe 
separable «——— separable metric o-compact 
4 4 
Lo Borel compact complete metric 
second countable Souslin Polish 


Se 


compact metric 
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2.2 Problems 


Reminder: All topological spaces are taken to be Hausdorff. 


Problem 2.1* 

Suppose that X is a topological space and U C_X is an open set. Show 
that for every set A C X, we have UM A C UNA and the inclusion 
can be proper. 


Problem 2.2* 

Suppose that X is a topological space and A,C' C X. Show that: 
(a) ifO0C CACC, then 0C C OA; 

(b) OA need not be equal to OA; 

(c) (AUC) C OAU OC and the inclusion can be proper; 

(d) 0(ANC) C OAU OC and the inclusion can be proper. 


Problem 2.3** 

Let A C C[0,1] be the subset of Lipschitz functions. Furnish C0, 1] 
with the supremum metric topology (see Example 1.3(d)). Show that 
int A = 0). 


Problem 2.4* 
Suppose that X is a topological space and C C X be a closed set. 
Show that C' is nowhere dense in X if and only if X \C is dense in X. 


Problem 2.5* 

Suppose that X is a topological space, A C X is a set furnished with 
the subspace topology, C’' C A and let om (respectively, C) denote 
the closure of C as a subspace of A (respectively, of X). Similarly 
let int 4C' (respectively, int C) be the interior of C as a subspace of A 
(respectively, of X). Show that: 

Gyo =enk: 

(b) int C C int 4C and the inclusion can be strict. 


Problem 2.6* 

Suppose that X is a topological space and A, C, D are three subsets of 
X such that DC ANC. Show that if D is open (respectively, closed) 
in both A and C (with their respective subspace topologies), then D is 
also open (respectively, closed) in AUC (with the subspace topology). 
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Problem 2.7 * 

Let X be a topological space and let C C X be a nonempty subspace. 
Show that C is closed if and only if every x € C has a neighbourhood 
U such that CMU is closed in U. 


Problem 2.8 * 

Let X be a topological space and let C,D C X be two nonempty 
subsets. Show that if there exists E C X such that F \ D is closed in 
X and contains C \ D, then we have 


CnD = CnD. 


Problem 2.9 * 
Let X be a topological space with a countable subbasis. Show that X 
is second countable. 


Problem 2.10* 
Show that a closed subspace of a Lindelof space is also a Lindel6f space. 


Problem 2.11 ** 

Suppose that X is a topological space and B is a basis for the topology. 
Show that there exists a dense subset D C X such that #D < #B 
(where # denotes the cardinality of a set). 


Problem 2.12 ** 

Suppose that X is a topological space and {U;}j;<7 is an open cover of 
X. Show that C C X is closed if and only if U; 1 C is closed in U; 
(with the subspace topology) for all 7 € I. 


Problem 2.13 * 
Can R be the continuous image of [0,1)? Justify the answer. 


Problem 2.14* 
Show that the uniform limit of a net of continuous R-valued functions 
on a topological space X is continuous. 


Problem 2.15 ** 

Suppose that X is a topological space and f: X —> R* = RU {+oo}. 
Show that f is lower semicontinuous (respectively, sequentially lower 
semicontinuous) if and only if epi f = {(a,A) € X x R: f(x) <A} is 
closed (respectively, sequentially closed). 
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Problem 2.16 *** 

Suppose that X is a topological space, f: X —> R* = RU{+co} isa 
function and f: X —+ R* = RU {+00} is the relaxed function of f. 
Show that for every \ € R, we have 


{cEX: f(x) <A} = () {zeXx: fie) <p} 
p> 


and 


epif = epif inX xR. 


Problem 2.17 ** 

Suppose that X is a topological space and f: X —> R* = RU {+oo} 
is a function. Let f be the relaxed function of f (see Definition 2.57) 
Corollary 2.56 guarantees that f is lower semicontinuous. Show that 


f(x) = sup inff(y) VareX. 
UEN (x) YEU 


Problem 2.18 ** 

Suppose that X is a first countable topological space, f: X —> R = 
RU {+00} is a function and f: X —> R* = RU {+00} is the relaxed 
function of f. Show that for every x € X, f(x) is characterized by the 
following two properties: 

(a) For every sequence x, —> x, we have f(r) < lim inf t (ae 


(b) There exists a sequence y, —> x in X such that lim inf Fin) 
n [oe) 


f(z). 


Problem 2.19 *** _ 
Suppose that (X, d,) is a metric space, f: X —> Ry = [0,+co] isa 


function and f: X —> R* = RU {+co} is the relaxed function of f. 
For every \ > 0, we define 


fa(z) = inf (f(y) + Ad, (z,y)). 


yEex 
Show that: 
(a) fy is A-Lipschitz; 


(b) Rus fx(z) = f(x) for alla e X. 
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Problem 2.20 *** 

Let (X,d,) be a metric space and let f: X —> R* = RU {+oo} bea 
function. Show that: 

(a) f is lower semicontinuous and bounded below if and only if there is 
a sequence {fn}, of bounded continuous functions such that f, 7 f 
and n — +00. 

(b) f is upper semicontinuous and bounded above if and only if 
there is a sequence {fn},,5, of bounded continuous functions such that 
fn \ f and n + +00. 


Problem 2.21 ** 

Is the pointwise limit of upper semicontinuous functions, an upper 
semicontinuous function too? How about the uniform limit? Justify 
your answer. 


Problem 2.22 * 

Suppose that X and Y are two topological spaces, D C X is a dense 
subset and f,g: X — > Y are two continuous functions such that 
f(x) = g(x) for all « € D. Show that f(x) = g(x) for all x € X. 


Problem 2.23 * 

Suppose that X is a topological space, (Y,d,) is a metric space, 
f: X —Y is a function and wy is the oscillation function of f (see 
Definition 2.42). Show that f is continuous at if and only if wr(a) = 0 
(this problem extends to general topological spaces Problem 1.46). 


Problem 2.24 ** 

Suppose that X is a topological space, (Y,d,) is a metric space, 
f: X — Y isa function and cont f = {x € X : f is continuous at Bh. 
Show that cont f is a G5-set in X. 


Problem 2.25 * 

Suppose that X is a topological space and f: X —> R is a function. 
Show that f is continuous if and only if for every A € R, the sets 
{xe X: f(x) >A} and {x € X: f(x) > A} are closed and open 
respectively. 


Problem 2.26 ** 

Suppose that X is a topological space and {f,: X —>+ R}, 5, is a se- 
quence of continuous functions such that f(z) —> f(x) for all x € X. 
Show that the following two statements are equivalent: 
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(a) f is continuous on X; 
(b) For every ¢ > 0 and k > 1, we can find n > k such that the set 
{ge X: |f(x)- in) < e} is open in X. 


Problem 2.27 ** 

Let X be a normal space and let Y be a locally finite open cover of X. 
Show that X has a locally finite open cover D, such that {V :VeE Da) 
is a refinement of J. 


Problem 2.28 * 
Let X be a topological space and let Y = {Ua}aeyz be an open cover 


of X which is locally finite. Show that for any K C J, the set U Ua 
rek 
is closed. 


Problem 2.29 ** 

Suppose that X,Y,Z are three topological spaces and f: X —> Y, 
g: Y — Z are two functions. Show that: 

(a) If f,g are open (respectively, closed), then go f is open (respec- 
tively, closed) too. 

(b) If go f is open (respectively, closed) and g is bijective and con- 
tinuous, then f is open (respectively, closed). 

(c) If go f is open (respectively, closed) and f is surjective and con- 
tinuous, then g is open (respectively, closed). 


Problem 2.30* 

Suppose that X is a topological space, A C X isaset andi,: A — X 
is the canonical injection function (i.e., 14(~) = « for all x € A). 
Show that i4 is open (respectively, closed) if and only if A is open 
(respectively, closed). 


Problem 2.31 ~* 
Suppose that X and Y are two topological spaces and f: X —> Y is 
a surjection. Show that f is a homeomorphism if and only if 


A =f '(F(A)) -VACE. 


Problem 2.32 ** 

Suppose that X and Y are two topological spaces, X is normal and 
f: X —Y is a continuous closed surjection. Show that Y is normal 
too. 
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Problem 2.33 *** 
Suppose that X and Y are two topological spaces, Y is second count- 
able and E C X x Y is a nowhere dense set. For every x € X, we set 


ne {y €Y: (x,y) € E}. Show that E, is nowhere dense for all 


x € X except on a set of first category. 


Remark. The result of this problem is known in the literature as 
the Kuratowski-Ulam theorem and can be found in Kuratowski 
(11, p. 249] and Oxtoby [16, p. 56] The result can be viewed as a 
topological analogue of the Fubini theorem (see Chap. 3). 


Problem 2.34 ** 

Suppose that X and Y are two topological spaces with Y being second 
countable. Let C C X and D C Y be nonempty sets. Show that C'x D 
is of first category in X x Y if and only if at least one of the sets C' or 
D is of first category. 


Problem 2.35 * 

Suppose that X and Y are two topological spaces and f: X —> Y is 
a continuous surjection. Show that if f is open or closed, then f is an 
identification function. 


Problem 2.36 ** 

Suppose that X and Y are two topological spaces and f: X —> Y 
is a function. Show that f is continuous and closed if and only if 
the projections proj, : Gr f —+ X and proj,: Gr f —> Y are closed 
functions (recall that Gr f = {(a,y)€X x Y: y= f(x)} and on it 
we consider the subspace product topology). 


Problem 2.37 ** 

Suppose that X and Y are two topological spaces and AC X,C CY 
are two nonempty sets. Show that A x C is closed (respectively, open, 
dense) if and only if both sets A and C are closed (respectively, open, 
dense). 


Problem 2.38 *** 
Suppose that J is an uncountable set and {(X;, the.) cy 8 a family of 


metric spaces. Assume that for each 7 € I, the metric space (X;, dx.) 
is nontrivial (i.e., X; is not a singleton). Consider the set X “ II xX: 

tel 
with the product topology. Show that X is not metrizable. 
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Problem 2.39 * 

Suppose that (X,rTx) and (Y,7y) are two topological spaces and 
f: X — Y is a continuous open function. Show that 

(a) if f is a surjection, then Ty = s(f). 

(b) if f is an injection, then Tx = w(f). 


Problem 2.40* 

Suppose that X and Y are two topological spaces and f: X —> Y 
is a bijection. Suppose that either the topology of X is w(f) or the 
topology of Y is s(f). Show that f is a homeomorphism. 


Problem 2.41 * 

Suppose that X is a topological space, A is an equivalence relation on 
X and p: X —+ X/, is the quotient function. We say that A is open 
(respectively, closed) if for every open (respectively, closed) set A, 
its p-saturation p‘(p(A)) (see Definition 2.74) is open (respectively, 
closed). Show that A is open (respectively, closed) if and only if the 
quotient function is open (respectively, closed). 


Problem 2.42 *** 

A topological space X is said to be completely regular if for ev- 
ery nonempty closed set C C X such that « ¢ C, we can find 
a continuous function f: X — > [0,1] such that f(~7) = 0 and 
flo = 1. Let C(X) (respectively, Cy(X)) be the space of all continu- 
ous (respectively, bounded continuous) functions f: X —> R. Show 
that a topological space (X,7) is completely regular if and only if 
7 =w(C(X)) = w(O,(X)). 


Problem 2.43 ** 

Let K be a nonempty compact set in a completely regular topological 
space X (see Problem 2.42) and let U be an open set containing K. 
Show that there exists a continuous function f: X —+ [0,1] such that 


fl, = 1 and Fleas = 0. 


Problem 2.44 ** 

Let X be a topological space and let f: X —> R* = RU {+c} 
be a function. Suppose that f is coercive and lower semicontinuous 
(respectively, sequentially coercive and sequentially lower semicontin- 
uous). Show that: 

(a) There exists x9 € X such that f(x) = inf f. 
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(b) If {tn},5, CG X is a minimizing sequence for f (i-e., f(a) — 
inf f) and @ is a limit point of {n},5, (respectively, 2 is the limit 
point of a subsequence of {x,},,5,), then & is a minimizer of f. 

(c) If f is not identically +00, then every minimizing sequence for f 
has a limit point (respectively, convergent subsequence). 


Problem 2.45 ** 
Is a convergent net necessarily compact? Justify the answer. 


Problem 2.46 ** 

Suppose that X is a topological space and assume _ that 
{fn: X —> R* =RU {+00}},,5, is a sequence of functions. We say 
that the sequence {fn},51 is equicoercive if for every \ € R, there 
exists a closed, countably compact set AK) such that 


J4vexXs PGs} & Kye 


n>1 


Show that the sequence {fn},51 is equicoercive if and only if there 
exists a lower semicontinuous, coercive (see Definition 2.103) function 
w: X —> R* = RU {+00} such that 


vz) < fre) VreXx, nel. 


Problem 2.47 ** 
Suppose that X is a topological space, f: X —>+ R= RU {+oo} isa 
coercive function. Show that the relaxed function f is coercive too. 


Problem 2.48 ** 

Suppose that X is a topological space, f: X —> R* = RU{+co} isa 
coercive function and f: X —> R* is the relaxed function of {. Show 
the following statements: 

(a) f admits a minimizer in X and min f = inf be 


(b) Every limit point of a minimizing sequence for f is a minimizer 
for f. 

(c) If.X is first countable, then every minimizer of f is the limit point 
of a minimizing sequence for f. 


Problem 2.49 * 
Suppose that X and Y are two topological spaces with Y being com- 
pact and C is a closed subset of X x Y. Show that proj, (C) is closed 
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in X (here proj, : X x Y —+ X is the natural projection on the first 
factor X). 


Problem 2.50* 
Show that a topological space X is compact if and only if every open 
cover consisting of basic open sets has a finite subcover. 


Problem 2.51 * 

Suppose that X and Y are two topological spaces and f: X —> Y 
is a continuous surjection. Show that if X is compact, then f is an 
identification function. 


Problem 2.52 ** 

Suppose that X and Y are two topological spaces and f: X —> Y is 
a continuous function. On X we introduce the equivalence relation A, 
defined by 


chu == f(x) = flu) 


Let X = X /x. Show that if X is compact, then X is homeomorphic 
to f(X). 


Problem 2.53 ** 


(a) Show that two comparable compact Hausdorff topologies on a set 
X are equal. 

(b) Give an example of two topologies on a set which are both com- 
pact Hausdorff but not comparable. 


Problem 2.54 * 

Suppose that X is a topological space, Y is a compact topological 
space and f: X —> Y isa function. Show that f is continuous if and 
only if Gr f C X x Y is closed (see Definition 1.132). Is any of the 
implications false if we do not assume the compactness of Y? 


Problem 2.55 ** 
Let X be a topological space. Show that a locally compact dense 
subset of X is open. 
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Problem 2.56 ** 


(a) Suppose that X is a compact topological space and assume that 
{fi: X —> Rh}ier is a net of continuous functions converging to a 
continuous function f: X —+ R. Suppose that the net {fi}ier is 
monotone (increasing or decreasing). Show that f; = f (this is the 
topological version of the so called Dini theorem; see Problem 1.104). 
(b) Show that the above result fails if we drop the assumption on the 
compactness of the space X. 

(c) Show that the above result fails if we drop the assumption on the 
continuity of the limit function f. 


Problem 2.57 ** 
Show that, if J = [0,1], then I/(.1) is homeomorphic to S', where 
SS ={reR* > |e —1}. 


Problem 2.58 ** 
Show that the Alexandrov one-point compactification of R% is home- 
omorphic to SY = {z € RN*+: ||z|] = 1}. 


Problem 2.59 * 

Suppose that X is a topological space and {x },51 is a sequence in X 
such that z, —+ x in X. Show that the set K = {r,: n>1}U {a} 
is compact in X. (Compare with Problem 2.45.) 


Problem 2.60 ** 

Suppose that X is a topological space and C, D C X are two nonempty, 
compact and disjoint sets. Show that we can find two open sets 
U,V CX such that CCU, DC V and UNV = 9. 


Problem 2.61 ** 

Suppose that X is a topological space, K C X is a nonempty com- 
pact set and U,,U2 C X are two nonempty open sets such that 
K CU, UU». Show that we can find two compact sets K1,K2 C X 
such that K, C U,, Ko C Ug and K = ky U Ko. 


Problem 2.62 * 

Suppose that X and Y are two topological spaces and f: X —> Y is 
a function with a closed graph Gr f. Show that for every compact set 
K CY, the set f~1(K) is closed in X. 
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Problem 2.63 ** 

Suppose that X and Y are two topological spaces and f: X —> Y isa 
closed function such that for every y € Y, the set f~!(y) C X is com- 
pact. Show that for every compact set K CY, the set f~!(K) C X is 
compact. 


Problem 2.64 ** 

Suppose that X is a compact topological space, f: X —> Risa 
function and for every \ € R, 7 As +o00)) is closed. Show that we 
can find zp € X such that f(xo) = sup < +00. 


Problem 2.65 ** 

Suppose that X and Y are two topological spaces, with X being com- 
pact and p,.: X x Y —+ Y is the canonical projection on the second 
factor Y. Show that p, is continuous, closed and for all y € Y, the set 
ae 1(y) is compact. 


Problem 2.66 ** 
Suppose that X is a Lindeldf topological space in which every sequence 
has a limit point. Show that X is compact. 


Problem 2.67 ** 
Suppose that J is an infinite index set and {X;};<7 is a family of 
topological spaces. Assume that an infinite number of these spaces 


are noncompact and let kK C [] X; be a compact set (for the product 
wel 

topology see Definition 2.69). Show that int kK = @) (i.e., K is nowhere 

dense). 


Problem 2.68 * 

A topological space X is said to be a k-space, if the following is true: 
“A C X is closed if and only if for every compact set K CX, the set 
AN K is closed”. Suppose that X and Y are topological spaces, with 
X being a k-space and f: X —> Y is a function such that for every 
compact set k C X, f|, is continuous. Show that f is continuous. 


Problem 2.69 ** 

Suppose that X is a locally compact topological space and A C X. 
Show that if A is open or closed in X, then A with the subspace 
topology is locally compact. 
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Problem 2.70 ** 
Suppose that X is a compact topological space and x € X. Show that 
X \ {x} is locally compact. 


Problem 2.71 *** 

Let K be a compact, convex subset of R% with nonempty interior. 
Show that K is homeomorphic to the closed unit ball B, by homeo- 
morphism which sends $“~! = OBN to 0K. 


Problem 2.72 ** 

Suppose that X and Y are two topological spaces with Y being locally 
compact and f: X —> Y is a continuous bijection which returns com- 
pact sets in Y to compact sets in X (i.e., if A C Y is compact, then 
f-'(K) C X is compact). Show that f is closed. 


Problem 2.73 ** 

Suppose that X is a compact topological space and there is a countable 
separating family ® of continuous functions from X into a metric space 
(Y,d,,). Show that the topology of X is metrizable. 


Problem 2.74 ** 

Suppose that X is a locally compact topological space and X* is the 
Alexander one-point compactification of X. Show that X is o-compact 
if and only if the point co € X* has a countable local basis. 


Problem 2.75 ** 


(a) Suppose that X is a compact topological space and f: X —> X is 
a continuous function. Show that there exists a nonempty and closed 
subset A C X such that f(A) = A. 

(b) Show that the result fails if X is not compact. 


Problem 2.76 ** 

Suppose that X is a compact topological space, f,g € C(X), f(x) > 0 
for all x € X and if f(x) = 0, then g(x) > 0. Show that there exists 
A > 0 such that Af(x) + g(x) > 0 for alla e X. 


Problem 2.77 * 
Let X be a topological space and let {C;};e7 be a family of compact 
subsets of X. Let U C X be an open set such that (] C; C U. Show 
EL 
that there exists a finite set F C I such that (.] C; C U. 
iC F 
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Problem 2.78 * 

Let X be a topological space and let f: X —> R be a functional. We 
say that f is locally bounded if for each x € X, there exist U € N(u) 
and M = M(U) > 0 such that 


|f(x)| < M Va eu. 


Show that, if X is compact, then every locally bounded function is 
bounded. 


Problem 2.79 * 
Let D be a locally compact dense subset of a metrizable space X. 
Show that D is open in X. 


Problem 2.80 ** 
Show that every locally compact metrizable space X is completely 
metrizable. 


Problem 2.81 ** 
Is the circle St = {x € R®: ||x|| = 1} homeomorphic to the closed 
interval [0, 1]? 


Problem 2.82 * 

Suppose that X is a topological space and K C X is a nonempty, 
compact and disconnected set. Show that we can find two disjoint 
open sets U,V C X such that K CUUV, KNU AQ and KNV FO. 


Problem 2.83 ** 

Suppose that X is a topological space and {Kn}asi is a decreasing se- 

quence of compact sets in X. Let K = () K,,. Show the following: 
n>1 

(a) K C X is nonempty and compact. 

(b) If U is open and K C U, then we can find np > 1 such that 

Ky, CU for all n > no. 

(c) If for every n > 1, the set Ky, is also connected, then K is con- 

nected too. 


Problem 2.84 * 
Is it true that, if X is a topological space and {Cr}ns1 is a decreas- 


ing sequence of nonempty closed connected sets in X, then {]} C, is 
n>1 
connected too? Justify your answer. 
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Problem 2.85 ** 
Let f: [0,1] —+ AxC bea homeomorphism. Show that one of A and 
C is a singleton. 


Problem 2.86 ** 

(a) Let U C R% be an open and connected set. Show that U is 
path-connected. 

(b) Give an example showing that the above is no longer true if we 
replace R™ by any topological space. 


Problem 2.87 ** 
Are the intervals (x,u) and [y,z) in R homeomorphic? Justify jour 
answer. 


Problem 2.88 *** 

Suppose that X is a topological space, {A;};e7 is a family of connected 
subsets of X and for every pair (7,7) € Ix I, there exists a finite family 
{in}peo G I such that ig = 7 and i, = j and 


Ag a5 iA ) VRE{iawnk 


Show that the set J A; is connected. 
tel 


Problem 2.89 *** 

Suppose that X and Y are two topological spaces with X being com- 
pact and f: X —> Y is a continuous function. Suppose that for every 
y €Y, the set f-'(y) CX is connected. Show that the inverse image 
of every connected set in Y is connected in X. 


Problem 2.90* 

Suppose that X is a topological space, A C X is a nonempty set and 
CC X is a connected set such that CN. A #@ and CN (X \ A) £90. 
Show that CNOA 4 0. 


Problem 2.91 ** 

Let X and Y be two topological spaces such that X is path-connected 
and Y is not. Show that there can be no continuous surjection 
f: xX 3 Y. 
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Problem 2.92 ** 
Show that for every N > 1, the sphere S“ a {x €RN*: |x|] =1} 
is path-connected. 


Problem 2.93 * 

Suppose that X and Y are two topological spaces and f: X —> Y is 
an open, continuous surjection. Show that, if X is locally connected 
(respectively, locally compact), then so is Y. 


Problem 2.94 * 

Assume that X is a disconnected topological space and assume that 
X = CUD, where both C and D are nonempty and connected. Show 
that C' and D are the connected components of X. 


Problem 2.95 ** 

Suppose that X is a topological space and C and D are two nonempty 
connected subsets of X such that CN D 4 0. Show that CU D is 
connected. 


Problem 2.96 ** 
Let X be a connected topological space and let A C X be a nonempty 
subset. Show that, if 0A is connected, then A is connected too. 


Problem 2.97 * 

Suppose that X is a topological space, A C X is a nonempty subset, 
xe A,ue X\Aand 7: [0,1] — X isa path such that (0) = x and 
+(1) =u. Show that 7([0,1]) NGA # 0. 


Problem 2.98 * 

Consider the following subsets of R?: 

(a) the set of points with both coordinates rational; 

(b) the set of points with at least one coordinate rational; 

(c) the set of points with coordinates which are either both rational 
or both irrational. 

Determine which of the above sets is connected. Justify your answer. 


Problem 2.99 * 
Suppose that X is a connected normal topological space. Show that 
X is either a singleton or uncountable. 
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Problem 2.100 ** 

Suppose that X is a normal topological space and ) is locally finite 
open cover of X. Show that for every U € Y, we can find a continuous 
function fy: X —+ [0,1] such that f|,., =0 and >? fu(z) = 1 for 


Uey 
allae X. 


Problem 2.101 * 
Suppose that X is a normal topological space and A,C are two 


nonempty, disjoint closed subsets in X. Show that there exist open 
sets U and V such that ACU, CCV and UNV =9. 


Problem 2.102 *** 

Suppose that X is a normal topological space and A C X isa 
nonempty closed set. Show the following: 

(a) There exists a continuous function f: X —> [0,1] such that 


A=f '({0}) <= Aisa G5-subset of X. 


(b) If A is also a G5-set and C C X is nonempty, closed and disjoint 
from A, then we can find a continuous function f: X —> [0,1] such 
that A= f~1({O}) and f|, =1. 


Problem 2.103 ** 

Suppose that X is a locally compact topological space, K C X isa 
compact set and U C X is an open set such that K C U. Show that 
there is a continuous function f: X —> [0,1] such that f|, = 0 and 
fee =1. 

Problem 2.104 ** 

Suppose that X is a locally compact topological space and K C X is 
a nonempty, compact set. Show that K is a G5-set if and only if there 
exists a continuous function f: X —+ [0,1] such that K = f~'({0}). 


Problem 2.105 ** 
Show that a normal topological space X is perfectly normal (see Def- 
inition 2.137) if and only if every closed subset of X is a G5-set. 


Problem 2.106 ** 
Suppose that X is a second countable, regular topological space and 
U C X is a nonempty and open set. Show that there exists a contin- 


uous function f: X —> [0,1] such that f],, > 0 and f,,,, = 0. 
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Problem 2.107 ** 
Let X be a locally compact topological space. Show that X is second 
countable if and only if X is separable and metrizable. 


Problem 2.108 ** 

Let X be a locally compact and paracompact topological space and 
let Y be a locally finite open cover of X. Show that X has a locally 
finite open cover D such that for every V € D, the set V is compact 
and {V : Ve D} is a refinement of J. 


Problem 2.109 ** 

Let X be a topological space in which the union of every countable 
family of closed nowhere dense sets is nowhere dense. Show that X is 
a Baire space. Is the converse true? Justify your answer. 


Problem 2.110 ** 
Suppose that X is a Baire space and {A,,} n>1 1S a sequence of nowhere 
dense sets. Show that L) An 4 X. 


n>1 


Problem 2.111 * 
Suppose that X is a Baire space and D,, Dy C X are two dense subsets. 
Is D = Di Dz necessarily dense in X? Justify your answer. 


Problem 2.112 ** 

Suppose that X is a topological space in which every point has an open 
neighbourhood, which is a Baire space (with the subspace topology). 
Show that X is a Baire space. 


Problem 2.113 ** 

Let X be a Baire topological space and let f: X —> R* = RU {+co} 
be a lower semicontinuous function. Suppose that the set {x EX: 
Fe) se +oo} is not of the first category. Show that we can find an 
open set U C X and M > 0 such that f(x) < M for all x € U. 


Problem 2.114 ** 

Suppose that X is a Baire topological space and {Cr}ns1 is a sequence 

of closed subsets of X such that X = (LU C,. Show that the set 
n>1 


U int C,, is dense in X. 


nel 
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Problem 2.115 ** 

Suppose that X is a Baire topological space, Y is a separable metric 
space and f: X —> Y is a function such that the inverse image of 
every open set is an F,-set. Show that f is continuous at every point 
of a dense G5-set. 


Problem 2.116 ** 

Suppose that X is a Baire topological space in which every open set 
is Fy (for example, a complete metric space; see Theorem 1.26 or a 
perfectly normal Baire space; see Problem 2.105). Show that a lower 
semicontinuous (or an upper semicontinuous) function f: X —> R is 
continuous at every point of a dense G5-set. 


Problem 2.117 ** 
Show that a closed subset C' of a paracompact space X is paracompact. 


Remark. In fact something more general is true. Every F-subset of 
a paracompact space is paracompact (see Proposition 2.145(b)). 


Problem 2.118 ** 

Let X be a Baire space. Show the following: 

(a) Every open subset of X with the subspace topology is Baire too. 
(b) If ~ is an equivalence relation, X/~ is the quotient space with the 
quotient topology and if UCX /~ is open, then U is Baire too. 


Problem 2.119 ** 

Let X be a separable Baire space and let U C X be a nonempty open 
set. Consider a function f: Ux X —> R such that for every u € X, the 
function x ++ f(x, wu) is lower semicontinuous and for every x € U, the 
function u+— f(z,u) is continuous. Show that there exists a dense 
subset D of U such that for all u € X, the function « > f(z,u) is 
continuous on D. 


Problem 2.120 ** 

Suppose that X is a paracompact space and C, D C X are two disjoint 
closed sets. Assume that the set C' is covered by open sets {Ua}aer 
with U,.. D = 0. Show that the sets C and D have disjoint neigh- 
bourhoods. 
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Problem 2.121 ** 
Let X be a normal space and let Y be a locally finite open cover of X. 
Show that there exists a partition of unity {~;};e7 subordinate to Y. 


Problem 2.122 * 
Show that every open or closed subset of a Lusin space is itself Lusin. 


Problem 2.123 * 
Let {Xn}no1 be a sequence of Lusin spaces. Show that the product 
space X = [| X,, is a Lusin space too. 
n>1 
Problem 2.124 ** 
Show that a Souslin space is dispersible. 


Problem 2.125 ** 
Suppose that X is a strongly Lindeldf topological space and 
assume that {f;: X —> Rhier is a family of lower semicontinuous 
functions. Show that there is a countable subfamily J C J such that 
f =sup fi = sup fj. 

iel jed 


Problem 2.126 ** 
Let X be a regular strongly Lindelof topological space. Show that 
every open set in X is a F,-set and every closed set in X is a G5-set. 


Problem 2.127 ** 

Suppose that X and Y are two topological spaces and X xX is strongly 
Lindel6of. Suppose that {fi: X —> Y}hier is a separating family of 
continuous functions. Show that there is a countable subset J C I 
such that the sequence {f;: X —> Y}je) is separating too. 


Problem 2.128 ** 

Suppose that X is a Souslin space, Y is a topological space and 
f: X —> Y is a function such that Grf is a Souslin subspace of 
X x Y. Show that the inverse image of every Souslin subspace of Y is 
a Souslin subspace of X. 


Problem 2.129 ** 

Suppose that X and Y is two topological spaces with Y being regular 
and F: X —+ 2” \ {} is a multifunction which is upper semicontinu- 
ous. Show that Gr F’ is closed in X x Y. Is the converse true? Justify 
your answer. 
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Problem 2.130 *** 

Let X and Y be two topological spaces. Show that a multifunction 
F: X —+ 2 \ {0} is compact valued (i.e., F(x) C Y is a compact set 
for every x € X) and upper semicontinuous if and only if for every net 
{(xi, yi) }ier C Gr F such that x; — x in X, {y;}ier has a limit point 
in F(x). 


Problem 2.131 ** 

Suppose that X and Y are two topological spaces and 
F: X —+ 2” \ {0} is a compact valued multifunction (ie., F(a) C Y 
is compact for every x € X) which is upper semicontinuous. Show 
that: 

(a) for every compact set K C X, the set F() C Y is compact; 

(b) GrF C X xY is closed (note that no regularity on Y is assumed; 
cf. Problem 2.129). 


Problem 2.132 *** 

Suppose that X is a paracompact topological space and f: X —> R is 
an upper semicontinuous function, g: X —> R a lower semicontinuous 
function such that 


f(x) < g(x) Vane X. 
Show that there exists a continuous function h: X —> R such that 
f(z) < h(x) < g(x) Vane X. 


Problem 2.133 ** 

Suppose that X is a paracompact space, Y is a Banach space and 
F: X —+ 2” \ {0} is a lower semicontinuous function with closed and 
convex values. Suppose that (%,4) € GrF. Show that we can find a 
continuous function g: X —> Y such that g(x) € F(x) for all x e X 
and 9(2) = 9. 


Problem 2.134 ** 

Suppose that X is a paracompact space, Y is a Banach space, C' C X is 
a nonempty, closed set and F: X —+ 2° \{0} is a lower semicontinuous 
multifunction with closed, convex values. Show that every continuous 
function f: C —+ Y such that f(x) € F(a) for all x € C can be 


extended to a continuous function f: X —> Y such that f(x) € F(x) 
for all x € X. 
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Problem 2.135 ** 

Suppose that X is a compact topological space, Y is a topological 
vector space and F: X —+ 2” \ {0} is a multifunction with convex 
values such that for every y € Y, the set 


F-({y}) S {ee X: ye F(a)} 


is open. Show that there is a continuous function f: X —> Y such 
that f(x) € F(x) for all x € X. 


Problem 2.136 ** 

Suppose that X and Y are topological spaces and F': X —+ 2° \ {0} is 
a multifunction which is lower semicontinuous or upper semicontinuous 
with connected values. Show that F’ maps connected sets to connected 
sets. 


Problem 2.137 ** 

Suppose that X is a topological space and f: X —> R is a function. 
Show the following: 

(a) f is lower semicontinuous if and only if the multifunction 


Xax-> L(x) ={AER: f(a) < A$ er 


is upper semicontinuous; 
(b) f is upper semicontinuous if and only if the multifunction 


Xan Ly(z) €2® 
is lower semicontinuous. 
Problem 2.138 ** 


Suppose that X and Y are topological spaces, f: X x Y — R* = 
R U {+00} is a lower semicontinuous function and F': Y —+ 2* \ {@} 


is a lower semicontinuous multifunction. Let m(y) “ sup f(x,y). 
xe Fy) 
Show that the function m: Y —> RU {+00} is lower semicontinuous. 


Problem 2.139 ** 

Suppose that X and Y are two topological spaces, f: X x Y —> R* = 
RU {+00} is an upper semicontinuous function and F: Y —> 2* \ {9} 
is an upper semicontinuous multifunction with compact values. Let 
m(y) det sup f(x,y). Show that the function m: Y —> RU {+00} 


xceF(y 
is upper semicontinuous. 
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Problem 2.140 *** 

Suppose that X is a compact topological space and F: X —+ 2* \ {@} 
is an upper semicontinuous with compact values. Then there exists a 
compact set C C X such that F(C) = C. 


Problem 2.141 *** 

Let (X,d,.) be a compact metric space and let (Y,d,,) be a complete 
separable metric space (a Polish space). Show that C(X;Y) with the 
c-topology (see Definition 2.174) is a Polish space. 


Problem 2.142 *** 
Let X be a topological space and let 

Pr (X) es {C CX: Cis nonempty and compact }. 
The topology on Px (X) generated by the sets of form {C eC P, (X) : 
CCU} and {Ce P,(X): CNU FO}, where U C X is open, is 
called the Vietoris topology on Py, (Xx i Show that 
(a) The set of all finite nonempty sets in X is dense in P,(X) with 
the Vietoris topology. 
(b) If X is separable, then so is Py (X ) with the Vietoris topology. 


Problem 2.143 *** 

Let (X,d,.) be a bounded metric space and let h be the Hausdorff 
metric on Py(X) (see Definition 1.134). Show that the Hausdorff 
metric h induces the Vietoris topology on P;,(X) (see Problem 2.142). 


Problem 2.144 * 

Suppose that X is a topological space and A is a retract of X. Show 
that A is closed. Also, if Y is another topological space and f: A —> Y 
is a continuous function, then show that f admits a continuous exten- 
sion, i.e., there exists a continuous function f : X — > Y such that 


ass 
Problem 2.145 ** 


Show that a retract of a normal space is itself normal. 


Problem 2.146 * 
Show that SY = oph*! = {x € RNt1 : |[al| = 1} is a strong 
deformation retract of RN+! \ {0}. 
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Problem 2.147 ** 

Show the following: 

(a) A retract of a compact (respectively, (path-)connected) topologi- 
cal space is itself compact (respectively, (path-)connected). 

(b) A retract of a simply connected topological space is itself simply 
connected. 

(c) A retract of a retract is itself a retract (ie., if CC AC X and A 
is a retract of X and C is a retract of A, then C is a retract of X). 


Problem 2.148 *** 
Show that for N > 3, the sets SN-! = 0BN = {a ER: |x|] = 1} 
and RN \ {0} are simply connected. 


Problem 2.149 ** 
By constructing a homotopy equivalence show that [0,1] and (0,1) are 
homotopy equivalent to the singleton. 


Remark. Since every open interval (a,c) is homeomorphic to (0,1), 
it follows that every open interval (a,c) is homotopy equivalent to {0}. 
This also holds for half-lines (a, -++oo) and (—oo, a). 


Problem 2.150 ** 

Consider the annulus A {(z,y) € R?: 1< Va2+y? < 2}. Show 
that A is homotopy equivalent to the unit sphere S$! = { (a y) €R?: 
ety? = 1}. 


Problem 2.151 * 
Show that the cylinder J x S$! and the circle S! are homotopy equiva- 
lent. 


Problem 2.152 * 

Suppose that X is a topological space, S% a {a ERNt+: |x] = 1} 
and f: X —>+ SN is a continuous function, which is not surjective. 
Show that f is nullhomotopic, i.e., f ~ 0. 


Problem 2.153 * 
Let X and Y be two topological spaces and let f: X —> Y bea 
continuous function. Show that Gr f is a retract of X x Y. 
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Problem 2.154 ** 
Compute the fundamental group of the following figure (the union of 
two tangent circles): 


C; Cy 


Problem 2.155 *** 

Suppose that X is a compact topological space, A C X is a connected, 
closed subset of X and f: A —> A is a continuous function. 

(a) Show that the set C = {)} f"(A) is connected, where f” = 


n>1 
fo...of. 
a 


n-times 
(b) Let g: St —+ X \C be a nullhomotopic function. Show that 
there exists an integer n > 1 such that g(S!) C X \ f(A). 


Problem 2.156 ** 

Consider the torus T = S' x S' and let A C T be defined by 
A® [s! x {1}] u [{1} x $4]. 

Is A a retract of T? Justify your answer. 


Hint: Use the fact that 71(A) is nonabelian with two generators a 
and b. 


Problem 2.157 *** 

Suppose that X and Y are two topological spaces, with X being path- 
connected, f: X —+ Y is a continuous function and xp,x2, € X. Sup- 
pose that the induced homomorphism f,: 7(X, 20) —> 71(Y, f(2o)) 
is surjective. Show that f,: 11(X,x21) — 7 (x, f(x1)) is surjective. 


Problem 2.158 ** 
Find the fundamental group of the projective n-space PN (N > 2). 


Problem 2.159 * 
Find the fundamental group of P? x $?. 
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Problem 2.160 ** 

(a) Suppose that X is a topological space, A is a retract of X, 
r: X —>+ A is a retraction and 7: A —> X is an inclusion function. 
Show that for all x € A, (i,)«: m(A,xv) —> ™(X, 2) is injective and 
r,: 1 (X,x) —> 77(A, 2) is surjective. 

(b) Show that the fundamental groups of R? \ {0} and T = S! x $! 
(the torus) have infinite cyclic subgroups. 


Problem 2.161 ** 
Let X be a path-connected topological space with a compact universal 
cover and let x € X. Show that 7(X, x) is finite. 


Problem 2.162 ** 

Let X be a locally path-connected and simply connected topological 
space. Show that every continuous function f: X —> S! is nullhomo- 
topic. (Compare with Problem 2.173.) 


Problem 2.163 ** 

Suppose that X is a path-connected and locally path-connected topo- 
logical space and 71(X) is finite. Show that every continuous function 
f: X — S' is nullhomotopic. 


Problem 2.164 ** 
Show that homotopy equivalent spaces have the same number of path- 
connected components. 


Problem 2.165 *** 
Let p: xX —+X bea covering map and suppose that Zo, #1 € x belong 
to the same path-connected component of X. Let & = p(éo) = p(41). 
Show that p, (m7 (X, &0)) and px (m(X, 41) are conjugate subgroups 
of 7(X, &), ie., there exists v € 7(X,u) such that p.(m1(X,#1)) = 
vps (11 ee &o))v. 


Problem 2.166 ** 
Suppose that X is a topological space and A is a retract of X. Show 
that 


H,(X) ~ Hn(A)@Hn(X,A) VWn>0. 
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Problem 2.167 ** 
Suppose that X is a topological space and A C X is a deformation 
retract. Show that 


H,(X,A)=0 Vn>0. 
Remark. In particular this implies that H,,(X, X) = 0 for all n > 0. 


Problem 2.168 ** 
Suppose that X is a topological space and x« € X. Show that 


H,(X) = Hy(X,*)@Hp(x) Vn>0. 


Problem 2.169 ** 
Suppose that X is a topological space and {An be, are disjoint closed 


subsets of X such that X U Ax. Show that H,(X) = @® A,(Ax) 
k=1 


k=1 
for all n > 0. 


Problem 2.170 ** 
Show that, if X is a contractible topological space, then 


H,OGs) = 0 Wt, EX: 


Problem 2.171 ** 
Suppose that X is a topological space and A C X is a contractible 
subspace. Show that 


Hy (XA) Hy) Vn21, x*«eEX. 


Problem 2.172 *** 
Show that 


Ho(S') = Hi(S') =Z and H,(S')=0 Vn >2. 
Then show that 
Ho(S”) = H2(S*) = Z and H,(S7)=0 VneEN\ {0,2}. 


Problem 2.173 ** 
(a) Suppose that N > 2. Is there a continuous function f: S —> S$! 
which is not nullhomotopic? Justify your answer. 
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(b) Let T = S$! x S' be the torus. Is there a continuous function 
f:T — S' which is not nullhomotopic? Justify your answer. 


Problem 2.174 ** 

Let X be a topological space. The suspension “1X of X is the iden- 
tification space obtained from X x [—1,1] by identifying X x {—1} 
to a point and X x {1} to another point (we call them identifica- 
tion points). Compute the homology groups of ©X in terms of the 
homology groups of X. 


Problem 2.175 ** 

Let X be a topological space such that X = U UV, with U,V C X 
being open, path-connected with UNV nonempty and path-connected 
and H,(U) = 0. Let the inclusion 72: UNV —> V induce a surjective 
homomorphism j?: Hi(U NV) —> Hi(V). Show that H\(X) = 0. 
Is the result true if throughout H, is replaced by H2? Justify your 
answer. 


Problem 2.176 **™* 

Let Bo = {x € RX: ||x|| < 1} with N > 2 and let f: Be — Be 
be a continuous function such that f|,,_, is a homeomorphism from 
SN-1 to SN-1!. Show that f is surjective. 


Problem 2.177 *** 
Let X = {Ge y,z)€R®: sy= O}. Show that X is not homeomorphic 
to R? but it is of the same homotopy type. 


Problem 2.178 *** 

Let X C R? be the union of $7, of B; = {we R’: |lul] <1} in the 
xy-plane and of C being the portion of the z-axes which is inside S?. 
Compute the fundamental and homology groups of X. 


Problem 2.179 * 
Find the homology groups of a cylinder C = S! x R. 


Problem 2.180 * aa 
Show that $% is not a retract of By . LN 1) 


Remark. In contrast, in an infinite dimensional Banach space X, 
the set OB, is a retract of By = {x € X: ||x|| < 1}. 
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Problem 2.181 *** 
Let U C R% (N > 2) be an open set and let x € U. Show that 


HNO \ tay) ZO: 


Problem 2.182 *** 
Let U C RN, V CR” be two nonempty open sets and N #4 M. Show 
that U and V cannot be homeomorphic. 


Problem 2.183 *** 
Show that 


Hy (S%, x) = 


for x € S%, 


Problem 2.184 *** 
Let X1 C Xq C X3 C Xx be topological spaces. Show that 


rank H,(X3, X2) = rank Hy(X4, X1) < rank Hy_-1(X2, X1) + rank Hx+41(Xa4, X3), 


for all k > 1. 
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2.3. Solutions 


Solution of Problem 2.1 
Let c € UN A and let V € N(x). Then VNU € N(x). Because x € A, 
we have that 


VA(UNA) = (VNU)NA £ O, 


which shows that « € UMA. Therefore we conclude that UN A C 
UNA. 

Now, let X = R with the natural topology. Let U = (0,2) and 
A= (1,3). Then 


Solution of Problem 2.2 
(a) Let e € OC and U € N(az). Then « € ANU and 


@ #4 (X\C)NU C (X\A)NU, 


which implies that « € 0A. Hence 0C C OA. 
(b) Let A = B, \ {0}, where a ={xe Rs fal = 1}. Then 
0€ 0A but 0 ¢ OBy. Therefore 0A 4 OA. 


(c) From Proposition 2.11(e) and (f), we have 


AAUC) = (AUC)N(X\(AUC)) = (AUC)N((X\ 4) N(X\C)) 
(AU@)n (X\ An (X\C) 
(An (X\ A)) U(EN(X\C)) = JAUAC. 


INIA 


To see that this inclusion can be proper, let X = R, A = (0,1) and 
C = [1,2]. Then 


OA = {0,1}, OC = {1,2} and O(AUC) = {0,2}. 
(d) We have 


O(ANC) = A(X\(ACUC*)) = O(ASUC’) C BATUAC® = DAUAC 
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(see (c) above). Again, if X =R, A = [0,1) and C = [1,2]. Then 
OA = {0,1}, OC = {1,2} and O(ANC) = O 


and so we see that the inclusion can be proper. 


Solution of Problem 2.3 
Clearly A is a vector subspace of C[0, 1]. Consider the function f(x) = 
Jz. Then f € C[0,1] \ A, since 


i@) —+ +oo asx 0r. 
Let g € A. For every € > 0 the ball 
B-(g) = {he C[0,1]: d°(h,g) <e} 


contains the function g+5f which is not Lipschitz continuous. There- 
fore int A = @. 


Solution of Problem 2.4 
We have 


mC=0 — inttC=0 — X = int(X\C)UA(X\C) = X\C 


(see Definition 2.9(e)) and so we conclude that C' is nowhere dense if 
and only if X \ C is dense. 


Solution of Problem 2.5 

(a) The set C/A is closed in A (see Definition 2.14) and so ce 
COA. Let x € CNA. Let U be a neighbourhood of x in A. Then 
U =V NA, with V being a neighbourhood of x in X. Since x € C, 
we have VM C #9. Since C C A, we have UNC £9, hence x € co. 
Therefore CN A GC Co and we conclude that a =CNA. 
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(b) Note that intC is an open subset of X contained in A (see 
Proposition 2.15). Hence from the definition of the subspace topol- 
ogy (see Definition 2.14), we have that int C' is also open in A. Hence 
int C C int aC. 

This inclusion can be strict. To see this let X = R x R = R?, 
A=Rx {0} CRxR and C = (0,1) x {0}. Then int 4C = C, while 
imc = 


Solution of Problem 2.6 
Since by hypothesis D is open in both A and C, we can find two open 
subsets U,V of X such that 
D= UNA and D = VNA. 
Then 
(UNV)N(AUC) = (UNVNA)UUNVNAC) = D. 


Because UM V is open in X, we conclude that D is open in AUC. 


Solution of Problem 2.7 

“——»”: Since the set C’' is closed, from the definition of the subspace 
topology (see Definition 2.14), the set COU is closed in U (in fact for 
every subset U C X). 


“<=”: Arguing by contradiction, suppose that the set C is not closed. 
Then C # C and so we can find x € C \ C. For every neighbourhood 
U of x, every open set V C U with x € V satisfies CNV 4 @ (recall 
that x € C). So, we can find ue CNV =CNUNV and this means 
that « € U \ C belongs in the closure of CN U, which contradicts our 
hypothesis. 
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Solution of Problem 2.8 

Evidently, we always have CN D D COND. So, we need to show 
that the opposite inclusion also holds. Let K = FE \ D. We have 
CC(CND)UK, hence 


CC ONDUK = CNDUS. 


sO 


CnD = (CnaUs) Ae = CADUEnD) = Cry, 


thus CN DC COD. 


Solution of Problem 2.9 

Let Y be the countable subbasis (see Definition 2.19) and let F C 2” 
be the collection of all finite elements. Then ¥ is countable. Every 
basic element in X is of the form ()F' with F € ¥. Hence the basis B 
is countable (see Definition 2.24). 


Solution of Problem 2.10 

Let C' be a closed subset of a Lindelof space X (see Definition 2.26) 
and let VY be an open cover of C. Every V € Y has the form V = UNC, 
where U is an open subset of X. Let )* be the set of all such open 
sets U C X together with X \ C. Evidently this is an open cover of 
X. Because X is a Lindeldof space, we can find a countable subcover 
of X. Removing X \ C (if it is included in the countable subcover), 
we see that Y has been reduced to a countable subcover of C. This 
shows that C with the subspace topology is a Lindel6f space. 


Solution of Problem 2.11 
Let U € B, U £9 and choose ry € U. We claim that 
D = {zu }ven\{o} 


is the desired set. First we show that D is dense in X (see Defini- 
tion 2.9(e)). To this end, let V be an open set in X. If u € V, then 
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we can find U € B such that ry € U C V (see Definition 2.19). Hence 
xu € V andsoVAD #9, which proves the density of D in X. 

Next we show that #D < #B. For this purpose, we introduce the 
function €: B \ {0} —> D, defined by €(U) = xy. This function is 
surjective. The Axiom of Choice implies that there exists YV C 6 such 
that for every x € D, YNE~!({z}) is a singleton. Then €: VY —> D is 
a bijection and so we conclude that #D = #Y < #B. 


Solution of Problem 2.12 

Let C C X be closed. Then from the definition of the subspace topol- 
ogy (see Definition 2.14), it follows that U;C is closed in U; for all 
wel. 


Conversely, suppose that for every i € I, the set U;C is closed 
in U;. Let {xj}j;e7 GC C be a net such that x; —> x in X (see Def- 
inition 2.31). Because {U;}j;ey is an open cover of X, we can find 
io € I such that x € U;,. Since x; —> x, we can find jo € J such that 
x; € U;, for all 7 > jo, hence x; € U;, NC for all j > jo. But U;, NC 
is closed in Uj, and x; —> x. Hence x € Uj, NC and so x € C, which 
proves that C is closed in X. 


Solution of Problem 2.13 
Yes. Consider the function f: [0,1) —> R, defined by 


ia) = zi sin (4). 


Evidently f is continuous and f ((0, 1)) =R. 


Solution of Problem 2.14 
Let {fi: X — Rhier be a net of continuous functions and suppose 
that 


sup |fi(7) — f(x)| — 0 
crEx 
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To show that f: X —> R is continuous, it suffices to show that, if 
{xj}jey is a net such that 7; —> x, then f(x;) —> f(x). To this end, 
let ¢ > 0 be given and we pick ig € J such that 


|fi(u)—f(u)| < § Vidin, wEeX. 
Exploiting the continuity of f;,, we can find jo € J such that 
|fio(@3) — fio(a)| < § VIF Io 
Therefore for 7 > jo, we have 


|f (ej) — f(a)| << | F(@3) — fio (x) | + | fio (3) — fio (w)| + | fin (2) — F(2)| 
<  e+e+g =< 


so f(x;) —> f(x) and thus f is continuous. 


Solution of Problem 2.15 

Suppose that f is lower semicontinuous (respectively, sequentially 
lower semicontinuous; see Definitions 2.46 and 2.49). Let A € R and 
consider the function 


h(x,d) = f(x) - 


Evidently h is lower semicontinuous (respectively, sequentially lower 
semicontinuous) on X x R. Hence the set 


{(x,\) € XxR: h(x,r) <0} = {(x,A) E XxR: f(z) <A} = epif 


is closed (respectively, sequentially closed; see Definition 2.51) in X xR. 
Now suppose that epi f is closed (respectively, sequentially closed) 
in X x R. We need to show that for every \ € R, the set 


Ly, = {xeEX: f(x) <A} 


is closed (respectively, sequentially closed) in X. So let {ta}aes © Ly 
(respectively, {rn},5, C Ly) be a net (respectively, sequence) such 


that r_ —> x (respectively, x, —> x) in X. Note that can N bees ‘e 
epif (respectively, {(tn A) bas C epif) and (%q,A) — (2#,A) (re 
spectively, (tn, A) — (z,A)) in X x R. Then (z,2) € epif and so 
f(x) < A, which proves that L, is closed (respectively, sequentially 
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closed), hence f is lower semicontinuous (respectively, sequentially 
lower semicontinuous). 


Solution of Problem 2.16 
From the definition of f (see Definition 2.57), we see that 


f(x) = min {liminf f(z;): {z;}ier is a net converging to x}. 


Let x € {a EX: f(x) < r}. For a given yw > A, we can find a net 
{xi}ier C X such that 7; —> x in X and 


f(x) < liminf f(z;) = sup inf f(z,;) < p. 


io€l i190 
So, we can find a subnet {x;}je7 of {xj}ier such that 
i (23) —> lain f(z) and f@;) < p. 


Hence 
a {reX: flz <p} VjiEd 


and since 7; —>+ x in X, we have that x € {a EX: f(x < je. But 
pt > A was arbitrary. So, we infer that 


{ceX: F(z) <dA} © [() {we X: fe) <p. 


E> 


On the other hand let 


ze (){rex: f(z) <p}. 


p> 


Then 


ce {rEX: f(r)<p} Vurd. 


So, for a given py > A, we can find a net {zj}iep C{@ EX: f(x) <p} 
such that 1; —> 2 in X. Then f(z;) < yw and so 


f(x) < liminf f(z;) < liminf f(a) < yp. 


Because ps > \ was arbitrary, we let js —> \* and so we have f(a) < X. 
Hence we have 


(){rex: f(e)<u} Cc {rex: 


p> 
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sO 


{re X: f(x) <A} 


(){eex: farce. 


p> 


Since f < f, we have epi f C epi f. Because f is lower semicontinuous 
(see Definition 2.46), epi f is closed in X x R (see Problem 2.15) and 
so epi f C epi f. Suppose that the inclusion is strict. So, we can find 
(x,A) € epif such that (x,A) ¢ epi f. Hence there exist U € N(z) 


and ¢ > 0 such that 


(U x (A—e€,A+e))Nepif = 0. 


Let w € (A,A +e). We claim that x ¢ {y EX: fliy)< pu}. Indeed, 
if {a;}ic7 is a net in X converging to x, then we can find ig € I such 
that 


(aj,u) € Ux (A-6,A +e) Vit io, 
hence (2;, 4) ¢ epi f and so 


which proves the claim. But then this contradicts the first part of the 
problem. 


Solution of Problem 2.17 
Let 

g.(z) = sup inf f(y). 

UEN (x) YEU 

According to Remark 2.47, g, is lower semicontinuous (see Defini- 
tion 2.46) and of course g, < f. Therefore g, < f. On the other hand, 
let g € L(f) (see Definition 2.57). Then again by Remark 2.47 and 
since g < f, we have 


g(z) = sup inf g(y) < sup inf f(y) = 9(2), 
() UEN (x) YEU (y) UEN (x) YEU 
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so f < gx. Hence we conclude that 


Solution of Problem 2.18 

Since f < f is lower semicontinuous (see Definitions 2.46 and 2.57), 
for every sequence x, —> x in X, we have 

(see Proposition 2.48). This proves property (a). To prove (b), we 
may assume that f(a) < +00. Let {Un},5 be a local basis at + € X 
such that Un+1 © Up for alln 2 1 (recall that by hypothesis X is first 
countable) and let A, —> f(z) in R* = RU {+00} with \,, > f(x) for 
all n > 1. From Problem 2.17, we have 


inf f(y) < An Vane 1 
yeUn 
and so there exists y, € U, such that f(yn) < An. Evidently y, — y 
in X and so 
® < < = ars 
limsup f(s) < im Xn = Fle) 


n—- +00 


This proves property (b). 


Solution of Problem 2.19 
(a) Let z,u,y € X. Then using the triangle inequality, we have 


f(y) + Adx (ay) < Fly) + Ady (y,u) + Ad, (u, x), 
sO 
fa(z) < fra(u) + Ad, (u, 2). 
Reversing the roles of x and u in the above argument, we also have 


fy(u) < frx(x) + Ady (u, z) 


and so we conclude that f) is \-Lipschitz. 
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(b) Evidently f, < f and from part (a), f) is A-Lipschitz. So fy < f. 
Let « € X and assume that 


sup f,\(z) = M < +00. 
A>0 


Choose x, € X such that 
f(vy) + Ad, (2,2) < fx(z) +5, 


SO 
d.(t,t)) < 1M+H% 


(since f > 0) and thus 
d,(£,2,) —> 0 asA— +00, 


ie., 2) —> vin X. Then from the definition of f (see Definition 2.57), 
we have 


f(z) < liminf f(z) < it (f(x,)+Ad,(z,2,)) < lim inf f(x). 


A—>+00 +00 


Therefore, we conclude that 


Solution of Problem 2.20 
(a) “= >”: We may assume that for some xp € X, f(a) < +00. Let 


fn(z) = int (f(y) + nd, (z,y)). 


For every x € X, we have 
€< fala) < f(z) and € < fxla) < f(wo)+nd,(a, 20) < +00. 


Therefore, we have 


In 
x 
IX 
iw) 

IX 
x 
3 


2.3. Solutions 303 


and each f,, is R-valued. From triangle inequality, for every x,u,y € X, 
we have 


f(y) +ndx(z,y) < fly) +ndx(y,u) + nd, (u, 2) 


so 
fr) < fr(u) + nd, (u, x). 
Reversing the roles of x, u, we also have 


fr(u) < fra) + nd, (u, 2), 


sO 


|fn(u) — fr(z)| < ndy(u,2) 
(i.e., fr is n-Lipschitz). We have 


lim f,(z) < f(z) VWaeEX. 


n—- +00 


For a given € > 0, choose y, € X for n > 1 such that 


fun) +ndy(t,¥n) < fr(x) +e. 


As n + +00, either f,(w) 7 +00 and so f,() 7 f(x) = +00, since 


lim fn < f or else d, (x, yn) —> 0. Therefore 
n—- +00 


f(x) < liminf f(yn) < lim fa(x) +e. 


n— +00 N—-+00 


Since € > 0 was arbitrary, we let « \, 0, to obtain 


hence i. / f asn—> +oo. Let us define 
fn = min{n, fn}. 
Then for every n > 1, the function f, is bounded continuous and 


tn J fF. 


“<—”: This part is an immediate consequence of Corollary 2.56. 
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(b) Consider —f which is lower semicontinuous and bounded below 
and use part (a). 


Solution of Problem 2.21 

The pointwise limit of upper semicontinuous functions (see Defini- 
tion 2.46) need not be an upper semicontinuous function. To see this, 
consider the following sequence f,,: [0,1] —+ R of continuous functions 


nx if xe [0,4], 
= n > 
In(x) { lL. if ee 41), liga hs 


For every x € [0,1], we have f,(x) —> f(x) as n > +00, where 


0 if «=0, 
In(z) = {{ if « € (0,]], 


which is not upper semicontinuous (if z, —> 0, @ #4 O, then 
lim, f(a) =1>0= f(0)). 

On the other hand, the uniform limit of upper semicontinuous func- 
tions is an upper semicontinuous function. Let fr: R — R,n > 1, be 
a sequence of upper semicontinuous functions and assume that f, = f 
(see Definition 1.59). Let AG Randze {yeER: f(y) >A}. Since 
fn = f, we can find 6 > 0 small enough such that 


fr(z) > A+6 Vn ny. 


The upper semicontinuity of each f,, implies that we can find é, > 0 
such that 


frly) > A+6 Vy € (@ — En, U + En). 
Because fp, = f, we can find an integer ng > n, such that 
|fn(u) — f(u)| <6 YueR, n= no. 


Hence 
fn(u) < f(u)+6 VYne>nz2, uER 


and so 
A < F(a) Vue (a@—€n,L+€En), 


2.3. Solutions 305 


which shows that the set {y ER: \< f(y} is open. This in turn 
implies the upper semicontinuity of f. 


Solution of Problem 2.22 

Since D = X, for a given x € X, we can find a net {x;};e7 C D such 
that x; —> x (see Proposition 2.33(a)). By hypothesis f(x;) = g(a;) 
for alli € I. Also since f and g are continuous, from Proposition 2.40, 
we have 


f(vi) —> f(x) and g(x) —> g(x) mY. 


Therefore f(x) = g(x) (see Proposition 2.32). 


Solution of Problem 2.23 
“==>”: Since f is continuous, for a given « > 0, we can find U € N(x) 
such that 

dls (wii) <-s Vue. 


Hence, if u,v € U, then 
dy (f(u), f(v)) < dy (Ff(u), F(a) + dy (F(@), fe), 


so 
0 < wy(z) < diamf(U) < «. 


Because € > 0 was arbitrary, we let ¢ \, 0 and obtain w (a) = 0. 


“<—": Since w(x) = 0, from the definition of the oscillation, we 
see that for a given € > 0, we can find U € N() such that 


diam f(U) < ¢, 


dy (f(u),f(z)) <e« WuxeU 


and thus f is continuous at x € X. 
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Solution of Problem 2.24 
Consider the oscillation function w¢: X —+ Ry = [0,+00) (see Defi- 
nition 2.42). From Problem 2.23, we know that 
cont f = {rE X: wy(x) =O}. 

For every A > 0, let 

= {eX : w(x) <A}. 
Let x € Ly, then we can find U € N(x) such that 

diam f(U) < X 
(from the definition of wf). So, if u € U, then U € N(u) and we have 


w(u) < A, which proves that L) is an open set in X (hence wy is 
upper semicontinuous; see Definition 2.46). But 


cont f = (){reX: w(x < +} 


n>1 


and each set {a € X : wy(x) < +} is open. Therefore, cont f is a 
G5-set in X (see Definition 2.18). 


Solution of Problem 2.25 

We know that open half-lines (—oo, A) and (A, +00) with A € R form 
a subbasis for the usual topology on R. Then by Proposition 2.40, 
the function f is continuous if and only if for every \ € R, the sets 
f~*((—00,A)) and f7!((A, +00)) are open in X. a the func- 
tion f is continuous if and only if the sets {a EX: f(r) < rt and 
te eX: fl(x)> r} are open. Hence we conclude that the func- 
tion f is continuous if and only if the sets {a EX: f(x) > r} and 
1¢ EX: f(x)> r} are closed and open respectively. 
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Solution of Problem 2.26 

“(a) ==> (b)”: For any n > 1, the function «+> (f — fn)(x) is con- 
tinuous and so for every € > 0, the set {x EX: | f(x — fin x)| < e} 
is open in X. 


“(b) => (a)”: Let ¢ > 0 be given. By hypothesis, we can find strictly 
increasing sequence {nx};,5, Such that sets 


C, = {x EX: | f(x) — fr, (x)| < sh 
are all open in X. Since 


fn(x) — f(a) VaeEXx, 


xX = UC. 


k>1 


Let ro € X. Then, we can find ko > 1 such that zp € Cy. Let 
#2 C,,.. hen 


we have 


|F(@) = Fro) < | F() = Frasy ()| + | Finny (#) = Freng (220)| + [frag (0) — F(#0)| 
< 2 + | fre (€) — Frey (20)|- 


The continuity of fn, implies that there exists U € N (xo) such that 
U CC, and 


| frig, (2) — Fig, (20)| <5 Vae, 


| f(z) — f (2o)| <€ Va eu, 


which establishes the continuity of f at ro € X. Since xj € X was 
arbitrary, we conclude that f is continuous. 


Solution of Problem 2.27 
Let £ be the set of all open covers D of X such that for every V € D, 
we have 

Vey or VCU forsomeU EY. 


For each D € £, let 
Ip = {[VED: VCUwithUey}. 
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We introduce the order by inclusion on {Cp : DE Eh. Then every 
chain has an upper bound. Thus by the Kuratowski-Zorn lemma, 
there exists a maximal element ['p, which coincides with Y. Then D, 
is the desired locally finite open cover of X (see Definition 2.43). 


Solution of Problem 2.28 


Let x € LU Ua. Let V be an open neighbourhood of u such that V 
cEek 


intersects only Ug,,.-.-,Ua, (see Definition 2.43). Since u ¢ Ug, for 
i€ {1,...,n}, we can find W; € N(u) such that 


W;0U; = Vie {l,...,n}. 


We set 
W = VAWiLN...AWp. 


Then W € N(x) and 


ack 
so the set _ 
U To 
rek 
is closed. 


Solution of Problem 2.29 
(a) For every set D C X, we have 


(go f)(D) = g(f(P)), 


from which we immediately infer that, if f and g are open (respec- 
tively, closed), then go f is open (respectively, closed) too (see Defini- 
tion 2.59). 


(b) Since g is bijective, then for every D C X, we have 


f(D) = (g* 0 (go f))(P). 
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By hypothesis, we know that gof is open (respectively, closed). So, if A 
is open (respectively, closed), then (go f)(A) C Z is open (respectively, 
closed). The continuity of g implies that 


g ‘((gof)(A)) = f(A) 


is open (respectively, closed), which proves that f is an open (respec- 
tively, closed) function. 
(c) Because f is surjective, for every D C Y, we have 


g(D) = (go f)(f-*(D)). 


By hypothesis f is continuous and so, if D C Y is open (respectively, 
closed), then f~'(D) C X is open (respectively, closed). Since go f 
is assumed to be open (respectively, closed), we have that the set 
(go f)(f~1(D)) = g(D) is open (respectively, closed). Therefore g is 
open (respectively, closed). 


Solution of Problem 2.30 

First suppose that A is open. Then the open subsets of A (with the 
subspace topology) are the open subsets of X contained in A. There- 
fore their images under 7 are open in X and so 7 is an open function 
(see Definition 2.59). Next suppose that i4: A —> X is an open func- 
tion. Since A is an open subset of itself, i4(A) = A C X is open. 
Similarly for the “closed case”. 


Solution of Problem 2.31 
“==”: Since f is bijection, we have 


f7G(A) 2 F(A) = A VACX. 


The set f~1(f(A)) is closed and so we have 
Ac fl(f(A)) VACX. 


On the other hand, since f is surjective, we have 


f(f-'(F(A))) = f(A) VACX 
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and because f is closed (see Definition 2.59), we have 
f(A) C f(A) VACX. 
Hence 
ff" (F(A))) C F(A) VACX. 

Acting with f—! and using the injectivity of f, we obtain that 

f'(f(A)) CA VACX. 
We conclude that 

f(A) =A VAC, 


“<—”: We show that f is also injective. So, suppose that f(x) = f(y). 
Then 


{7} = {2} = f° CF@)}H = FCFMH = fy} = {y}- 
Now let A C X be closed. Then, since f-1(f(A)) =A=Aand f is 


surjective, we obtain f(A) = f(A), which proves that f is continuous 
and closed, hence a homeomorphism. 


Solution of Problem 2.32 

Let C and D be disjoint closed subsets of Y. Because f is continuous, 
we have that f~'(C) and f~!(D) are disjoint closed subsets of X. 
Exploiting the normality of X (see Definition 2.4), we can find two 
disjoint open sets U,V C X such that 


U af (C). and’ VioF D). 
Let us set E = Y \ f(X \U). Since by hypothesis f is a closed function 
(see Definition 2.59), the set f(X \U) CY is closed and so E is open 
in Y. Moreover, using the fact that f~!(C) C U and the surjectivity 


of f, we have 
E = Y\f(X\U) 2 Y\f(X\f7tCO)) 
= Y\F(FUY\C) =Y\Y\C) = ¢. 
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Similarly, if G = Y \ f(X \ V), then we show that G is open and 
G D> D. Evidently E and G are disjoint open neighbourhoods of C 
and D respectively and we have proved that Y is normal. 


Solution of Problem 2.33 

Note that E is nowhere dense too and E, is nowhere dense whenever 
E, is of the first category (see Definition 1.25). So, we may assume 
that E is closed. 

Let {Vn}ns1 be a countable basis of Y (see Definition 2.24) and let 
D=(XxY)\£. Then D is an open dense subset of X x Y. For each 
n > 1, let 

Dy = proj, ((X x Vn) DD), 


where proj, is the projection from X x Y onto X. Hence 
Dn = {reX: (x,y) € D and y € Vi}. 


Recalling that the projections are open functions (see Definition 2.59), 
we have that D, C X is an open set. For any nonempty and open set 
U C X, we have 

DW sy,) = 0 


(since D is dense) and so D, NU 4 @, which proves the density of D,, 
in X. The set (]} D, is the complement of a set of first category in 


n>1 
X. Let x € (| Dy. Then 


n>1 
D0Ve =O YVn>1. 
Hence D,, is an open dense subset of V and so E, = Y \ D, is nowhere 


dense. So for all x € X \ C, with C of first category, EF, is a nowhere 
dense set. 


Solution of Problem 2.34 

If S is an open dense subset of X, then S x Y is open dense in X x Y. 
So, if C C X is nowhere dense (see Definition 2.9(e)), then so is C x Y 
in X x Y. Since 


(LU Dr) x ¥ = LJ (De x Y), 


k>1 k>1 


312 Chapter 2. Topological Spaces 


it follows that C x D is of the first category in X x Y whenever C is 
in X. Similarly for Din Y. 

Conversely, suppose that C’ x D is of first category in X x Y and 
C is not of first category in X. As Y is second countable (see Defini- 
tion 2.24), then by Problem 2.33, we can find x € C such that the set 
(C x D), is of first category in Y. But note that (C x D), = D. So, 
D is of first category in Y. 


Solution of Problem 2.35 

Suppose that f is open (see Definition 2.59). Let 7x and ty be the 
topologies of X and Y respectively. We need to show that for U CY, 
f-1(U) € rx if and only if U € Ty (see Definition 2.74). From the con- 
tinuity of f, we know that, if U € ty, then f~'(U) € Ty. Conversely, 
suppose that f~'(U) € Tx. Then since by hypothesis f is an open 
function, we have f(f~'(U)) € ty. Because f is surjective, we have 
f(f-(U)) =U, hence U € ty. This proves that f is an identification 
function. 


If f is closed, then the argument is similar by replacing open sets 
with closed ones and open functions with closed functions. 


Solution of Problem 2.36 

“ss”: First note that the continuity of jf implies that 
proj, : Gr f —>+ X is a homeomorphism. Indeed, proj, is continuous, 
injective and proj," = y, where y: X — Gr f is defined by 


y(z) = (2, f(2)), 


which is continuous because each component function is continuous. 
Therefore proj, is a closed function (see Definition 2.59). Because f 
is continuous, Gr f C X x Y is closed (see Problem 2.54). We endow 
Gr f with the subspace product topology (see Definition 2.69). Since 
Gr f is closed in X x Y, every closed subset C' of Gr f is also closed 
in X x Y. Then proj, (C) = f (proj, (C)). But since f and proj, are 
both closed, we infer that proj, (C) is closed in Y and so we conclude 
that proj, is a closed function. 
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——"" Now we assume that proj,: Grf — X and 
proj,.: Gr f —+ Y are both closed functions. We have 


projy'(x) = (a, f(x)) and proj, (projy'(x)) = f(a), 
i.€., proj, © proj,! = f. Let CC X be closed. Then 


f(C) = proj, (proj,'(C)). 


But proj, is continuous, hence proj, (C) is closed. By hypothesis 
proj,, is a closed function, hence proj,, (proj, '(C )) is closed in Y. This 
proves that proj, o proj, = f is a closed function. Also, let DC Y 
be a closed set. Then f~!(D) = proj, (proj! (D)) (since f = proj, o 
proj,'). But proj, is continuous on Gr f and so proj,,'(D) C Grf 
is closed. By hypothesis proj, is closed, hence proj, (proj, '(D)) = 
f-*(D) is closed in X and this proves the continuity of f. 


Solution of Problem 2.37 
First we show that 


AxC = AxC. 
Evidently, A x C C A x C and because A x C is closed, we have that 


AxC CAxC. 


On the other hand, let (x,y) € A x C and let W be a neighbourhood 
of (z,y). We know that we can find U € N(x) and V € N(y) such 
that (x,y) € U x V C W (see Remark 2.70). Since x € A and yé C, 
we have 


ANU #@ and CNV £ §, 


hence 
(AxC)N(UxV) 4 O 


and so 
(Ax C)NW F @. 


Since W was an arbitrary neighbourhood of (x,y), we conclude that 
(x,y) € Ax C and so, finally 


AxC=AxC. 


From this we infer that A x C is closed if and only if A C X and 
C CY are both closed. 
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Next we show that 
int (Ax C) = int A x intC. 


Evidently, int A x intC C Ax C and because int A x int C' is open, we 
have int A x intC C int (A x C). Next, let (x,y) € int(A x C). We 
can find U € N(x) and V € N(y) such that U x V C Ax C. Hence 
U C A and V C C and these two inclusions imply that x € int A 
and y € intC, hence (x,y) € int A x intC. So, we conclude that 
int (A x C) = int A x int C. From this we infer that A x C is open if 
and only if A C X and C CY are both open. 


Finally, note that 
AxC =] XxY 


AxC = xXxY 


A= X and C=YY. 


So, we conclude that A x C is dense in X x Y if and only if A is dense 
in X and C is dense in Y. 


Solution of Problem 2.38 
Let x = (ai)icex € X. For every finite set F C I and r > 0, we set 


Urr = II UPrri, 
wel 

where ; 

eee Bi(a;) if ie F, 

a — le if i¢ F, 
with 
Bi(a;) = {we X: dy (u, xi) < ae 

We know that {Up,} ,.,. form a local basis at the point 7 = (xi)ier € X 
in the product topology (see Definition 2.69 and Remark 2.70). Pro- 
ceeding by contradiction, suppose that X is metrizable. So, there 
exists a metric d, on X generating the product topology. The balls 


Bo-n(x) = {uEX: dy(u,z) <2}, nBl, 
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form a local basis at the point « € X. Therefore, for every n € N, we 
can find a finite set F, C I and r, > 0 such that Up, ;,, C Bo-n(x). 
Let 


This set being a countable union of finite sets is countable. Therefore 
the inclusion S C IJ is strict. Let y = (yi)ier C X be such that y; = 2; 
for alli c S. Then 


Yn © Upir, SG Bo-n(x) Vn 


WV 
— 


Hence 


and so y = x. This implies that y; = x; for alli € I\ S. So we have 
shown that for all i € I \ S$, X; is a singleton, a contradiction to our 
hypothesis. Therefore X equipped with the product topology is not 
metrizable. 


Solution of Problem 2.39 

(a) By Definition 2.72, s(f) is the strongest topology on Y for which 
f is continuous. Hence ty C s(f). On the other hand, if U € s(f), 
then f-'(U) € Tx (from the definition of s(f)). The openness of f 
(see Definition 2.59) implies that f(f~'(U)) € Ty. But because f is 
surjective, we have 


U = ff Wer 
and so we conclude that ty = s(f). 
(b) By Definition 2.62, w(f) is the weakest topology on X for which 


f is continuous. Hence w(f) C Tx. On the other hand, let U € rx. 
Because f is open, we have f(U) € ty. The injectivity of f implies 
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that f~'(f(U)) =U and from definition of the weak (initial) topology, 
we have 


f"(FU)) = UVeu/(f). 


Solution of Problem 2.40 

From the definitions of w(f) and s(f) (see Definitions 2.62 and 2.72 
respectively), we see that in both cases f is continuous. Moreover, if 
X is furnished with the weak (initial) topology w(f), then given V € 
w(f), we know that V = f-!(U) with U C Y open (see Remark 2.63). 
Hence due to surjectivity of f, we have f(V) = Ff 0) = U and 
so we infer that f is an open function (see Definition 2.59). Thus f is 
a homeomorphism. 

On the other hand, if Y is furnished with the strong (final) topology 
s(f), then for a given V C X open, we have f-*(f(V)) = V (since 
f is injective) and so from the definition of s(f) (see Definition 2.72), 
we have that f(V) € s(f) and so f is an open function. Thus f is a 
homeomorphism. 


Solution of Problem 2.41 

For every open (respectively, closed) set A C X, we have that the set 
As = p '(p(A)) is open (respectively, closed) if and only if p(A) is 
open (respectively, closed) (see the definition of the quotient topol- 
ogy; Definition 2.76) if and only if the quotient function p is open 
(respectively, closed). 


Solution of Problem 2.42 
First note that directly from Definition 2.62, we have that 
w(C(X)) Cr. Also, we have 


w(C,(X)) C w(C(X)). 
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On the other hand, let f € C(X), « € X and € > 0 and consider the 
subbasic element 


U(x, f,e) = {ue X: |f(u)— f(z)| <e}. 
We set 
ha) = min { f(x) + €,max { f(z) —e,f(u)}}. 
Evidently h € C,(X) and 
(as. se) SS Ue). 


It follows that w(C(X)) C w(Cy(X)), hence w(C(X)) = w(C,(X)). 
So, the two weak topologies w(C(X)) and w(Cp(X)) are equal for any 
topological space. 
Now assume that (X,7) is completely regular. Let U € 7 and 

x €U. Because of the complete regularity of X, we can find f € C,(X) 
such that 

f(z) = 0 and fly, = 1. 
Then 

Vital) = {ueXx: f(u )<1} 


is a w(C(X))-neighbourhood of x and V(f,z,1) C U. Therefore 
TO w(C(X)) 


and so from the observation of the beginning of proof, we conclude 
that 

tT = w(C(X)) = w(C,(X)). 
Conversely, suppose that 7 = w(C(X)) = w(C)(X)). Let CC X bea 
nonempty closed set and let x ¢ C. Then X\C = U is w(C(X))-open, 
contains x and we can find 


= (\{vex: | fic (r) G@)| <1, 
with f, € C(X), k = 1,...,n such that cx € V C U. For every 
ke {1,...,n}, let 
ita) = min {1,|fe(u) — fr(x)| } Vuex 


and 
h(u) = max hp (u) Vue xX. 
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Evidently h: X —> [0,1] is a continuous function satisfying 
h(x) = 0 and Al, = 1 


This proves that (X,7) is completely regular. 


Solution of Problem 2.43 
From the definition of complete regularity (see Problem 2.42), for every 
x € K, we can find a continuous function f,: X —+> [0,1] such that 


fc(z)=1 and fely, = 0. 


Let 
Uz = {ye X: fely) > gz}. 


Then U, is open, x € U, and {U,}xex is an open cover of kK. By the 
compactness of AK, we can find a finite subcover ce ae Let 


N 
So fey, () VareXx. 


k=1 


2|+ 


Then the function g: X —> [0,1] is continuous, 


Ixy = 0 and g(x) 2 a ye: 


Let €: [0,1] —> [0,1] be a continuous function such that 


€(0) = 0 and ¢| 


[od 


Solution of Problem 2.44 
Clearly for (a) and (b) also, we may assume that f is not identically 
+00. 

Let f be coercive (respectively, sequentially coercive; see Defini- 
tion 2.103) and lower semicontinuous (respectively, sequentially lower 
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semicontinuous; see Definitions 2.46 and 2.49). Let {an}ys; C X bea 
minimizing sequence for f. So 


f(tn) —> m = inf f(t) < +o. 
LEX 


Let us consider the set 


L= {reX: f(z) <m-+1} if meR, 
7 {re X: f(z) <0} if m=-—oo. 


Because f is coercive (respectively, sequentially coercive), the set L 
is countably compact (respectively, sequentially compact; see Defini- 
tion 2.88). Note that we can find an integer np > 1 such that 


Lis Sain CL. 


So the sequence {x,},5, must have a limit point (respectively, con- 
vergent subsequence); see Definition 2.88. This proves statement (c). 
Due to the lower semicontinuity (respectively, sequential lower semi- 
continuity; see Definitions 2.46 and 2.49) of f, we have 


fe) < liming f(en) = m 


(see Remark 2.47) and so 


Solution of Problem 2.45 

No. Let I be the set of all rational numbers in (0,1) equipped with 
the usual ordering of R. We introduce a net {2;}ie7 C [0,1], defined 
by x; =7 for alli € I. Evidently x; —> 1 in [0, 1] (see Definition 2.31). 
If io € I, then 


{xi}i>ip U{1} = {9 € [io, 1]: g is a rational number} 


and the latter fails to be compact for any ig € J. 
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Solution of Problem 2.46 

“+”: We assume that the sequence {fn},,5, is equicoercive. Then 
for every \ € R, we can find a closed, countably compact set K (see 
Definition 2.88) such that 


{eeX> fa) <A} GC Ky Vane. 


Let wy: X —> R* = RU {+00} be defined by 


w(z) = inf{weER: xe Ky for all A> p}, 


with the usual convention that inf = +oo. If f,(x) < w for alln >1 
the x € K) for all A > pw, hence w(x) < p. Therefore y < f, for all 
n > 1. Note that 


{ee X: v(a = ss 


A> pL 


so the set {x Ex: y(n) < yu} is closed and countably compact 
and thus ~ is lower semicontinuous (see Definition 2.46), coercive (see 
Definition 2.103). 


“<—”: Suppose that there is a lower semicontinuous, coercive function 
w: X — R* = RU {+co} such that w < fp for all n > 1. Then for 
all n > 1 and all A € R, we have 


{eEX: fn(z) <A} C {wEX: vz) <A} = 


and the set kK) is closed and countably compact. This shows that the 
sequence { fn},51 8 equicoercive. 


Solution of Problem 2.47 
From Problem 2.16, we know that 


{eeX: fla = (){reX: f(e)<p} VAER 


p> 


(see Definition 2.57). Since f is coercive (see Definition 2.103), the 
set. {2 EX: f(x)< yu} is countably compact (see Definition 2.88), 
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hence the set {x EX: fir)< r} is countably compact too, which 
establishes the coercivity of f. 


Solution of Problem 2.48 
(a) Note that f is coercive (see Definition 2.103 and Problem 2.47) 


and lower semicontinuous (see Definition 2.46). So, we can find 7p € X 
such that f(2o) = inf f (see Problem 2.44(a)). Clearly the constant 


function inf f is lower semicontinuous and so inf f < f. Hence 
inf f < minf. 
aff < min} 


Because f < f, we also have minx f < infy f and so we conclude that 
minx f = infx f. 


(b) Let x be a limit point of {@,},5,; G X which is a minimizing 


sequence for f. Then from Remark 2.47, we have 


+> < li . tf _ < li . f “I ae f a . 5 
f(x) < liminf f(@@,) < liminf f(e,) = inf f = minf 


n—- +00 


(see (a)), so 


Fe) = minJ. 


(c) Suppose that X is first countable and let x € X be a minimizer of 
f (see (a)). Then by Problem 2.18(b), we can find a sequence {Yn}y51 
such that y, —> x and 


limsup f(Yn) < f(z) = minf = inf f. 


n—+00 x 


Since f < f, we conclude that 
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Solution of Problem 2.49 

Let {xi}icr be a net in proj, (C) and assume that 2; —> x in X. Then 
we can find y; € Y such that (x;, y;) € C. Because of the compactness 
of Y, we can find {y;}jey a subnet of {yj}icr such that y; — ye Y 
(see Theorem 2.81). We consider the corresponding subnet {2;}je7 of 
{x;}ier and we have 


(ri, Yi) —_ (x,y) in X x Y. 


Because (23,45) } <y © © and the latter set is closed, we have 


(x,y) € C. Moreover, from the continuity of the natural projection 
proj, (see Definition 2.69), we have 


proj, (23, yj) —> proj, (x,y). 


Hence x € proj, (C) and so we have proved that proj, (C) is closed 
in X. 


Solution of Problem 2.50 
“+”: Tt follows from the definition of compactness (see Defini- 
tion 2.78). 


“<—": Let YV = {Ua}acr be an open cover of X. We know that 
each open set U, is a union of basic open sets. Let Mg be the family 
of basic open sets whose union is U,. Then the collection of all basic 
open sets V such that V belongs in some Mg is an open cover of X. 
By hypothesis this open cover has a finite subcover {V,}?_,. For each 
Vi, let ay, € I be the index such that Vi € Ma,. Then {Ua, }e_, is 
the desired finite subcover of X and so X is compact. 


Solution of Problem 2.51 
Let C C X be a closed set. Then C is compact and so f(C) C Y 
is compact too (see Proposition 2.82), in particular then closed (see 
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Proposition 2.83). This proves that f is a closed function. Then 
Problem 2.35 implies that f is an identification function (see Defini- 
tion 2.74). 


Solution of Problem 2.52 

From Problem 2.51, we know that the function f: X —> f(X) CY 
is an identification function (see Definition 2.74). The points of X are 
the sets {f~'(y)}, y € Y. Define h: x3 Yo by 


h(f'y)) =y Vyey. 


Then h is a bijection and if p: X —> X = X/, is the quotient function 
(see Definition 2.76), then hop = f. So, by Proposition 2.73, h is 
continuous. Because X is compact, X is compact (as the image of X 
under the action of the continuous quotient function p). Therefore we 
can apply Theorem 2.84 and conclude that h: X —> f (A) CY. 


Solution of Problem 2.53 

(a) Let 7 and 7 be two comparable compact Hausdorff topologies 
on a set X. Suppose that +7 C 7. Then the identity function 
i: (X,7) —> (X,7T) is continuous. Then Theorem 2.84 implies that 7 
is a homeomorphism, hence 7 = T. 


(b) Let X be any countable set, let a,b € X with a 4 b. Let 


A= {4+: n>1}U {0} 


be the topological space with the natural topology (induced from R). 
Let f,g: A —> X be two bijections such that f(a) = 0 and g(b) = 0. 
On X we consider two topologies tT = s(f) and 7 = s(g) (see Def- 
inition 2.72). Then both topologies are Hausdorff compact, but not 
comparable (as {a} € 7\7 and {b} €r\7). 
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Solution of Problem 2.54 

“s+”: Let { (xis ¥i) bey C Gr f be a net such that (2;,y;) — (z,y) 
in X x Y (see Definition 2.31). Then x; —> x in X and y; — y 
in Y. The continuity of f implies that f(a;) —> f(x) in Y. Hence 
y = f(x) and so (x,y) € Grf, which proves that Gr f is closed in 
X x Y (see Proposition 2.40). For this implication we do not need the 
compactness of Y (we need only the continuity of f). 


“<=”: We argue by contradiction. So, suppose that f is not con- 
tinuous. Then we can find a net {zi}ier such that 2; —> x in X 
and f(x;) A+ f(x) (see Proposition 2.40). So, there is U € N(f(x)) 
and a subnet of { f (ea. a (which after renaming, we also denote by 
ty ee) ey) such that f(x;) ¢ U for all i € I. The compactness of Y 
guarantees that a subnet of i a bees (still denoted by { f(z;)} 
converges to y € Y. Then 


(xi, f(ai)) —> (vy) mxXxY 


ier) 


and so y = f(x), which contradicts the fact that f(xz;) ¢ U for all 
i € I. Therefore f is continuous. 


Finally we show that the second implication does not hold if we 
drop the assumption on the compactness of Y. Let X = Y = R. Let 


+ if z>0, 


f(z) = La if <0. 


Solution of Problem 2.55 

Let D be a locally compact dense subset of X and let x € D. Due 
to the local compactness of D, we can find U open in D (with the 
subspace topology) such that kK = ma (the closure in D) is compact 
in D. We know that U = VND, with V € N (2) and clearly K is also 
compact in X. A fortiori then K is closed in X and so X \ K is open 
in X. Let ue V\ K. We claim that u € D. Indeed, if this is not 
the case, because D is dense in X, wu is a limit point of D and because 
V \ kK € N(u), we have 


VikQInD Ae = Unk = 4, 
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a contradiction. So, we infer that V \ K C D and so V C D, hence 
V =U. This shows that every point x € D has an X-open neighbour- 
hood which remains in D, hence D is open. 


Solution of Problem 2.56 
We will do the proof for a decreasing net {fi}ier (the proof being 
similar if the net is increasing). Replacing f; by f; — f if necessary, we 
may assume that f = 0. 
Let ¢ > 0 be given. Then for every x € X we can find iz € J such 
that 
O0< Six (x) Ss 


The continuity of f;,, implies that we can find U, € N(x) such that 
0< fi,(u) < € Yuety,. 
Since 


we see that 
0 < fi(u) <e V we Ug, 12 ty: 


Note that {Uz}xex is an open cover of X. The compactness of X (see 
Definition 2.78) implies that we can find a finite subcover {Uz, }?_, 
of {Uz}zex. Choose i* € I such that i* > ig, for all k € {1,...,n}. 
Then 

0 < fi(u) < «€ YVuex,i>%, 


so 
= si 
(see Definition 1.59). 
(b) The functions 
fn: (0,1) Dar a” 


satisfy fn, \, 0, but the convergence is not uniform. In this case the 
space X = [0,1) is not compact. 
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(c) The functions 
fn: [0,1] 3 e+ a” 


satisfy fn \ x ay but the convergence is not uniform. In this case the 
limit function f(x) = x,,, is not continuous. 


Solution of Problem 2.57 
Let o: [0,1] —> S! be the map, defined by 


a(t) = (cos2znt, sin 2rt). 


Let P(f) be the partition of [0,1] determined by the o-preimages of 
the elements of S'. Then P(f) is the same as the partition induced 
by the equivalence relation 0 ~ 1. Finally note that o: I/ P(f) — sg! 
is a homeomorphism onto, since I/ P(f) 5S! is compact and a is a 


bijection (see Proposition 2.83(e) and Theorem 2.84). 


Solution of Problem 2.58 
Let e, = Charen ae be the “north pole” for the sphere S% and let 
s: S“ \ fe,} —+ RN be the stereographic projection, defined by 


su). = Teg (Ul uN) Vues \ fen}. 


Clearly, if U C S% is an open set containing the north pole en, then 
s(S% \ U) is compact and S| oxy is homeomorphism. Therefore the 
Alexandrov one-point compactification of RN (see Remark 2.97) is 
homeomorphism to S%. 


Solution of Problem 2.59 

Let {Ui}ier be a family of open sets in X whose union contains K. 
Since « € K, we can find an element U;« of this family such that 
x € Uj«. Because 7, —> x, we can find np > 1 such that x, € Uj* for 
all n > no. For every 1 <n < no, we have x, € K and so we can find 
in € I such that x, € U;,. Then the subfamily {U; Roy {U;+} 


nSn=1 
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is a finite subcover of AK. This proves that K is compact (see Defini- 
tion 2.78(b)). 


Solution of Problem 2.60 

First assume that D = {x}. Since X is Hausdorff, for every y € C, we 
can find U, € N(y) and V, € N(x) such that Uy NV, = 0. The family 
{Uy}yec is an open cover of C and so we can find a finite subfamily 


{Uy, }R_, such that C C [J Uy,. We set 
k=1 


Og. = |) Uy. and: Va =) Vie 
k=1 k=1 


Both are open sets and 
CCU, « € Vz, and U,zNV, = O. 


So, we have established the separation when D is a singleton. 

For the general case, we proceed as follows. From the first part 
of the proof, we know that for every x € D, we can find an open set 
U, with C C U, and V, € N(a) such that U,V, = 0. The family 
{Vi}cep is an open cover of D. The compactness of D implies that 
we can find a finite subcover {V,, }7_1 of {Vi}zep- Let 


U = (Un and V = U Vin: 
k=1 k=1 


Then U and V are two open sets in X such that C CU, DC V and 
Gnv =v. 


Solution of Problem 2.61 
Let 
C71 = K\UW and C2 = K \ U2. 


Both are closed subsets of K, hence they are compact. Moreover, 
C1 M C2 = 0. By Problem 2.60, we can find two open sets Vi and V2 
such that 


Cy CVC Un, C2 CW CU and YWNbh = 6b. 
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Let 
Ky = EVV and Ko = K\Va. 


Then both are compact, Ky C Uy, Ko C Ug and K = Ky U Ko. 


Solution of Problem 2.62 
Let {a;}icr C f7!(K) be a net such that x; —> x. Then 


fiz;) =m € K Viel. 
The compactness of AK (see Definition 2.78) implies that there is a 
subnet {y;}je7 of {yitiex such that y; —> y € K. Then (a;,y;) € Gr f 
and (#;,y;) —> (x,y) in X x Y. The closedness of Gr f implies that 
(x,y) € Gr f. Hence 


ce f(y) Cc 


‘i 
and this proves that the set f~!(K) C X is closed. 


Solution of Problem 2.63 

Let K C Y be a compact set and consider a net {aj}icr C f-(K). 
Then { yi = f(z): 4€ T} C K. Because K is compact, we can 
find a subnet of {y;};e7 (which for the sake of notational simplicity, we 
denote by the same index) such that y; —> y € K. For every ig € J, 
we define A;, = { 23 : iS ig}. Since f is closed (see Definition 2.59), 
we have 


f(A) © f(A) Viel 


and because y; = f(x;) —> y in Y, it follows that 


{y} = (\FA) < (FAD. 


iel iel 
Let C = f~+(y). Then for every x € C, we have 


f(a) € (FA) 


wel 
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and so the closed sets Dj = CM A; C C are nonempty and clearly have 
the finite intersection property. Since by hypothesis C' is compact, it 


follows that 

iel iel 
So, we can find a limit point of {x;}ie; belonging in C. Thus we 
can find a suitable subnet of {x;};<7 (still labelled by the same index 
set I) such that x; — « € C C f~!(K). This proves that f~!(K) is 
compact. 


Solution of Problem 2.64 

We claim that f is bounded from above. Indeed, if this is not the case, 
then for every integer n > 1, we can find x, € X such that f(x,) > n. 
We consider the decreasing sequence of nonempty closed set 


{Cn = 7" ((2,+00)) Fast: 


Evidently this has the finite intersection property. Since _X is compact, 
by Theorem 2.81, we have that (),5, Cn #9. Let y © () Cn. Then 


nel 
fy) 2n Vnel, 


hence f(y) = +00, a contradiction. Therefore sup f = M < +oo. Let 
x 


En, = {teEX: f(x) >M-+ Vn>1. 


By hypothesis each E,, n > 1 is closed and {En}nst is decreasing. 
Once again the compactness of X via Theorem 2.81 implies that 


() En # 0. 
n>1 


Then, if 9 € [) En, we have 


n>1 


hence 


330 Chapter 2. Topological Spaces 


Solution of Problem 2.65 

The continuity of p, follows from the definition of the product topology 
(see Definition 2.69). Let C C X xY be closed and let {y:}ier C py (C) 
be a net such that y; —> y. Then we can find a net {x;}ier C X such 
that (x;,y;) € C for all 7 € J. The compactness of X implies that 
we can find a subnet of {x;}ie7 (which we denote as the original net) 
such that x; —> x € X. Then (2;,y;) —> (x,y) and because by 
hypothesis C' is closed, we have that (x,y) € C and so y € p,(C), 
which proves that p, is closed (see Definition 2.59). Also, if y € Y, 
then py'(y) C X x {y} and X x {y} C X x Y is compact (see Theo- 
rem 2.91). Because py '(y) is closed (due to the continuity of p,,), we 
conclude that py l(y) C X x Y is compact. 


Solution of Problem 2.66 

Let {U;}ier be an open cover of X. Because X is Lindel6f (see Defi- 
nition 2.26), we can find a countable subcover {Un},,5,. We need to 
extract from {Un},51, a finite subcover. We proceed by induction. 
Let V; = U; and for every integer n > 2, let V, be the first set in the 
sequence {Un}ns1 not covered by U,U...UUn_1. If such a choice is not 
possible, then this means that {U;,}71 is a cover of K and so we are 
done. Otherwise, for every n > 1, choose a, € Vp, such that rn ¢ Vz 
for all integers 1 < k <n. By hypothesis the sequence {xp },,5, has 
a limit point  € X. Then x € V,, for some integer m > 1 and since 
it is a limit point of {zp},,51, we can find n > m such that rp, € Vin, 
a contradiction to the choice of the sequence {%},5;. So the cover 
{Un}ns1 has a finite subcover, which proves that X is compact (see 
Definition 2.78). 


Solution of Problem 2.67 
Arguing indirectly, suppose that int K 4 @ and let x € int K. Then 
we can find a basic element U such that x © U C K. We know that 


C= fp), 


i€F 
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with finite set F C I and open sets V; C X; (see Definition 2.69). If 
7 €1I\F, then 
p(k) = X; 


and so X; is compact being the continuous image of a compact space 
(see Proposition 2.82). So, all but a finite number of the spaces X; are 
compact, a contradiction to our hypothesis. This prove that int kK = @ 
(i.e., K is nowhere dense; see Definition 1.25). 


Solution of Problem 2.68 

Let C C Y be a closed set. Since by hypothesis f|, is continuous, 
we have that f~!(C) MK is closed in K and because K is compact, 
it is also closed in X (see Proposition 2.83). But then, because X is 
a k-space, we infer that f—!(C) is closed in X, which in turn implies 
the continuity of f (see Proposition 2.39). 


Remark. It can be shown that locally compact or first countable 
spaces are k-spaces. In particular metric spaces are k-spaces. 


Solution of Problem 2.69 
Since X is locally compact (see Definition 2.92), for every x € A, we 
can find U € N(x) such that U is compact in X. 

If A is open and since {x} is compact, invoking Proposition 2.94, 
we can choose U € N() such that 


Peper cre A 


and this proves that A with the subspace topology is locally compact. 
If A is closed, then 


UNA € Na(z) and UNA“ = UAA CT 


with the latter being compact. Therefore, A with the subspace topol- 
ogy is again locally compact. 
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Solution of Problem 2.70 

Let y € X \ {a}. We can find U € N(x) and V € N(y) such that 
UNV =9%. Note that X \ U is closed in X, hence compact in X (see 
Proposition 2.83). Also 


Ve NXx\ {2} (y) and yo C2, 


hence 


Vit is compact inX \ {ax} 


(see Proposition 2.79). So, we conclude that X \ {ax} is locally compact 
(see Definition 2.92). 


Solution of Problem 2.71 

Let « € int kK. By replacing K with its image under the translation 
y > y —& (which is a homeomorphism of R% with itself), we may 
assume that « = 0 € int K. So, we can find € > 0, small such that 


BY = {yeR®: |lyl <e} C K. 


Then using the dilation « +> ty (another homeomorphism on RX 
with itself), we see that without any loss of generality we may assume 
that BY CK. 

Now we show that every ray originating at origin intersects OK at 
exact one point. Because K is compact, the intersection with every 
closed ray is compact. Denote this compact intersection by D. Since 
the distance function from the origin is continuous, it attains its supre- 
mum on D. Let x9 € D be a point where it realizes this supremum. 
Evidently x79 € 0K. Consider the line segment 


[0,29] = {2 ER™: tao, te (0, 1]}. 


Since BN C K, every line segment from xg to u € By is contained in 
K. As y moves over all BN, we sweep a set C (which looks like an 
ice-cream cone). For every point tx, t € [0,1), we see that 


By_+(txo) = {y € RY : |ly—tzol| <1— t} 


is in C, hence in K too. This proves that x9 is unique and so we have 
proved that every ray originating at origin intersects OK at exact one 
point. 
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Now let f: 0K —> SN-1= OB, be a function, defined by 
fia) = Tell Vae Ook. 


Evidently f(x) corresponds to the point where the line segment joining 
the origin and x € OK intersects the unit sphere SN~! = By (recall 
that BN C K). Clearly f is continuous and a bijection (see the previ- 
ous discussion). Because 0K is compact, we can apply Theorem 2.84 
and infer that f is a homeomorphism. Next let h: Bj —> K bea 
function defined by 


h(x) = [lel f-" (qa): 


Clearly h is continuous and takes every line segment joining the ori- 
gin with u € S%-! onto the line segment joining the origin with 
f-(u) € OK. The convexity of K implies that h has its values in 
K. Evidently h is injective and onto, therefore a homeomorphism 
(again Theorem 2.84). 


Solution of Problem 2.72 

Let C C X be a closed set and let y € Of(C). Since Y is locally 
compact (see Definition 2.92) we can find U € N(y) such that U is 
compact in Y. Because y € Of(C), for every V € N(y), we have 


F(C)AV #0 and (X\f(C))NV FO. 


Using this we can easily verify that we also have y € a( f(oyn U). 
From the hypothesis on f, we have that f~!(U) is compact in X, 
which implies that CM f~!(U) C X is compact too. Because f is a 


continuous bijection we have 
f(enf 7 @)) = fO)NF(F ©) = FC)NU 


is compact (see Proposition 2.82). So, y € f(C) AU C f(C), which 
shows that 0f(C) C f(C) and this proves that f(C) is closed. Thus 
f is closed (see Definition 2.59). 
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Solution of Problem 2.73 

First we note that for every f € ®, the weak topology w({f}) on 
X (see Definition 2.62) is semimetrizable (i.e., it is generated by a 
semimetric; see Remark 1.2). To see this, let 


dia) = ay (F@y7@)) Va,v EX. 


Then w({f}) is generated by the semimetric d,. To establish this 
it is enough to show that the two topologies w({f}) and Td; have 
the same convergent nets (see Definition 2.31). By Proposition 2.66, 
a; —> x in w({f}) if and only if d, (f(a), f(z)) = d, (1,2) — 0. 
Therefore w({f}) = ta, and so w({f}) is semimetrizable. Because 
® is a countable family and the supremum of a countable family of 
semimetrizable topologies is semimetrizable, it follows that 


VV w(f{f}) = w(®) 


fee 


is semimetrizable ( \V w({f}) denoting the supremum of the topolo- 
fE® 


gies {w({f})} fe p)-Im fact since by hypothesis ® is separating (see 
Definition 2.64), w(®) is metrizable. By the definition of the weak 
topology, we have that w(®) C 7, where 7 denotes the topology on 
X. Invoking Theorem 2.84, we conclude that w(®) = 7 and so T is 
metrizable (see Remark 2.2). 


Solution of Problem 2.74 

“——»”: Since X is locally compact (see Definition 2.92) and o-compact 
(see Definition 2.99), by Proposition 2.100, we can find an increasing 
sequence {Cr}nz1 of compact subsets of X such that 


A= |) Cy and CyC Ce Vp. 
nel 


Then {X*\ Ch} .4 
and Remark 2.97). 


is a local basis of oo in X* (see Definition 2.23 


“a—=": Let {Un }ns1 be a local basis of 00 in X*. We have 


U* = X*\Ky,  VWn2>1, 
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with K, C X being compact. Then 


Solution of Problem 2.75 
(a) Let C, = f(X) and inductively define 


Casa = F(x) Vnoil. 


This way we produce a decreasing sequence {C;,},,5, of nonempty and 
compact sets (hence closed too; see Proposition 2.83). Due to the 
compactness of X, 


the set () C, = Ais nonempty and compact. 


n>1 
Clearly f(A) = A. 
(b) Let X = (0,1] and consider the continuous function 
fo.= 5 Vae xX. 


Suppose that there is a nonempty and closed subset A C (0, 1] such 
that f(A) = A. Let ¢ =supA € A. Because f(A) = A, we can find 
u € Asuch that f(u) = 4u = 4%. Therefore we have 


Solution of Problem 2.76 
Arguing by contradiction, suppose that no such A > 0 exists. We 
define the sets 


On. = 4ve Xs nila) +9(a) < 0} Vn2>1. 
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This is a decreasing sequence of nonempty closed subsets of X. By 
Theorem 2.81, we have that 


()Cn # 0. 


n>1 


Let u€ () Cy. Then 


n>1 


sO 


(recall that f > 0). Thus, by hypothesis g(u) > 0 and so f(u) < 0,a 
contradiction. 


Solution of Problem 2.77 
Let i9 € I and consider the set D = C;, \U. Then D is compact 
and {X \ Ci}ier is an open cover of D. Therefore we can find a finite 
subcover {X \ Ci}ier. Hence 


Solution of Problem 2.78 
Since f is locally bounded, for every x € X, we can find a neighbour- 
hood U, of x and M; > 0 such that 


lf] < Me Wy e€Uz. 


Then {U,}ex is an open cover of X. Since X is compact, we can find 
a finite subcover {U;, }/_, of X (see Definition 2.78). Let 


M = max Mz,. 
1<k<N 
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Then 
|f(x)| < M Vanex 
b 


ounded. 


and so we conclude that f is 


Solution of Problem 2.79 
Let « € D. Since by hypothesis D is locally compact, we can find an 
open set U in D such that x € U and UN D is compact, hence closed 
in X. We have 

U CUunD € Dp, 


Let V be an open subset of X such that U = VOD. From the density 
of D in X and the fact that V is open in X, we have 


sO 


exEeVeoV=aVND=U CD. 


So, for every x € D, there exists an open set V in X such that x € 
V C X, which means that D is open in X. 


Solution of Problem 2.80 

Let d, be a metric on X generating the topology of X and let X be 
the completion of (X,d,). Then X is a locally compact dense subset 
of the metric space X. By Problem 2.79, X is open in X. Invoking 
the Alexandrov theorem (see Theorem 1.58), we conclude that X is 
completely metrizable. 


Solution of Problem 2.81 
No. To show this we argue indirectly. So, suppose that 


f:S' 1] 
is a homeomorphism. Let h = f~!: [0,1] —> S'. Then consider 


X = [0,$)U($,1] and Y = S'\A(5). 
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Hence h(X) = Y and f(Y) = X. Equip X and Y with the corre- 
sponding subspace topologies. Then f: Y —> X and h: X —+ Y are 
continuous bijections and h = f~!. Therefore X and Y are homeomor- 
phic. However, note that X is disconnected (U = [0, 5) and V = (, 1] 
is a disconnection of X; see Definition 2.104) while Y is connected 
(being homeomorphic to (0,1) by the stereographic projection; cf. the 
solution of Problem 2.58). So, X and Y cannot be homeomorphic, 
a contradiction. This proves that S! and [0,1] cannot be homeomor- 
phic. 


Solution of Problem 2.82 

Since K is disconnected (see Definition 2.104), we can find two 
nonempty disjoint closed sets C,D C K such that K = CUD. The 
sets C' and D are compact and disjoint. So, we can use Problem 2.60 
and obtain two disjoint open sets U,V C X such that C C U and 
DCYV. Then 


KR] CUD. OU, 


Moreover, we have 


Solution of Problem 2.83 
(a) Note that the sets K, are closed and K, C kK, for all n > 1 
with Ky being compact. Moreover, the sequence {Kn},,5, has fi- 
nite intersection property. Therefore, by Theorem 2.81, we have that 
K = () K,, is nonempty and closed, hence compact. 

n>1 
(b) We argue by contradiction. So, suppose that for every n > 1, we 
have K,U° #9. Let tz, € K, U® for all n > 1. Then {zp},,5, is 
a sequence in Ky, which is compact and so {In}ns1 has a limit point 
x € Ky. Note that x € K,, for every n > 1andsoz € K. Also, x € U*, 
since the latter is closed. Therefore K MUS 4 @), a contradiction to 
the fact that K C U. This means that there is an integer no > 1 
such that K;, C U for all n > no (recall that the sequence {Ky },,5, is 
decreasing). 
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(c) Arguing indirectly, suppose that K is disconnected (see Defini- 
tion 2.104). Then according to Problem 2.82, we can find two open 
and disjoint sets U,V C X such that K CUUV, KNU £0, KNV £90. 
From part (b) above, we know that there exists an integer np > 1 such 
that K, C UUYV for all n > np. Then K,QU and K, V is a discon- 
nection of K,, for all n > 1, a contradiction to the fact that for every 
n > 1, the set K,, is connected. 


Solution of Problem 2.84 
No. Consider the following counterexample: 


Cr = {(x1,22) € R?: |xi| > 27 or |x2| > 1} V2 1, 
Evidently {Crhnsi is a decreasing sequence of nonempty closed sets 


which are connected (in fact path-connected; see Definitions 2.104 
and 2.122). However 


C= () Cn = { (21,22) € R?: |xg| > 1} 


n>1 


which is obviously disconnected. 


Solution of Problem 2.85 

Because [0,1] is compact and connected and f is a homeomorphism, 
A x C is compact and connected too (see Theorem 2.91 and Proposi- 
tion 2.110). Then from Theorem 2.91 and Proposition 2.110, it follows 
that both sets A and C’ are compact and connected. If 7,u € A, 7 #u 
and y,v € C, y # v, then since f~! is a homeomorphism, we have 


Ee FG Gee), Bea Pale), 
Gy = f"'(Ax {y}), GG =f 
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are all compact and connected in [0,1], hence closed subintervals of 
(0, 1]. Note that 


SY 


“"({z,y}), ExAGy = f*({z,r}), 


Ey Gy = f(a), EyNGy = f7' ({u, v}) 


and 
Fetiby =)  GyniGy = 0: 


Let a € EyN Gy, b€ Ey NGy, c€ Ey NGy and d€ E,AG,. Without 
any loss of generality assume that a <b <c < d. Then [a,c] C Gy and 
[b, d] © Gy, hence [b,c] C Gy NG, ¥ 0, a contradiction. This proves 
that one of the sets A or C must be a singleton. 


Solution of Problem 2.86 

Let x € U and let V(x) be the path-connected component of U con- 
taining x (see Definition 2.130). Clearly R‘ is locally path-connected 
(since every open set contains a convex open set; see Definition 2.127). 
So, by Proposition 2.132, we have that V(x) is open. We claim that 
U \ V(x) is open too. Let u € U \ V(x). Since U is open, we can find 
€ > 0 small enough such that 


B-(u) = {ye R™: |ly—ul] <e} C U. 


All points y € B-(u) are contained in X \ V(ax) since they can be 
connected to u by a straight-line path (a line segment) contained in 
B-(u) (see Definition 2.122). This proves that U \ V(x) is open. But 
because by hypothesis U is connected (see Definition 2.104), we must 
have U \ V(x) = 9, hence 


Vie)-= U 


and so U is path-connected (see Definition 2.122). 


(b) It is enough to take any connected space which is not path- 
connected (see, e.g., Example 1.100). 
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Solution of Problem 2.87 

No. The reason being that every point in (2, wu) is a cut point of order 
2 (see Definition 2.120), while in [y, z) the point y is a cut point of or- 
der 1. Recall that the number of cut points of order k is a topological 
invariant. This implies that the two intervals cannot be homeomor- 
phic. 


Solution of Problem 2.88 


Let 
ZE U A; 
wel 
and let i, € I be such that x € A;,. For every other u € (J A;, we 
ier 
can find i, € J such that u € A;,. Then by hypothesis, we can find a 
finite set {i,}%_) C I such that i9 =i, and in = i, and 


Ay, «tity AM VRELscayn}. 


m 
We claim that for every m € {0, eee eon the set LU) Aj, is connected 
k=0 


(see Definition 2.104). To see this note that for m = 0, this is true 
since A;, = A;, is by hypothesis connected. Suppose that the claim is 
true form =r € {0,1,...,2—1}. We will show that it is also true for 


Yr 
m=r-+1. The sets U Aj, and A;,,, are connected with nonempty 


k=0 
intersection (since Aj, Aj,,, #0). Proposition 2.109 implies that the 
r+l1 
set [J Aj, is connected. This proves the claim and so we have shown 
k=0 


that the set U Aj, is connected. This means that the points x and u 
are in the sane connected component of (J A; (see Definition 2.111). 
But u € LU A; was arbitrary. cierdfore the set LJ A; has only one 
| Eoncoiem ie., it is connected. ci 
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Solution of Problem 2.89 

Let C CY be a connected set (see Definition 2.104) and A = f~1(C). 
We proceed by contradiction. So, suppose that A is not connected. 
Then we can find two closed sets D,, D2 C X such that 


A = (DiNA)U(D2N A), (DiNA)N(D2NA) = O, 
D,NA#AD and DonA F O. 


If there exist x1 € D1 N A, x2 € DgN A such that f(r1) = f(x2) =y, 
then 
yeC and 21,22 € f '(y). 


But by hypothesis the set E = f~'(y) is connected, 

E = (DN E)U(D2NE) and (DiNE)N(D2NE) = 4, 
which contradicts the connectedness of E. Therefore, we must have 
C= f(DiNA)Uf(D2N A) with f(DiNA)Nf(DeN A) = O. 


Recall that C is connected. Since the sets f(D, MA) and f(D2N A) 
are nonempty, if we show that they are closed in C’, we would have a 
contradiction and so we are done. To this end let {ys}ier C f(D1N A) 
be a net and assume that y; —> y € C. Then 


yi = f(a) witha; € DiNA Viel. 


Because of the compactness of X, we can find a subnet {x;}je, of 
{vi}iey such that x; —> x in X. Since D, is closed in X and 
{tj}jey G Di, we infer that x € D,. Also y; —> y € C in Y and 
by the continuity of the function f, we have f(x;) —> f(x). Hence 
y = f(z) € C and sox € A= f—1(C). Therefore x € Dj MA and 
so y = f(x) € f(D, NA). This proves that f(D ,M A) is closed in 
C. Similarly, we show that f(D 2M A) is closed in C. So, finally we 
have a contradiction to the fact that C' is connected. This proves that 
f-1(C) = A is connected. 


Solution of Problem 2.90 
If CNOA = 9, then 


CnintA £9 and CrextA 4 0 
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(see Definition 2.9(b)). Then CM int A and C/N ext A is a discon- 
nection of C, contradicting the hypothesis that C' is connected (see 
Definition 2.104). 


Solution of Problem 2.91 

Since Y is not path-connected (see Definition 2.122), we can find 
y1,y2 © Y which cannot be joined by a path in Y. Arguing by 
contradiction, suppose that we could find a continuous surjection 
f: X — Y. Then there are points 21,22 € X such that 


f(v1) = y. and f(a2) = yp. 


Because X is path-connected, we can find a path ¥: [0,1] —> X such 
that 
10) =a; and D1) = x. 


Then fo ¥: [0,1] —> Y is a path in Y such that 


(fo¥)(0) = fli) = yw and (fod)(u) = f(r2) = ya, 


a contradiction. 


Solution of Problem 2.92 
For N = 1, we already know that S$! in path-connected (see Defini- 
tion 2.122), since it is the image of R under the exponential function 


e(z) = (cos(27ax), sin(27z)) VaeR. 


For the general case (N > 1), we know that R%*! \ {0} is path- 
connected and f: R'+! \ {0} —+ $%, defined by 


f(x) = Taq VaeRNtH 


is a continuous surjection. Problem 2.91 implies that S“ must be 
path-connected. 
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Alternative Solution 

Let en be the “north pole” of SY (ie., en = {5,1 }h_1) and eg is the 
“south pole” of S% (ie., es = {—d%,n}/_,). Using the stereographic 
projection (cf. the solution of Problem 2.58), we have that S \ {e,} 
and S% \ {e,} are both homeomorphic to R‘. Since R% is path- 
connected (being convex), it follows that both S% \ {e,} and S% \ {e,} 
are path-connected (see Definition 2.122). Invoking Proposition 2.129, 
we conclude that 


SY a(S" fe us” \ te) 


is path-connected. 


Solution of Problem 2.93 

We do the solution for the locally connected case (the locally compact 
case being similar; Definition 2.92). So, assume that X is locally 
connected (see Definition 2.116). Let y € Y and V € Ny(y). Then 
y = f(x) for some x € X and f—1(V) € Nx(z). Let U € Nx(z) be 
such that U C f~!(V) and since f is an open continuous surjection 
(see Definition 2.59), we have 


pe (0) CFE Y) =v 


and f(U) is an open connected neighbourhood of y (see Proposi- 
tion 2.108). Since y € Y and V € Ny(y) were arbitrary, we conclude 
that Y is locally connected. 


Solution of Problem 2.94 

Let « € C and let C(x) be the connected component containing x (see 
Definition 2.111). Then C C C(z). If C(z) 1 D ¥ , then in a similar 
fashion C(a) > D and so C(x) = X, a contradiction to the fact that X 
is disconnected (see Definition 2.104). So C(x)M D = @ and it follows 
that C(x) = C. Similarly, C(u) = D for u € D. This proves that C 
and D are both the connected components of X. 
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Solution of Problem 2.95 

Let f: CU D —+ {0,1} be a continuous function. Since C and D 
are connected (see Definition 2.104), the functions f|c and f|p are 
constant functions (see Theorem 2.105). Note that the set CN(CUD) 
is the closure of C in CU D and so by continuity the value of f|c is 
also the value of f|_ (cup)’ This is also the value of f lap and so we 
conclude that 


- lc aa 3 lp 
which by Theorem 2.105 establishes the connectedness of C'U D. 


Solution of Problem 2.96 
We proceed by contradiction. So, suppose that A is disconnected (see 
Definition 2.104). Then 


A= C,UC), 


with C,,C2) C X being nonempty, disjoint, closed sets. 
Since C1 U C2 is the smallest closed set containing A (see Proposi- 
tion 2.11(d)), we have that 


ANC, x @ and ANC) # 0. 


We also have 
A (AN Ci) U(ANC)). 


Note that 
O(ANC,) #4 0 and AANC,) F FO. 


Indeed, if this is not the case, say 0(A MC) = 0, then 
ANC, = ANC, = int (AN C1) 


and so, we have a nontrivial clopen set, contradicting the connected- 
ness of X. Since 


dA = O(ANC,)UA(ANCY) 


and by hypothesis 0A is connected, we have a contradiction. 
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Solution of Problem 2.97 
We know that D = 7([0,1]) is a closed, connected set (see Defini- 
tion 2.104 and Proposition 2.108) and by hypothesis 


DNA #0 and DN(X\A) & 6. 
If DN OA = 9, then 
D = (DN A)U(DNX \ A) 
and the sets DM A and DN X \ A are closed in D and 
(DN A)N(DNX\ A) = DN(ANX\A) = DNOA = F. 


So, we infer that the set D is disconnected, a contradiction. 


Solution of Problem 2.98 


(a) This set is disconnected (see Definition 2.104), since its projection 
on the x-axis is disconnected. 


(b) This set is connected, since any two points in it can be connected 
by a piecewise linear path (with at most two segments). 


(c) Let 


C= U {(x,y) € R?: y=0z}. 
VEQ\{O} 


Clearly the coordinates of an element in C are either both rational or 
both irrational. The set C' is connected (in fact it is path-connected; 
see Definition 2.122). Note that our set contains C and is contained 
in C = R? and so it is connected (see Corollary 2.107). 


Solution of Problem 2.99 

If X is not a singleton, then we can find z,u € X with x # u. Since 
{x} and {u} are two disjoint closed sets, invoking the Urysohn lemma 
(see Theorem 2.136), we can find a continuous function f: X —> [0,1] 
such that f(z) = 0 and f(u) =1. Since X is connected, F(X) is an 


2.3. Solutions 347 


interval in [0, 1], hence f(X) = [0,1]. This means that card X > c (the 
cardinality of the continuum). 


Solution of Problem 2.100 

For every x € X choose U, € Y such that x € U,. Since X is normal, 
we can apply the Urysohn lemma (see Theorem 2.136) and produce a 
continuous function g,: X —> [0,1] such that 


Ixl x\U, = 0 and g(x) = 1. 


Let us set 
V, = {uwEX: gz(u) > O}. 


Evidently Vz C Uz, and so {Vz}zex is a locally finite open cover of X. 


Therefore 
g(x) = S° gu(z) 
Uey 


is a well defined continuous function on X and 


g(x) > 0 Vae xX. 


Replacing gy by fu = oe we obtain fy: X —> [0,1], continuous 


functions, such that 


Solution of Problem 2.101 
Because of the normality of X (see Definition 2.4), we can find two 
open sets U,V; C X such that ACU, CCV, and UNV, = 9. We 
claim that UNV, = @. Proceeding by contradiction, suppose that 
x €UNYV\. Since x € U and V; € N(x), we must have UNV; #0, a 
contradiction. This proves the claim. 

We have UMC = 0 and so the normality of X implies that we can 
find two open sets U;,V C X such that 


Uo CCV and UNV = &. 
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As before, we show that U) NV = @. Evidently U and V are the 
desired open sets. 


Alternative Solution 
Because X is normal, the Urysohn lemma (see Theorem 2.136) implies 
that there exists a continuous function f: X —> [0,1] such that 


Fly = ) and” J] 6-= 1 


Let 
U = f-*((0,9)) and V = f*((G,0). 
f 


Both are open sets (due to the continuity of f) and they satisfy 


ACU, CCV sad UAV =i 


Solution of Problem 2.102 
(a) “=>”: We have 


A = f*({0}) = £1(()[0.4)) = (1) F-1((0.4)) 


nel nel 


and each set f me (0) +)). for n > 1, is open by the continuity of f and 
of the fact that the set [0,+) is open in [0,1]. So A is a G5-set (see 
Definition 2.18). 


“<=”: Since A is a Gs-set in X, A = [() Up with U, C X being 
n>1 

open for n > 1. Note that A and X \ U, are disjoint closed sets. 

Since X is normal (see Definition 2.4), by the Urysohn lemma (see 

Theorem 2.136), for every n > 1, we can find a continuous function 

fn: X — [0,1] such that 


frla = 9 and falyy, = 1. 


Let f: X — [0,1] be defined by 


fe) = \oef(t) VreEX. 


nel 
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Since 
or|fn(z)| < ge Vnel, eX, 


by the Weierstrass M-test we infer that 


> m fn(x) converges uniformly on X 


n>1 


and so f is continuous. We claim that f~*({0}) = A. Clearly f|, =0. 
On the other hand, if f(z) = 0, then f,(a) = 0 for all n > 1 (recall that 
fn > 0) and so x € U, for all n > 1 (since dole = 1 for all 7 > 1). 
Therefore z € () U; = A and we have proved that A = f~1({0}). 


n>1 
(b) Since X is normal, we can find two open sets U,V C X such that 


AGU ¢€ev aad Univ = 


Since A is a G5-set, we have 


A= Bue 


n>1 


with U, being open sets and we may assume that U, C U for all 
n> 1. As in part (a) we obtain continuous functions f,: X —> [0,1] 
for n > 1 such that 


fnlg = 9 and fnlyvy, = 1. 


Evidently f,|., = 1 and we set 


fe) = \oef(z) VreX, 


n>1 


as in part (a), we show that the function f: X —> [0,1] is continuous, 


A=f~ 0} and fla—1. 


Solution of Problem 2.103 

Since X is locally compact (see Definition 2.92), for every x € K, we 
can find V, € N(x) such that Vz is compact in X. Then {V,}eex is an 
open cover of kK. We can also assume that V, C U for all x € K. The 
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compactness of K implies that we can find a finite subcover {Vz, }%_1 
of {Vi}reK. We have 


n nm 
& Coy = U Vy, and Ve= U V,, is compact in X. 
k=1 k=1 


The set V C X furnished with the subspace topology is compact (see 
Proposition 2.79) and so it is normal (see Definition 2.4 and Proposi- 
tion 2.83(d)). Then the Urysohn lemma (see Theorem 2.136) implies 
that there exists a continuous function g: V —> [0,1] such that 


Gl x = 0 and Gla = 1 


Let f: X — [0,1] be defined by 


_ f g(x) for reV, 
F(z) { 1 for cE X\V. 


Clearly f is continuous and 


fl, = 0 and f| =. 1 


X\U 


Solution of Problem 2.104 
“=”: Since by hypothesis K is a G5-set (see Definition 2.18), we can 
find a sequence {U},,5, of open sets in X such that 


K = () Un. 


n>1 


By Problem 2.103, for every n > 1, we can find a continuous function 
fn: X — [0,1] such that 


fale = 9 and falyy, = 1. 


Then, if we set 
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we have that the function f: X —> [0,1] is continuous (see the proof 
of Problem 2.102) and K = f~+({0}). 


“<—”: This part is identical as the first part of the solution of Prob- 
lem 2.102(a). 


Solution of Problem 2.105 

“==”: Let X bea normal topological space Let C C X bea nonempty, 
proper, closed set. If uw € X\C, then by the perfect normality of X, we 
can find a continuous function f: X —+ [0,1] such that C = f—'({0}), 
{u} = f-+({1}). Then, from Problem 2.102(a), we infer that C’ is a 
G5-set. 


“<—=”: Suppose that every closed subset of X is a Gs5-set. Let 
C,DCX be two nonempty disjoint closed sets. Then Prob- 
lem 2.102(b) implies the existence of two continuous functions 
g,h: X —> [0,1] such that 


oe 0}) = and gis = 1 


and 


h—*({O}) = gnd. 9). =. 


We set 
f = g9+49(1-/A). 


Evidently f: X —> [0,1] is continuous and 
f*({0}) = C and f*({1}) = D, 


which shows that X is perfectly normal. 


Solution of Problem 2.106 
By the Urysohn metrization theorem (see Theorem 2.139), the space 
X is metrizable. Then Problems 1.79 and 2.105 imply that X is 
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perfectly normal (see Definition 2.137). Thus, if C = X \ U, we can 
find a continuous function f: X —+ [0,1] such that f~'({0}) = C. 
So, 


Solution of Problem 2.107 

“+”: Since X is second countable (see Definition 2.24), it is a Lin- 
del6f separable space (see Definition 2.26 and Theorem 2.27). Also, 
because X is locally compact (see Definition 2.92), it is the union of 
relatively compact open sets. The Lindeldf property implies that we 
can find a sequence {Un}ns1 of relatively compact sets such that 


X= LU Un. 


nel 


Let {Vi}z51 be a basis for the topology of X. If by X* we denote the 
one-point compactification of X (see Remark 2.97 and Theorem 2.98), 
then 


{Vehnoi U {X* EES see is a countable basis for X”. 


So X* is compact and second countable. But a compact space is nor- 
mal, hence regular too. Invoking the Urysohn metrization theorem (see 
Theorem 2.139), we infer that X* is metrizable, hence X is metrizable 
too. 


“<=”: Recall that in a metric space, separability is equivalent to 
second countability (see Proposition 1.24). 


Solution of Problem 2.108 
Since X is locally compact (see Definition 2.92), for every x € Ua € Y, 


we can find a neighbourhood Vg, of z such that Vaz is compact. 
Then D’ = {Va}xzex is an open cover of the space X. Since by 
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hypothesis X is paracompact (see Definition 2.142), it has a locally 
finite refinement D (see Definition 2.140). This is the desired cover. 


Solution of Problem 2.109 
Let {Dn}ns1 be a sequence of open dense subsets of X. Then X \ Dy 


for n > 1 are closed nowhere dense sets. Then by hypothesis, the set 
U (X \ D,) is a nowhere dense set. Hence the set int LJ (X \ Dy) is 


nel n>1 
empty and so the set 


eID) = 7), 


n>1 n>1 


is dense. This proves that X is Baire (see Definition 2.148). 


The converse is not true. Let X = R. From the Baire category 
theorem (see Theorem 1.26), we know that X is a Baire space. Let 
{9In}ns1 be an enumeration of the rationals and let Dn = {gn} for 
every n > 1. Then each D,, is closed and nowhere dense, but 


Solution of Problem 2.110 
Suppose that LJ An = X. Then LJ An = X and so (} (X \ An) = 9. 


nel nel n>1 
But for every n > 1, the set X \ A, is open and dense (see Defini- 
tion 1.25 and Problem 1.29). Because X is a Baire space (see Defini- 
tion 2.148), the set () (X \ Ap) is dense in X, a contradiction. This 
nel 


proves that 
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Solution of Problem 2.111 

No. Consider X = R, which is a Baire space by Theorem 1.26 and 
let Di = Q and Dy = R\Q. Both are dense subsets of R but 
Di N Do = 9. 


Solution of Problem 2.112 
Let {Un},51 be a sequence of open and dense subsets of X. We need 
to show that 

() U,, is dense. 


n>1 


Let « € X and let V € N(x) such that V is a Baire space (see 
Definition 2.148). Then every W € N(x), W C V is open in V 
(with the subspace topology) and so W is a Baire space itself. Then 
Un 1W C W is open and dense in W, hence 


(\anw) = (() Un) nw 


n>1 n>1 
is dense in W and so 


x is a limit point of () Un, 


nel 


which proves that () U;,, is dense and this proves that X is a Baire 


space. 


Solution of Problem 2.113 

Let X be a Baire topological space (see Definition 2.148). Since by 
hypothesis f is lower semicontinuous (see Definition 2.46), for every 
n > 1 the set 


Crh = (x EX: f(x)< n) is closed. 
Then 
LJ Cn = {teEX: f(x) <+co} 


nel 
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and by hypothesis this set is not of first category (i.e., is not included 
in the union of a sequence of closed nowhere dense sets; see Defini- 
tion 1.25). So, for some integer n > 1, we have int C, 4 0 (because 
X is a Baire space). This means that we can find x € intC, and 
U € N(a) such that 


Solution of Problem 2.114 
Let U C X be a nonempty and open set. Then U is a Baire space too. 
We have 

U =UnX = (J(Canv) 


nel 
and for each n > 1, the set C, NU is closed in U (with the subspace 
topology). Hence for some no > 1, we have 


inte (C,,10) #0 


(here inty denotes the interior in U with the subspace topology). But 
because U is open, we have 


inty(C,,0U) = GatC,,)n0 # 0, 


It follows that 
(LJ intc,)nu 4 


nel 


and as U was an arbitrary open set in X, we conclude that 


U int C, is dense in X. 


nel 


Solution of Problem 2.115 

Since Y is a separable metric space, for every n > 1, we can find a 
sequence of open sets {Uj} poy With diam UP < 4 and which cover Y. 
Then by hypothesis 


Py = A Ola 


me1 
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where for every m 2 1, the set Cy, € X is closed. Clearly 


A= NC. 


kym>1 


and because X is a Baire space, we have that 


y= U int Cf m is open, dense in X 


k,ym>1 


(see Problem 2.114). Let wy be the oscillation function for f (see 
Definition 2.42). Then 


w(x) < 4 Va € Vp. 


Therefore 
f is continuous on V = ‘a Vn 


n>1 


(see Problem 2.23), which is a dense G5-set. 


Solution of Problem 2.116 
Let f: X —> R be a lower semicontinuous function (see Defini- 
tion 2.46). For every a,c € R, a < c, we have 


f-'((a,c)) — U tia —o,ce- +] N f—*(a, +00)). 


nel 


Due to the lower semicontinuity of f, we have that the set 
‘ie —o,ce- +}) is closed and the set FG +00)) is open in X. 
By hypothesis f~!(a,+o00) is an F,-set (see Definition 2.18). There- 
fore f (a, c)) is an F,-set and since the open intervals form a basis 
for the usual topology on R which is a separable metric space, we 
conclude that for every open set V C R, the set f~'(V) is an F,-set. 
Because X is also a Baire topological space (see Definition 2.148), we 
can apply Problem 2.115 and conclude that f is continuous at every 
point of a dense G5-set. 
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When f is an upper semicontinuous function, we apply the above 
result to —f. 


Solution of Problem 2.117 

Let C be a closed subset of a paracompact space X (see Defini- 
tion 2.142) and let {V;}:er be an open cover of C. Then for every 
i € I, there is an open set U; C X such that Vj = U;NC. Let 


Y = {Ui}ier U{X \ C}. 


Then Y is an open cover of X and because X is paracompact, 
has a locally finite refinement )’ (see Definition 2.140). The family 
{U'NChureyy is a locally finite refinement of {V;}icr. This proves that 
C is paracompact. 


Solution of Problem 2.118 
(a) Let U C X bea nonempty open set and let {Un}, be a sequence 


of open dense subsets of U. Then the set V, = U, U(U)* is open in X 
and 


V, 2U,U) = UU) = X. 


So the set V,, is also dense in X. Then, since X is Baire (see Defini- 
tion 2.148), we have 


(V\Mnv) 4 


nel 


and so 


(\(Unnu) # 0, 


n>1 


hence the set () U,, is dense in U, which proves that U is a Baire 
Si 
space. 


(b) Suppose that p: X —> Y = X/. is the quotient map and VCY 
is an open dense set. Then the set p~!(V) is open (see Definition 2.76). 
Also it is dense in X. Indeed, let V be any open set in X. Then, since 
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p is an open map, the set p(V) C Y is open and so VN p(V) ¥ @ (since 
V is dense). Hence 

p\V)OV # 0, 
which shows that the set p~!(V) is open dense in X. Now, let Ae 
be a sequence of open dense sets in X. Then from the previous part 
of the solution, the sequence {p*'(On) dust consists of open dense sets 


in X and by hypothesis X is a Baire space. So, the set (]} p~!(Up) is 
nel 


dense in X. So, we have 
sO 


n>1 


Solution of Problem 2.119 

From Problem 2.118(a), we know that U is a Baire space too. Let 
{Un}ns1 be a countable dense subset of X. By Problem 2.116, for 
every integer n > 1, there exists a dense Gs-set D, of U such that the 
function z+ f(x,u) is continuous on D,. Let 


D= () Dr 


n>1 


Since U is a Baire space, we have that D C U is dense (see Def- 
inition 2.148) and for every n > 1, the function x +> f(z,un) is 
continuous on D. The density of {un},,5; in X and the continuity of 
the function u +> f(x,u) imply that for every u € X, the function 
xt—> f(x,u) is continuous on D. 


Solution of Problem 2.120 
Let 
VY = {X\C}U {Ua haer. 
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This is an open cover of X. Because of the paracompactness of X (see 
Definition 2.142), we can find a locally finite refinement {V3}ge7 of Y 
(see Definition 2.140). Let 


K = {BET:VgnC #0} 


and then 
y= {Ve} sex 
is an open cover of C’. Let 
w= (J Ve. 
Bek 


Since D is locally finite, the set E = (J) Vg is closed. Then W and 
BED 
X \ E are the two disjoint neighbourhoods of C and D respectively. 


Solution of Problem 2.121 
Let Y = {Uj}ier. By Problem 2.27, we can find a locally finite open 
cover {V;}ier of X such that 


(see Proposition 2.141). Invoking the Urysohn lemma (see Theo- 
rem 2.136), we can find a continuous function ;: X —> [0,1] such 
that 

suppy; = X\U; and w,'(1) D Vj. 


Let ; ; 
Be) = S24i(a). 
ier 
This is well defined since Y is locally finite. Let 


wile) = Tw) Vue. 


Then clearly {y;}ier is the desired partition of unity (see Defini- 
tion 2.146). 
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Solution of Problem 2.122 

Let X be a Lusin space (see Definition 2.167 and Remark 2.168). Then 
by definition there is a Polish space Y (see Definition 2.150) and a 
continuous bijection f: Y —>+ X. Suppose that D C X is open (or 
closed). Then f~!(D) is open (or closed) in Y (due to the continuity 
of f). Hence by Proposition 2.152, the set f~'(D) is a Polish space. 
The function f restricted on f~!(D) is a continuous bijection from 
f-\(D) to D. Hence by definition D is a Lusin space. 


Solution of Problem 2.123 
From Definition 2.167, for every n > 1, we can find a Polish space Y,, 
(see Definition 2.150) and a continuous bijection 


tn: Yn —> Xn. 


Let 


y= ][% 


nel 


and let f: Y —> X be a function, defined by f = (fn)ns1. From 
Proposition 2.153, we know that Y is a Polish space. Also note that 
f is a continuous bijection. Hence by definition X is a Lusin space. 


Solution of Problem 2.124 

Let J = [0,1] and let Q C R be a set of rational numbers. Then the 
set I\ (INQ) is a G5-subset of I. So, by Theorem 2.154(a), it is also a 
Polish space. Evidently I \ (1M Q) is dispersed (see Definition 2.161) 
and so is 1M Q. Therefore by Proposition 2.162(c), the set I is dis- 
persible and then so is IN (see Proposition 2.162(a)). If Y is a Polish 
space, then Y is homeomorphic to a Gs5-subset of I and so Proposi- 
tion 2.162(c) implies that Y is dispersible. Therefore, if X is a Souslin 
space (see Definition 2.156), then X is dispersible. 
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Solution of Problem 2.125 
For every ¢ € Q andie J, let 


Uig = {cE X: fix) > qh. 


Then each set Uj, C X is open (see Definition 2.46). Since X is a 
strongly Lindelof topological space (see Definition 2.163), there exist 
a countable subset Jy of J such that 


Ges We, 


ie jEJq 


el ele 


qeQ 


Let us set 


Then J is countable. Also, if 


f =supf, and f(x) > ¢, 
1E. 


then x € U Ui, andsoxe U Uj,q, hence ae fj(x) > q, from which 
wel JESq 
we infer that f = sup f;. 
jEed 


Solution of Problem 2.126 

It is enough to show the result for open sets, since the one for closed 
sets can be obtained by complementation. Let U C X be an open set. 
Due to regularity, U is the union of open sets V such that V CV CU. 
Then the strong Lindelof property (see Definition 2.163) implies that 
there is a countable subfamily of such closed sets V whose union is U. 
Therefore U is a F,-set (see Definition 2.18). 


Solution of Problem 2.127 

Let Ax be the diagonal of X x X and Ay the diagonal of Y x Y. As 
{fi: X —> Y}ier is a separating family (see Definition 2.64), for every 
(x, x") € (Xx X)\Ax, we can find i € I such that (fi(x), fi(x’)) ¢ Ay. 
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This means that the open sets (fi, fi)" 1((Y x Y) \ Ay) form an open 
cover of (X x X) \ Ax. Because by hypothesis X x X is strongly 
Lindel6of (see Definition 2.163), we can find a countable subset J C I 
such that the family {(f;, f;)~'((Y x Y)\Ay) }je, is still an open cover 
of (X x X) \ Ax. Then the countable family {f;}j;e7 is separating. 


Solution of Problem 2.128 

In what follows let proj, and proj, be the canonical projections of 
X x Y onto X and Y respectively. Let A be a Souslin subspace of 
Y (see Definition 2.156). Then proj;'(A) = X x A and since by 
hypothesis X is Souslin, X x A is a Souslin subspace of X x Y (see 
Proposition 2.159(b)). Since Gr f is a Souslin subspace of X x Y, then 


Gr f N proj; '(A) = Grfn(x x A) = D 


is Souslin (see Proposition 2.159(c)). So, there exists a Polish space V 
and a continuous surjection h: V —+ D. Then proj, oh is a continuous 
surjection from V onto f~!(A). This proves that f~!(A) C X isa 
Souslin set. 


Solution of Problem 2.129 
Let {(2;, yi) }ier C Gr F be a net such that 


(i,4¥;) —> (wy) mxxYy. 


Suppose that y ¢ F(a). By the regularity of Y we can find U € N(y) 
and an open set V C Y such that V > F(a) and UNV = 0). Because F 
is upper semicontinuous (see Definition 2.169), we can find W € N(x) 
such that F(W) CV. Since x; —> x in X and y; —> y in Y, we can 
find i9 € I such that 


x, € W and y € U Vitio, 


so 
y, € F(a) CV and y € U Vito. 


But UNV = 9. So, we reach a contradiction. Therefore y € F'() and 
so we conclude that the set Gr f C X x Y is closed. 
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Note that when the multifunction is actually single-valued (i.e., a 
usual function), then the notion of upper semicontinuity coincides with 
that of continuity. For usual functions (i.e., single-valued), closedness 
of the graph does not imply continuity. For example, consider a func- 
tion f: R —> R, defined by 


fey= {oe ego 


Solution of Problem 2.130 

“——»”: We argue by contradiction. So, suppose that {(2;, yj) }ier C 
Gr F is a net such that 7; —> x in X and {y;}ier does not have a 
limit point in F(x). So, for every y € F(x), we can find ig(y) € I 
and V(y) € N(y) such that y; ¢ V(y) for all 7 > io(y). The family 
{Vo buer(e) is an open cover of F(a) and because F(x) is compact, 


we can find a finite subcover {Ve} Let 


V = UViur) > Fla). 
k=1 


Evidently we can find ig € J such that y; ¢ V for all 2 > ij. On 
the other hand the upper semicontinuity of F’ (see Definition 2.169) 
implies that there is U € N(a) such that F(U) C V. Then we can find 
ig > i, such that x; € U for all i > ig. So, y; € F(ai;) C F(U) C V for 
all i > ig, a contradiction. Therefore {y;}icr has a limit point in F(z). 


“<=”: By hypothesis every net {yj}icy C F(x) has a limit point 
y € F(a), hence a subnet converging to y. This means that F(a) C Y 
is compact (see Theorem 2.81). Suppose that F' is not upper semicon- 
tinuous at xz. Then we can find a net {z;};¢7 and an open set V such 
that x; —> x in X, F(x) C V and F(a;) 1 (X \V) £4 for alli € J. 
Let y; € F(a) 1 (X \V). Because x; —> x, by hypothesis {y;}ie7 has 
a limit point y € F(x). So, we can find a subnet {y;}jey of {yi }ier 
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such that yj; —> y in Y and y € F(a) (X \ V) since the latter set is 
closed. But recall that F(a) C V, a contradiction. 


Solution of Problem 2.131 


(a) Let K be a compact set and let {y;};e7 be a net in F(K). We 
need to show that it has a convergent subnet to some element in F'(Ix). 
We have y; € F(x;) with x; € K for all i € I. Because K is compact, 
we can find a subnet {xj}je7 of {@;}ie7 such that 2; —> 2 € K. Then 
by Problem 2.130, the net {y;}jey has a limit point y € F(x) and so 
we can find a subnet {y,}axea of {yj }je7 such that 


i Sy e Pec PK), 


This proves the compactness of F(A’) (see Theorem 2.81). 


(b) Let { (ti, Yih er C Gr F be a net and assume that 
(i, Yi) =, (x,y) in X x Y. 


Then by Problem 2.130, we have y € F(x), hence GrF' C X x Y is 
closed. 


Solution of Problem 2.132 

Let F: X —+ 2 \ {0} be the multifunction, defined by 
F(x) = [f(@),9(@)]  VreX. 

Clearly F' has closed, convex values and 


int F(z) AO VareEXx. 


We claim that F' is a lower semicontinuous multifunction. Let us fix 
x € X. By Definition 2.169(b), it suffices to show that for every 
a,c € R, a <csuch that F(2)N (a,c) £0, we can find U € N(x) such 
that 

F(u)N (a,c) #0 Vue. 


Since 
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we have 
fie) <¢ and. oe) > a. 


Because f is an upper semicontinuous function and g is a lower semi- 
continuous function (see Definition 2.46), we can find U € N(x) such 
that 

f(u) < c and g(u) >a Vue, 


so 
F(u)N (a,e) = [f(u), g(u)] 9 (a, €) # 0 VueuUu 
and thus F is lower semicontinuous. 
Observing that 


[int F(x) N (a,c) #0) <> [F(x)N (a,c) = int F(z) N (a,c) 9] 


we infer that the function x +—> int F(x) is lower semicontinuous. 
So, we can apply Theorem 2.172 and obtain a continuous function 
h: X —>+R such that 


A(z) € int F(x) = (f(z), 9(2)) Vaex 


and so 


Solution of Problem 2.133 
Let G: X —+ 2” \ {0} be the multifunction, defined by 
_ | Fe). ese, 
Ge) = { {pg} if w=@. 
Clearly G is a lower semicontinuous multifunction (see Defini- 
tion 2.169) with values which are nonempty, closed and convex sets 


in Y. So, we can apply the Michael selection theorem (see Theo- 
rem 2.170) and obtain a continuous function g: X —>+ Y such that 


g(x) € G(z) Vare X. 
Then 


g(x) € F(z) Vrex 


and g(z) = g. 
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Solution of Problem 2.134 
Consider the multifunction G: X —> 2” \ {0}, defined by 


_ f f(x) if zec, 
oe) = oe if re X\C. 


Evidently G is lower semicontinuous (see Definition 2.169) and has 
closed and convex values. So, we can apply the Michael selection theo- 
rem (see Theorem 2.170) and obtain a continuous function fix Y 
such that 


f(z) € G(a) Vaex. 


Then 


Solution of Problem 2.135 

The family 1 Ua sey is an open cover of X. Because X is com- 
pact, we can find a finite subcover LP Coe) ts of {F- Guyer: 
Recalling that a compact space is paracompact (see Definition 2.142 
and Theorem 2.144) and invoking Theorem 2.147, we can find a par- 
tition of unity {p,}_, subordinated to {F~({yn}) bes We set 


f(z) = S— pw(a) ye Vare xX. 
k=1 


Evidently f: X —> Y is continuous. Moreover, if pz(x) 4 0, then 


x € F ({ye}) 


and so 
UR € F(z). 


Therefore f(x) is a convex combination of elements of F(a) and so the 
convexity of F(x) implies that 
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Solution of Problem 2.136 
First we do the lower semicontinuous case. In what follows, for every 
C CY, we set 

F-(C) = {zEX: F(z)NC FO}. 


Let A C X be aconnected set (see Definition 2.104) and suppose that 
V,, V2 CY are open sets such that 


F(A) CWYUW, F(ANY 40, F(ANV F FO. 
We need to show that 
F(A)NViNV 4 O. 
To this end, suppose that 
ANF (W)NF (Va) = 0. 


Because F' is lower semicontinuous, both sets F~(V,) and F’ (V2) are 
open in X and 


AC F°(YW)UF (Va), ANF (VY) #40, ANF (KY) # O. 
These facts contradict the connectedness of A. Hence 
ANF -(\W)OF (Va) # 0 
and let x € AN F- (Vi) NF (V2). Then 
F(z)AVY #0, F(z)NVe #4 0 and F(x) C VWUWVe. 
Because the set F(x) is connected in Y, it follows that 
F(2)NVWNVve # O, 


hence 
F(A\AVNWM 4 O 


and this proves the connectedness of F'(C). 
For the upper semicontinuous case, the proof is similar, check- 
ing this time a disconnection consisting of closed sets. Recall from 
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Definition 2.169(a) that F' is upper semicontinuous if and only if for 
every closed set D CY, the set 


F-(D) = {rE X: F(z) NDF} 


is closed. 


Solution of Problem 2.137 
(a) “==”: Let V C R be an open set. We need to show that the set 


LFV) = {w@eX: Lez) CV} 


is open (see Definition 2.169). Let x € L;(V). Then Ly(x) C V and 
this means that (41, -+oo) C V with some yp < f(x). Because f is lower 
semicontinuous (see Definition 2.46), we can find U € N(x) such that 


we < f(u) Vue vv. 
Then 
Leu) © (p,+oo) © V Yueu 


and so we have proved that the multifunction « ++ Ly(x) is upper 
semicontinuous. 


“<—”: Since Ly is upper semicontinuous, for every ps € R, the set 
L¥ ((u, +00)) = {ce X: Ls(x) C (u,too)} = {mE X: p< f(z)} 


is open, which is equivalent to saying that f is lower semicontinuous 
(see Proposition 2.53). 


(b) “= >”: Let V C R be an open set. We need to show that the 
set 


L;(V) = {re X: L(x) NV FO} 


is open. Let x € L(V). Then we can find A € V such that f(x) < . 
Because V is open we can assume that f(a) < A. The upper semicon- 
tinuity of f implies that there exists U € N(a) such that 


f(u) < » Vueu. 
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Then 
LyuyNvV #0 Vuev 


and so we have proved that the multifunction x +> Ly(x) is lower 
semicontinuous. 


“<—": Since Ly is lower semicontinuous, for every A € R, the set 
L; ((—00,A)) = {wEX: f(x) <r} 


is open, which is equivalent to saying that f is upper semicontinuous 
(see Proposition 2.53). 


Solution of Problem 2.138 
We need to show that for every \ € R, the set 


Ly = {yeY: my) <A} 


is closed (see Definition 2.46 and Proposition 2.53). To this end, let 
{yj}ier bea net in Ly and assume that y; —> y. Let x € F'(y), take any 
V € N(x) and consider the set F~(V) = {fy eY: Fly) nv #0}. 
We see that y € F(V) and since F' is lower semicontinuous (see 
Definition 2.169), the set F~(V) is open. Because y; —> y in Y, we 


can find i,, € I such that 
yi € F(V) Vis ty. 
Hence we can find 
x, € F(y)AV he Ls 


so 
x, € F(y;) and a€V VUE2 te: 


Because V € N(x) was arbitrary, we conclude that «7; —> x in X. We 
have 
f(tiyi) < my) <A Viel, 


so f(x,y) < A (since f is lower semicontinuous on X x Y and 
(Zi) = (x,y) in X x Y). 
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Because x € Fy) is arbitrary, we conclude that m(y) < and 
so y € Ly. This proves that Ly is closed, hence m is lower semi- 
continuous. 


Solution of Problem 2.139 
We need to show that for any ¢ > 0 and y € Y, we can find Uy € N(y) 
such that for all y/ € Uy, we have 


my") < my) +e 


(see Definition 2.46). Let « > 0 and let y € Y. Because f is upper 
semicontinuous, for any x € X, we can find two sets V, € N(x) and 
Ul.(y) € N(y) such that 


f(y) < f@y)te Va eVe, y' €U,z(y). 
Note that {Ve} nerty) 


esis F'(y) is compact. So, we can find a finite subcover 1 Vegsy ck of 
{Ve} nerty)' Then 


is an open cover of the set F'(y) and by hypoth- 


Py) Jv. = Vv 
k=1 
and because F' is upper semicontinuous (see Definition 2.169), we can 
find W, € N(y) such that 
Fi’) CV Vy € Wy. 
Let 


Uy = Wyn (() U;,, (y)) E N(y). 
k=1 


If y’ € Uy and a’ € Fy’), we have 2’ € V and so 2’ € Vz, for some 
ke {1,...,n}. Since y’ € UL, we have 
Jew < f(x,y) +E < my) +€, 
hence 
m(y') < my) +e, 


which proves the upper semicontinuity of m. 
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Solution of Problem 2.140 
Consider the sequence {Kn},,51, with 


K, = F(X) Vn>l 


(here F™ denotes the composition of F with itself n times which is 
easily seen to be upper semicontinuous; see Definition 2.169). From 
Problem 2.131, we know that this is a decreasing sequence of compact 
subsets of X. Let us set 

C= () Fn. 


n>1 


Since the sequence {Kn },,5;, has the finite intersection property (see 
Definition 2.80), from Theorem 2.81, we infer that 


CA#% and F(C) CC. 


We claim that equality holds. Arguing indirectly, suppose that we 
can find z € C\ F(C). Recall that a compact space is paracompact 
and a paracompact space is normal (see Definitions 2.4, 2.142 and 
Theorem 2.144). So, we can find open sets U; C N(x) and U2 D F(C) 
such that U; MU, = 9. Since F is upper semicontinuous, the set 
F+ (U2) = {@ € X: F(x) C Up} is open and contains C. So, we have 


C=. | ke oP" ©), 
n>1 


hence 
X\ FU) © X\C = J(X\ Kp). 


n>1 
Note that {X\ Kah sy is an open cover of the set X \ F'* (U2) which is 


compact. So, we can find a finite subcover {X \ei; is of the cover 
12 \ Fas say Os 


N 
X\ Ft(U2) © J(X\ Kn,)- 
For every n > max {n1,...,nn}, we have 


N 
Ky Cf) Ku, CF). 
k=1 
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So, the sets {Kn}nsi eventually reside in Ug. This implies that C C Uo, 
hence x € U2, a contradiction. This proves that F(C) =C. 


Solution of Problem 2.141 
From Theorem 2.183, we know that the c-topology on C(X;Y) is 
induced by the supremum metric 


d(fg) = sup dy (f(x), 9(x)) Vf,geC(X;Y). 


Since the uniform limit of continuous functions is a continuous func- 
tion, it follows that (C(X; 7), d..) is a compete metric space. So, we 
only need to check that (C(X;Y),d,,) is separable. Let k,m,n > 1 
be integers. The compactness of X implies that it has an 4 -net 
Xm = {®1,...,x1} C X. Since Y is separable, there is a countable 


open cover Dy = {U;};5, such that 
diam U; < i Viol. 
Let 


Amn ={f €C(X;Y): Va,ue X: dy (a,u) <b => dy (f(z), f(y) < d}- 


n 


For each I-tupe s = (i,...,%), let us choose f, € Am » (whenever 
possible) such that f,(a;) € U; for alll <j <1. Let By, be the 
collection of all these f; and let 


Bunn = ) Birnie 
k>1 


Claim: For every f € Amn and every ¢ > 0, we can find g € Bn 
such that 
dy (f(u),gu)) <e€ VueXm. 


To this end, take k > + and choose 7, %2,...,% such that f(aj) € Ui, 
for alll < j < k. Hence for s = (i1,...,i,), fs exists and we can take 
g = fs. This proves the Claim. 


Let 
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Evidently B is countable. We will show that it is dense in C(X;Y). 
So, let f € C(X;Y) and let ¢ > 0. Let us take n > 3. The uniform 
continuity of f (recall that the domain X is compact), implies that 
f € Amn for some m. By the Claim, we can find g € By,» such that 


dy (f(u),g(u)) < § WueXm. 


Since X,, is an 4 net, via the triangle inequality, we have 


d,(f(x),g(z)) <e VareEXx, 


so the set B is dense in C(X;Y) and so (C(x; bee d..) is separable, 
hence Polish. 


Solution of Problem 2.142 
(a) Evidently the sets of the form 


[Uo;i,... Un] = {C € P(X): C CU and COU; £9 for alll <i<n} 


form a base for the Vietoris topology on P;, 6.47 So, let [Uo;U1,...Un] 
be such a nonempty basic open set. Then UpNU; 4 9 for alll <i<n. 
We choose x; € Up NU; for 1 <i<n. Then 


{Pisses ity E (Uo; 1, ...U,] 


and this proves the density of the finite sets in P;, (x ) with the Vietoris 
topology. 


(b) Let D be a countable dense set in X and let F' be the set of all 
nonempty finite subsets of D. In the proof of (a), choose x; to belong 
in D (since D is dense in X). Then F is dense in Py(X) and F is 
countable. 


Solution of Problem 2.143 
First we show that if a set is open in the metric space (Pi, (Xx ), A), 
then it is also Vietoris open. Let K € Py (Xx ) and let ¢ > 0. The 
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compactness of AK implies that there exists an 5-net {71,...,¢@n} CK. 
Let 
Up = B(K) = {xe X: dist(x,K) <e} 
and 
Ue = BAa;) Vie {1,...,n}. 


It suffices to show that 
K € [Uo;U,...,U,] = {C © P,(X) : h(K,C) <e} 
(see the solution of Problem 2.142). We have that kK C U and 
uEKNU;, Vicicgn. 


Therefore K C [Up;Ui,...,Un]. Let C € [Uo;U1,...,Un]. We need to 
show that h(K,C) < «. Since C C Up = B-(K), from the definition of 
the Hausdorff metric, it is sufficient to show that 


K C BC) = {rE X: dist(z,C) <e}. 


Let x € K and choose 2; such that d, (x, aj) < §. Let ye KNU; FO. 
We have 

dy (z,y) < dy (x, xi) + dy (9) < &; 
so x € B.(C), hence K C B.(C). 

Next we show that every Vietoris open set is also open in the metric 
space (Pe (X Vali It suffices to show that every subbasic open set is 
open in (Py (X),h). So, let U be open in X and let K € FP (X) be 
such that kK C U. We define 


e = min {dist(z,K): ce X\U} > 0. 


For every C € Py(X) with h(C,K) < e, we have C C B.(K) CU, 
which shows that the subbasic open set {C © Py (Xx ) : CCU } is also 
open in (Px (X),h). 

Also, let K € Py (X) and let U C X be an open set such that 
KOU #0. Let x € KNU and let « > 0 be such that B-(x) C U. 
Suppose that h(K,C) < e«. Since x € K, we have dist(x,C) < € and 
so there exists y € C such that y € B.(x) CU. Hence CNU # 0) and 
this proves that the subbasic open set {C © Py (X) >: CNUF g} is 
open in (Pi (X),h). 
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Solution of Problem 2.144 

Let {ri}ier C A be a net such that x; —> x. We need to show 
that « € A. Let r: X —> A be the retraction function (see Defini- 
tion 2.196). Then r(a;) = 2; for all i € I. The continuity of r implies 
that r(a;) —> r(x) € A. Hence r(x) = x € A and so we have proved 
that A is closed. 

Next, if Y is another topological space and f: A —> Y is a con- 
tinuous function, let us set 4 = for: X —»Y. Then f is continuous 
(as a composition of two continuous functions; see Proposition 2.41) 
and f(x) = f(r(z)) for all x € A, ie., fla=f. 


Solution of Problem 2.145 

Let X be a normal space and let A C X be a retract of it (see Defini- 
tion 2.196). Let r: X —> A be the retraction of X onto A. Consider 
C,D C A closed (these are closed in X too, since A is closed; see 
Problem 2.144) such that CN D = 0. The sets r~!(C) and r~!(D) are 
disjoint, closed subsets of X. The normality of X implies that we can 
find two open sets U,V C X such that 


r(C) CU, rt(D) CV and UNV = 6. 
Consider the sets UM A and VA. Both are open in A and of course 
disjoint. Since r|, = id,, we have 

(ria) (C) = C C UNA and (rl4y t(D) = D C VNA. 


So, we have two disjoint open sets in A containing C' and D respec- 
tively. This implies the normality of A. 


Solution of Problem 2.146 
Let h: [0,1] x (RN+! \ {0}) —> RXt! \ {0} be a function, defined by 


h(t,z) = (l—-t)et+ tiey V (t,x) € [0,1] x (Rvt \ {0}). 
Then 


A(O,-) = tdanssy soy? 
h(l,z) = py €S%  WaeeRX**\ {0}, 
A(t, Jl ow = id on 
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Therefore h is a strong deformation retraction and so we conclude 
that S% is a strong deformation retract of RN+! \ {0} (see Defini- 
tion 2.196). 


Solution of Problem 2.147 


(a) Let X be a compact (respectively, (path-)connected) topological 
space (see Definitions 2.78, 2.104 and 2.122) and let A C X be a re- 
tract (see Definition 2.196). Then there exists a continuous function 
r: X —>+ A such that r|, = id, (a retraction from X to A). Because 
of the continuity of the retraction r, we have that r(X) = A is compact 
(respectively, (path-)connected). 


(b) Let X be a simply connected topological space (see Defini- 
tion 2.208) and let A C X be a retract. Let r: X —> A bea re 
traction from X to A and let i,: A —> X be the inclusion function 
(i.e., ¢,(2) =a for all e € A). Then 


POU. = Why 
and so 
eee = (St. ls = ds x 
is the identity function on 7(A). Since (i,).: 7(A) —> ™(X) and 


r.: ™(X) —> 71(A), it follows that (,), is injective and r, is surjec- 
tive. Hence 


rs(m1(X)) = m(A). 
But since X is simply connected, we have 7(X) = 0. Hence 
0 = rs (771(X)) = ™1(A) 
and this implies that A is simply connected too. 


(c) Since A is a retract of X, there is a retraction r,: X —> A 
from X to A. Also, because C' is a retract of A, there is a retraction 
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fi A—-+ CtfomAto @, Letra =Tf,or,. Then rg: % + Cis 
continuous and it x € C, then 


hence 


Fale = Vix 
which means that r, is a retraction from X to C. Therefore C is a 


retract of X. 


Solution of Problem 2.148 
Let en = (0,...,0,1) be the “north pole” of S‘~! and let e, = —en 
be the “south pole”. Consider the open sets 


U = SN-1\ fe,} and V = SN-1\ {eg}. 


Both are homeomorphic to RY be means of the stereographic projec- 
tion (cf. the solution of Problem 2.58). Let f: [0,1] —> S‘~! bea 
path. By Problem 1.137, we can find an integer m > 1 such that for 
every k € {0, 1,...,m— I}, we have 


F(R.) cu o £([-, 4) cv. 


Note that V \ {e,} is homeomorphic to RN~! \ {0} which is con- 
nected (here the restriction N > 3 plays a crucial role, since R \ {0} 
is disconnected; Definition 2.104). Then for every path in V, there is 
another one also located in V with the same initial and final points 
which avoids e,,. Since V is simply connected (being homeomorphic to 
R4~—!; Definition 2.208), the two paths are homotopic in V (see Def- 
inition 2.186) and so also in SN~1. Every path located in U already 
avoids e,. Therefore we conclude that f is homotopic to a path in 
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SN-1\ fe,} and the latter is homeomorphic to RN~!. Therefore f is 
nullhomotopic (see Proposition 2.194) and so we conclude that 


m(SN-1) = 0, 


i.e., SN—1 is simply connected (see Definition 2.208). 
The function g: RY \ {0} —> S‘-! given by 
x 


g(a) = Tall 


is a strong deformation retraction (see Definition 2.196 and Prob- 
lem 2.146). Hence 


m(R™ \ {0}) = m(S*') = 0 


by the first part of the proof (see Corollary 2.207). 


Solution of Problem 2.149 

First we consider the closed unit interval [0,1]. Let f: [0,1] —> {0} be 
defined by f(x) = 0 for all x € [0,1] and let h: {0} —> [0, 1] be defined 
by h(0) = 0. Then f oh: {0} —+ {0} is the identity function and so 
it is trivially homotopic to the identity function (see Definition 2.186). 
Conversely, note that ho f: [0,1] —> [0,1] and 


(ho f)(x) = 0 Va e€ (0,1). 
Consider the homotopy G: [0,1] x [0,1] —> [0,1], defined by 
G(t,z) = (1-t)x V (t,x) € [0,1] x [0,1]. 


This shows that ho f = 0 and the identity are homotopic. Therefore 
[0,1] and {0} are homotopy equivalent (see Definition 2.191). 

For the open unit interval (0,1), the proof is similar. In this case, 
we need to change the definition of h: {0} —> (0,1), say to h(0) = $. 
Then a homotopy G: [0,1] x (0,1) —> (0,1) which passes from ho f 
to the identity of (0,1) is given by 


G(t,x) = $(1—t+2tx)  V (t,x) € [0,1] x (0,1). 
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Evidently 
G(0,e) = 4 =hof and G(1,2) = z. 
2 


Therefore (0,1) and {0} are homotopy equivalent. 


Solution of Problem 2.150 
Let f: S' —> A be the canonical inclusion of S$! into A, ice., 


f(z,y) = (ay) =V(z,y)EA 


and let h: A —+ S' be the radial projection inwards (it moves the 
outer boundary of A onto $1 which is the inner boundary of A). We 
have 


= 1 
Then ho f: S! —> S! and for all (x,y) € S', we have 
(ho f)(,y) = h(x,y) = (2,9) 
(since /x? + y? = 1). Of course ho f = id,, is trivially homotopic to 


id... 


On the other hand f oh: A —> A is defined by 


(foh)(a,y) = Tarr my) V (a,y) € A. 


Consider the homotopy G: [0,1] x A —> A, defined by 


Clearly G is continuous and 


G(0,(2,y)) = (foh)(az,y), G(y)) = @y) VayeA 


This proves that A and S$! are homotopy equivalent, i.e., A ~ S1 (see 
Definition 2.191). 
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Solution of Problem 2.151 
The homotopy equivalence f: S' —> I x S! is given by 


f(x) = (0,2) 


(see Definition 2.191). The homotopy equivalence g: I x S' —+ S$! is 
given by g = g2° g1, where 


gi(t,z) = (0,2) V (t,2)€Ixs! 


and go= 7. 


Solution of Problem 2.152 
Since by hypothesis f is not surjective, we have that 


F(X) © S™\ {yo}, 


for some yo € S%. But via the stereographic projection (cf. the 
solution of Problem 2.58) the set S% \ {yo} is homeomorphic to 
RY. So, without any loss of generality, we may assume that f 
is a continuous function from X into R%. Consider the homotopy 
G: [0,1] x X —>+ SN, defined by 


G(t,x) = tf(x) V (t,2) € [0,1] x X. 


It is continuous and shows that f is nullhomotopic (see Defini- 
tion 2.186). 


Solution of Problem 2.153 
Let Grf be a graph of f (see Definition 1.132) and _ let 
h: X x Y —> Gr f be defined by 
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Evidently h is continuous and 


Alay = id 


Gr f* 


This means that Gr f is a retract of X x Y (see Definition 2.196). 


Solution of Problem 2.154 
Let X be the union of two tangent circles Cy and C2. Let Cy NC2 = 20, 
aecy \ {zo}, bEC, \ {xo}. Let 


U = X\{a} and V = X \ {bd}. 


Both sets U and V are open and X = UUV. Invoking the Van Kampen 
theorem (see Theorem 2.229), we infer that 7(X,20) is a free group 
with two generators {¥,7}, which are illustrated by the circles C; and 
Cy in the above figure. 


Solution of Problem 2.155 

(a) Because A is a closed subset of the compact space X, it is itself 
compact. Hence due to the continuity of f, the sets f"(A) are compact 
and connected (see Propositions 2.82 and 2.108). We have 


peta) © f(A) CA Vad 
and since A is compact, we have that 


C= () f"(A)_ is nonempty and coampct too 


n>1 


(see Theorem 2.81). We will show that the set C is also connected. We 
argue by contradiction. So, suppose that C' is not connected. Then 
C = DUBE, with D,E being nonempty, disjoint, closed subsets of 
C, hence of A too. The space A is normal (see Definition 2.4 and 
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Proposition 2.83(d)). Therefore, we can find U and V disjoint, open 
sets in A such that DCU and FE CV. Then C CUUV =W and W 
is open in A. 

Now we show that there exists np > 1 such that 


f(A) CW. 


If this is not the case, we can find a sequence {%,},5, C A such that 
In € f"(A)N(A\ W) for all n > 1. The set A \ W is compact and 
{n}n>1 admits a limit point 2. Evidently  ¢ C C W, which is a 
contradiction. This proves that f"°(A) C W for some no > 1. 
Thus 
F(A) = (FP(A)NU) U (F(A) NY), 

which contradicts the fact that f"°(A) is connected. 

(b) Let h: [0,1] x S' —+ X \C be a homotopy between f and a 
constant function (see Definition 2.186(c)). The set h([0, 1) x St) is 
compact in X\C and the latter is open. Hence h((0, 1]x iS) is compact 


in X. Because X is normal (being compact), we can find two open 
sets U,V C X such that 


AO] XS) CU and CCV. 
From (a), we know that f"°(A) C V for some no > 1. Therefore 
h([0,1] x8") CU C XY fA) 


and so 


g(S*) © X\ f(A). 


Solution of Problem 2.156 

No. Suppose that A is a retract of T (see Definition 2.196) and let 
r: T —> A be a retraction (ie., r is continuous and r|, = id,). 
Let i: A —> T be the inclusion function, then roi = id,. So, by 
Proposition 2.206, the induced homomorphism 


(id,)x = (rot), = 1 Ot: 7 (A) — 7(A) 
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is the identity homomorphism. We know that 71(T) is abelian, while 
71(A) is nonabelian free with two generators a and b. We have ab 4 ba 
and 


ix(ab) = ix(a)ie(b) = ix(b)ix(a) = ix (ba). 


Therefore 
ab = *iz(ab) = rs (ix (ba)) = Tyis(b)\hay(a) = ba, 


a contradiction. This proves that A is not a retract of T. 


Solution of Problem 2.157 

Since X is path-connected (see Definition 2.122), we can find a 
path y: [0,1] —> X such that 7(0) = zp and y(1) = 2. Then 
4 = fov: [0,1] — Y is a path joining f(z) and f(x). Let 
[a] € 7 (Y, f(v1)). Then a is a loop in Y based on f(x ) and 4a4~! 
is a loop in Y based on f (xo), hence 


ay] €¢ m(¥, f(ao)). 
By assumption, we can find a loop (6 in X based on 29 such that 
f. (18) = ay’). 


So fo and Ya¥~! are homotopic. It follows that fo (484-1) and a 
are homotopic and so 


pf. (407 ']) = Ia. 


Therefore f,: 7(X,x1) — 7 ee f(1)) is surjective. 


Solution of Problem 2.158 

From Example 2.219(d), we know that the projection p: SY —+ PN is 
a covering function. Since SY is simply connected (see Definition 2.208 
and Theorem 2.215(b)), we can apply Theorem 2.226 and obtain an 
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isomorphism 7: 7(P%,u) —> p-!(u). The latter is a two element set, 
hence 7(P%, u) is a group of order 2, ie., (Pu) = Zo. 


Solution of Problem 2.159 
From Example 2.228(c), we know that 


™ (P? x 5S?) = 7 (P?) x m1(S"). 


But from Problem 2.158 (see also Example 2.228(d)) and Theo- 
rem 2.215(b), we know that 


m(P?) = Zp and 7(S*) = 0. 


Therefore, we conclude that 


Solution of Problem 2.160 
(a) Note that roi, =id, and so 


(r a i 4) = Tx 0 (i, )s 


is the identity homomorphism on 71(A, x) (see Proposition 2.206(b)). 
From this it follows that (i). is injective and r, is surjective. 


(b) Consider the function r: R? \ {0} —> S', defined by 


rar = Tel: 

Clearly this is a retraction (see Definition 2.196), ie., S! is a retract 
of R? \ {0}. By part (a), the homomorphism 7 (S?) —+ 7 (R? \ {0}) 
induced by the inclusion function is injective. But from Theo- 
rem 2.215(a), we know that 7(S') = Z. Hence 7(R? \ {0}) has 
an infinite cyclic subgroup. 

Also let A = S! x {1}. This is homeomorphic to S'. Hence by 
Corollary 2.207, we have that 


1™(A) = m(S") ae Se 


2.3. Solutions 385 


Moreover, the function r: T —> A, defined by 


r(v,y) = (#,1) 


is a retraction, i.e., A is a retract of T. Hence the homomorphism 
(i, )x: ™(A) — 71(T) is injective, which by what was observed above, 
implies that 7)(7’) has an infinite cyclic subgroup. 


Solution of Problem 2.161 
Let p: X —+ X be the universal covering function (see Defini- 
tion 2.227). Suppose that 7(X,2) is not finite. Then p (a) is an 


infinite closed subset of X. Because X is compact, the set p~'(a) has 
at least one limit point # such that 


Hence p cannot be a local homeomorphism at <, which contradicts 
Definition 2.218. 


Solution of Problem 2.162 
Let ¢: R —> S! be the exponential covering function, defined by 


e(z) = e2mz 


(ie., ¢ is the universal covering function of $1; see Definition 2.227). 
Since X is locally path-connected (see Definition 2.127) and simply 
connected (see Definition 2.208), Theorem 2.221 implies that f has a 
lift f: X —+ R (see Definition 2.220) such that 


eof =f. 


Because R is simply connected, f is nullhomotopic (see Defini- 
tion 2.186). Let h be the homotopy transforming - continuously to a 
constant function ¢. Then ¢0 h = bo is a homotopy transforming f 
continuously to a constant function c. Therefore f is nullhomotopic. 
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Solution of Problem 2.163 

Since 7(S1) = Z (see Theorem 2.215(a)), 71(X) is finite and 
fx: ™(X) —+ 7(S1) is a homomorphism, we see that f,(71(X)) 
is a finite subgroup of 71($1) = Z, hence 


So, the argument in the solution of Problem 2.162 works and we have 
the desired result. 


Solution of Problem 2.164 

Let X and Y be two homotopy equivalent spaces (see Definition 2.191) 
and let 7(X), mo(Y) denote the sets of path-connected components 
of X and Y respectively (see Definition 2.130). Let f: X —+ Y and 
g: Y —> X be two mutually inverse homotopy equivalences. Since f, g 
are continuous, they map path-connected sets to path-connected ones. 
So, f,g induce maps f: mo(X) —> mo(Y) and g: m(Y) —> m0(X) 
respectively. Since go f ~ id,, it follows that each x € X lies in the 


same path-connected component as 9( f (@)). Hence go 7 — id, ae 


Similarly fog = id, . Therefore go f and fog are mutually inverse 


(Y) 
homotopy inverses, hence 


card 7(X) = card7o(Y). 


So, X and Y have the same number of path-connected components. 


Solution of Problem 2.165 
Let 4 be a path in X connecting @ and @; and let v = [po 4]. Let 
T4: 14 (X, 40) —> ™1(X, #1) be defined by 
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We consider the following diagram 


px(74([a])) = [po (et *a*4)] = [(Po¥')* (pot) *(po4)] 


= vy) * ps ([a]) *v = h(ps ([éi])). 


So, the diagram is commutative. This proves that the two subgroups 
of 71(X, t%) are conjugate as claimed by the problem. 


Solution of Problem 2.166 
Let r: X —> A be the retraction (see Definition 2.196) and let 
1: A —>+ X be the inclusion function. Then roi = id, and so 


Ty Oly = (rot), = Gd, x: 


It follows that the homomorphism i,: H,(A) —> Hn(X) is injective 
and the homomorphism r.: Hpn(X) —> H,(A) is surjective. Consider 
the short exact sequence 


6 —+ 24) 5. oo = Bo) = 


where j: X = (X,0) —> (X, A) is the inclusion function. Since i, is 
injective, we see that the above sequence splits as 


Ay,(X) ~ imi, @kerr, ~ Hy(A) O kerry. 
But we know that 


kerr, = An(X)/ty, (A) ~ H,,(X, A). 
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Therefore, finally 


Solution of Problem 2.167 
Since A is deformation retract of X (see Definition 2.196), we can find 
a homotopy h: [0,1] x X —>+ X such that 


h(0,-) = tidy, 
h(l,z) € A VarEXx 
A(1,-)|4 = id, 


(see Definition 2.196(b)). Then the function r: X —> A, defined by 
fa) = fs) Vaex 


is a retraction of X onto A. Therefore A is a retract of X and we can 
apply the result of Problem 2.166 and obtain 


Hy,(X) ~ Hn(A)@Hy(X,A) VWn>0. 


But X and A are homotopy equivalent (see Definition 2.191 and Theo- 
rem 2.198). Therefore Theorem 2.283 implies that 


Hn(X) ~ HAn(A) Vn20, 


sO 


Solution of Problem 2.168 

Note that « is a retract of X (indeed consider the retraction r(x) = * 
for all « € X; Definition 2.196). Then according to Problem 2.166, we 
have 

H,(x) Vn 0. 
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Solution of Problem 2.169 
We do the proof for m = 2, the general case following by induction. 
Then we have 


X = AjUAg and AjN A = OF. 


Let e € Aj; and let r: X —> X be defined by 


r(x) = x if xe Aj, 
sc mi er eae 


Evidently r is continuous and r|,, = id,,. Hence Aj is a retract of X 
and so by Problem 2.166, we have 


A,(X) = HAp(A1) 6 An(X, Ai) Vn>0. 
But by the excision property (see Theorem 2.278), we have 
Ay(X, A) eed Fi,(A2, 0) = H,(A2) Vn > 0. 


Hence 
Ay,(X) = HAp(A1) © An(A2) Vn2>0. 


By induction we have the general case m > 2. 


Solution of Problem 2.170 
Let x € X and let f: X —> {x} be the constant function 


f(x) = «Ex VarEex 


(hence f is continuous). Also let i: {«} —>+ X be the inclusion func- 
tion, ie., (x) =* € X. Then foi=id,,,. Also, due to the fact that 
X is contractible (see Definition 2.192), we have that 70 f is homo- 
topic to id, (see Definition 2.186). Therefore X and {x} are homotopy 
equivalent (see Definition 2.191) and so 


H,(X) = Hnlkt) Vn>0. 
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Invoking Problem 2.168, we conclude that 


A XGe) = 0 Yn>0. 


Solution of Problem 2.171 
From Theorem 2.282, we have the following exact sequence of homo- 
logical groups: 


ve. Hp(A,*) 22+ Hy(X,*) 22+ Ha(X,A) 2% HyilA,x)... Vn 30, 


where 7, and j, are the homomorphisms induced by the corresponding 
inclusion functions and QO, is the boundary homomorphism. Since A 
is contractible, from Problem 2.170, we have 


H,(A,*) = 0 VWn>0 


(note that by definition H_,(A,*) = 0). Then from the long exact 
sequence, we have 


{0} = int = kerry, and my, = kerd, = A,X, A). 
Therefore j, is an isomorphism and so we conclude that 


H,(X, A) ~ Hy(X,*) Wn >0. 


Solution of Problem 2.172 

Let e,, and e, denote the “north” and “south” poles respectively in S'. 
Let U = S'\ {en} and V = S'\ {es}. Then $1 = UUV. Moreover, 
using the stereographic projection (cf. the solution of Problem 2.58), 
we see that both U and V are homeomorphic to R and so 


H,(U) = Hn(V) = 0 Vn>1 


(see Proposition 2.270(c)). Note that UNM V is the disjoint union of 
two spaces (two half-circles) each homeomorphic to R. Using Propo- 
sition 2.270(b), the Mayer—Vietoris exact sequence in Theorem 2.281 
becomes 


.— 0 — H,(S1) -— ... — 0 —- 
— H,(S1) — ZeoZ — ZoZ — H(s1) — 0. 
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Since Sj is path-connected, we have 
H)(S") = Z 


(see Proposition 2.270(b)). So, the kernel of the last function Z6Z —> 
Ho(S") is Z. Similarly, the kernel of the function Z6Z —> ZOZ must 
be Z. The exactness of the Mayer—Vietoris sequence, implies that 


AS) =:Z. 
For n > 1, H,,(S") is between two trivial groups and so 
HAs) SO: Yaa’. 
Similarly, for the 2-sphere S?. Again we consider 
U = 8*\fe,} and V=S?\ {e,}. 


We have 
S? = UUV. 


Again using the stereographic projection, we have that U and V are 
both homeomorphic to R? and UNV is homeomorphic to R x S$? which 
is homotopy equivalent to $1 (see Definition 2.191). Therefore from 
the first part of the proof, we have 


Ay(UNV) = H(UNV) = Z and A,(UNV) = 0 Vn 2 2. 
Then the Mayer—Vietoris exact sequence (see Theorem 2.281) becomes 


0 = BS) S|] 0. SS 0 BS) Ss 7 


lg lg) 


— 0 — #H,(S7) > Z > ZoZ > Z — 0. 


It follows that 
H,(S7) = 0 Vn23 and H(S8?) = Z. 
Also as for S', we have 


Agi’). = Z, 
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Finally because the function Z —> Z@Z has image Z and is injective, 
we have 


Solution of Problem 2.173 
(a) No. Let p: R —+ S' be the covering function, defined by 


p(t) = e2mt 


and let f: SY —>+ $1! be a continuous function. From Theo- 
rem 2.215(b), we know that 


m(S%) =0 VWN22. 


Hence by Theorem 2.221, f admits a lift f: Se (see Defini- 
tion 2.220) such that po f = f. But R is contractible (see Defini- 
tion 2.192 and Remark 2.193). Hence f is homotopic to a constant 
function c. This implies that f is homotopic to po ¢€ (see Proposi- 
tion 2.190) which is a constant function. Therefore, we conclude that 
there is no continuous function f: SY —+ $1 (N > 2) which is not 
nullhomotopic. 


(b) Yes. Note that (x,y) € T if and only if 2 = e?7, y = e272 with 
t1,t2 € [0,1]. Let f: T —+ S' be defined by 


fi (eran) ~ ecm é S. 


Then the induced homomorphism f,: H;(T’) —> H(S') maps one 
generator of H(T’) to the generator of H,(S') and the other generator 
of H,(T) to zero. So, f, is not trivial, which implies that f is not 
nullhomotopic. 


Solution of Problem 2.174 
Let y, and yz be the two identification points. We introduce the sets 


U = =X \{yi} and V = UX \ {yo}. 
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Then U and V are open subsets of XX and }X = UUV. Moreover, 
U and V are contractible spaces and deformation retracts of UNV 
(see Definitions 2.192 2.196). By the Mayer—Vietoris sequence (see 
Theorem 2.281), we have 


if n=O, 


Z, 
Pek = { AAs © nS, 


with x EX. 


Solution of Problem 2.175 
Let x € UNV and consider the Mayer—Vietoris sequence for (U,V) 
(see Theorem 2.281) 


(ix sty) 


1 72 
as Hoe 2s Boavea =] BOD oRV®~ = 


(inst) an 

= Ay(X,*) —> Ho(UNV,x), 
where i}: U —3 X, ?: VX, 7: UNV SU, 7: UNV SV 
are the inclusion functions. Since UM V is path-connected, we have 
Ho(U NV,x) = 0. Also the exactness of the Mayer—Vietoris sequence 
implies that 


im (11,72) = kerO, = Hy(X,x) = Hi(X). 


But by hypothesis (j!,—j2) is surjective and from the exactness, we 
have 


ker (i,,42) = im(j,,-3¢) = Hi(U,*) © Hi(V,»), 


16) 
im(i1,2) = Hi(X) = 0. 


The result fails if throughout Hy is replaced by Hg. To see this let 
X = S? and let 


C= {(x,y,z) € 8": z>-5 and V = {(x,y,z) € S?: z<qGh. 


Then X =UUV. Clearly U, V and UM V are path-connected and 
H2(U) = H2(V) = 0. So, the homomorphism H2(U NV) — Ho(V) 
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induced by the corresponding inclusion function is surjective. But 
H2(S?) = Z (see Proposition 2.272(b)). 


Solution of Problem 2.176 

We argue by contradiction. So suppose that there is « € ene \f (BY). 
Then x € By \ SX-!. Consider the function r: a Vag) 
defined as follows. Consider u € By \ {x} and draw the line be- 
tween u and x. Extend this line beyond wu until it meets S%~! and 
let r(u) be the point where this happens. Clearly r is continuous and 


T|.v-1 = td,y_,- Hence r is a retraction (see Definition 2.196) and 


so S-! is a retract of B, Vial. Then k= ref: By —>+ SN-1 ig 


a continuous function and h|,y_, = fx, which by hypothesis is a 


homeomorphism. Hence if i: SN~! —> 2 is the inclusion function, 
then hoi: SN~-! —+ S%~! is a homeomorphism. This implies that 
(hot): Hy_1(S*%~!) —+ Hy_1($%~!) is an isomorphism (see Theo- 
rem 2.283). But (hoi), = h,ot, and i,: Hy_1(S%~!) — Pei, ) 
is the trivial homomorphism since H nae) = 0 (see Proposi- 
tion 2.272(a)). Therefore (hoi), is the trivial homomorphism, a con- 
tradiction. 


Solution of Problem 2.177 

Evidently X = P, U Py, where P, is the yz-plane and P, is the x2z- 
plane. Let Cy, be the unit circle in P, and let Cy be the unit circle 
in Py. Then C, U Cy is a strong deformation retract of X \ {(0,0,0) } 
(see Definition 2.196). Let 


U = C,UC,\ {(0,0,1)} and V = C,UC, \ {(0,0,-1)}. 
These sets are contractible, UUV = C, UC, and UNV has four path- 
connected components which are contractible. The Mayer—Vietoris 


sequence for the pair (U,V) (see Theorem 2.281), implies that 


H,(X \ {(0,0,0)}) = M(UUV) = Hi(C,UCy) = Z@Z@Z. 
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Suppose that X and R? are homeomorphic and let f: X —+ R? bea 
homeomorphism. Then f| : X\{(0,0,0)} —> R?*\{f(0,0,0)} 


X\{(0,0,0)} * 
is a homeomorphism too. Then by Theorem 2.283, the groups 


H,((X \ {(0,0,0)})) and Hy ((R? \ {(0,0)})) 
are isomorphic. But 
Hy ((R? \ {(0,0)})) = M(S') = Z 


(see Proposition 2.272(b)), a contradiction. This proves that X and 
R? are not homeomorphic. 
Let h: [0,1] x X —> X be define dy 


7 (x; ,2) if t=0, 
h(t, (2,9)2)) = { ae if ¢ € (0,1). 


Clearly this is a deformation retraction of X onto P,. This proves that 
X and R? are of the same homotopy type (see Definition 2.191). 


Solution of Problem 2.178 

Let A; and Ag be two copies of the unit sphere in R? together with 
the portion of the z-axis inside them, which are touching at the origin. 
The union of A; and Ag is called the wedge product of A; and Ag and 
is denoted by A; V Ag. For example, the figure eight in Problem 2.154 
is such a wedge product and is a deformation retract of T = S! x S? 
(the torus) minus a point by the function 


A(t,(e,y)) = (A-te +t, 1-ty +t) 


(see Definition 2.196). Let U = A; V Ag \ {en} (en being the north 
pole of S$”) and V = Aj V Ae \ {es} (es being the south pole of $7). 
Then UUV = A, V Ag. Note that UNV is contractible (hence path- 
connected). So, by the Van Kampen theorem (see Theorem 2.229), 
we have that 71(A1 V A2) is the free product of the groups 71(U) and 
m™1(V). Note that 


™(U) = m™1(V) = ™1(A1) = 11(Ag) = m(S*), 
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Since X is of the same homotopy type as A; V Az, we have 
™(X) = m7 (Ay V Ag) 

(see Corollary 2.207) and so 7(X) is a free product generated by two 
generators. 

Using the Mayer—Vietoris sequence (see Theorem 2.281) for (U,V), 
we obtain 

Ay(X) = Ay,(U) © A;(V) = Ay(A1) ® Hz(A2) Vk>0. 
Note that 

Ay(Ai) = Hg(A2) VkE>0 


and it is infinite cyclic for k = 0,1,2. Hence 


Z if k=O, 
H,(A) = 4 ZxZ if ke {1,2}, 
0 if k>3. 


Solution of Problem 2.179 
Using the homotopy h: [0,1] x C —> C, defined by 


n(t,(2,u)) = (atu) VtE [0,1], (eu) EC, 
we see that C deformation retracts to S! (see Definition 2.196). Hence 


Z if ke {0,1}, 
0 otherwise 


(Cc) =-2,(s").= { 


(see Proposition 2.272(b)). 


Solution of Problem 2.180 
We argue by contradiction. So, suppose that S% is a retract of 


Bo (see Definition 2.196) and let r: a —+ S% be a retraction. 


Also let i: SY —> BY be the inclusion function. We have that 
roi: SN —+ §% and roi = id.,- Note that by Proposition 2.272, 
we have 

ee al ee eens 67 aa ee 
So (roi), = 1, 0%, = 0. On the other hand, since roi = iden we have 
that (roi), = 1, 0%, is the identity homomorphism, a contradiction. 
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Solution of Problem 2.181 _ 
Choose r > 0 small such that B,(x) C U. Using the inclusion func- 
tions, we have the following commutative diagram 


OB, (x) 


U \ {x} RN \ {x} 


a 


j 
These functions induce homology homomorphisms: 
Hy_1(0B,(z)) 


Hy_1(U \ {x}) = Hy_,(RN \ {z}) 


Note that s is a homotopy equivalence (see Definition 2.191). 
Hence s, is an isomorphism (see Corollary 2.207) and so i, is injec- 
tive and j, is surjective. But by Proposition 2.272(b), we know that 
Hy-1(0B;,(2)) #0. Hence 


Solution of Problem 2.182 
We argue by contradiction. So, suppose that U and V are homeo- 
morphic. Let h: U —> V be the homeomorphism. Then by Prob- 
lem 2.181, we have that 

Hy-i(V \{h(z)}) 40 Vaeu. 


On the other hand, the set V \ {h(x)} is homeomorphic to R™ \ {0} 
which in turn is homotopy equivalent to S™“~! (see Definition 2.191; 
in fact S“@—! is a strong deformation retract of R™ \ {0}; see Defini- 
tion 2.196). So 

Hy-1(V \ {h(z)}) = Hw-1(S%~") = 0 


(since N 4 M; see Proposition 2.272), a contradiction. 
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Solution of Problem 2.183 

We write SY = ond US, where sy is the “northern” hemisphere and 
SN is the “southern” hemisphere. By the Mayer—Vietoris sequence 
(see Theorem 2.281), for x € SiY 1 SN we have the exact sequence: 


—s Hy,(SY , x) ® H,(S%,*) — Ast USN, x) 
=>, Hy-1(S U SN x) = Hypa (SY ;*) ia) Hy_1(S% , x) To sbcncdess 
So, because SY and SN are both contractible (see Definition 2.192), 


we have 
H,(S¥,*) = H,(S%, x) = 


(see Problem 2.170). It follows that 


Hy (6) = a. 2 Ago A) ORS, 
Hy,(S%,*) = < Ho(S°,+) if baw, 
Hy_n(S°, x) if k>N. 


Since 
HG" em(s" 4) = st US 0, 
the direct sum is trivial and the chain is exact, we infer that 
Hy(Si-*,x) = 0 VkRK<N. 


Also, we have 


Hy n(S°, x) = Hy_n({x} U {x}, *) = Ay_n(x) VEEN. 


Solution of Problem 2.184 
We consider the triple (X1, X2,X3) and the corresponding long exact 
sequence 


Le On 
. —> Hy (X3,X1) > Hy (X3,X2) > Hp-1(X2,X1) — ... 
(see Theorem 2.277). From the rank theorem, we have 


rank Hy,(X3,X2) = rank ker 0, +rankim@, = rankimi, +rankim 0, 
< rank Hy(X3, X1) + rank Hp_1(X2, X1) (2.1) 
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(using the exactness of the sequence). Similarly considering the triple 
(X1,-X3, X4), we obtain 


rank H;,(X3, X1) < rank H;,(X4, X1) + rank Hy44(X4, X3). (2.2) 
Adding (2.1) and (2.2), we obtain 


rank H;,(X3, X2) — rank Hy(X4, Xi) < rank Hy_ (X2, X71) 
+rank Hj,+1(X4, X3). 
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Chapter 3 


Measure, Integral 
and Martingales 


3.1 Introduction 


3.1.1 Basic Definitions and Notation 


We start by defining some families of subsets of a set Q that play a 
central role in measure theory. 


Definition 3.1 
Let Q be a set and let Y C 2° be a family of subsets of Q. 
(a) We say that Y is a semiring if for any A,C € Y, we have that 
ANC €Y) and there exists a finite family {Dy }R_, C Y of pairwise 
disjoint sets such that A\C = LU Dg. 

k=1 
(b) We say that Y is a ring if for any A,C € Y, we have that 
AUCEY and A\C EY (ie., a ring is closed under finite unions 
and relative complements). 
(c) We say that ) is an algebra (or field), if it is a ring andQeE Y. 
(d) We say that Y is a o-ring if it is a ring which is closed under 
countable unions, t.e., if {An}ns1 CY, then U Ane Y. 


n>1 
(e) We say that Y is a o-algebra (or o-field), if it is a o-ring and 
(hey: 
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Remark 3.2 
It is clear from the above definitions that we have the following rela- 
tions with these notions (arrows stand for inclusions): 


semiring 


o-ring algebra 


Remark 3.3 
Note that if Y is a ring, then @ € Y since 0 = A\ A for all AE Y. 


Moreover, it is easy to see that a ring is closed under symmetric dif- 
ference (i.e., if A,C € Y, then A A C = (A\C)U(C\ A) € Y) 


and under finite intersections (i.e., if {A,}?_, C Y, then () Ax € Y). 
k=1 


An algebra is closed under complementation, finite unions and finite 
intersections. Finally a o-algebra is an algebra which is closed under 
countable unions and countable intersections. 


Example 3.4 

Let 2 be an uncountable set. 

(a) Let Y be the family of all singletons of Q and 0. Then Y is a 
semiring but not a ring. 

(b) Let Y be the family of all finite subsets of the set 2. Then Y is a 
ring but not an algebra or a o-ring (as always we consider 9) as a finite 
set). 

(c) Let Y be the family of all subsets of the set 9, which are finite 
or cofinite (i.e., have a finite complement). Then Y is an algebra, but 
not a o-algebra or even a o-ring. 

(d) Let Y be the family of all subsets of the set 2, which are countable. 
Then Y is a o-ring but not an algebra. 
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(e) Let Y be the family of all subsets of the set 2, which are countable 
or co-countable (i.e., have a countable complement). Then Y is a 
o-algebra and it is generated by the collection of all singletons (see 
Definition 3.6 below). 


Remark 3.5 

It is clear from Definition 3.1 that the intersection of o-algebras (re- 
spectively, o-rings) is again a o-algebra (respectively, o-ring). So, 
every Y C 2 is included in a smallest o-algebra (respectively, o-ring), 
known as the o-algebra (respectively, o-ring) generated by Y. 


Definition 3.6 
(a) Let Q be a set and let Y C 2°. The c-algebra generated by Y 
is denoted by o(Y) and is given by 


a(Y) () {F : F is ao-algebra and Y C F}. 


(b) Let (X,7) be a topological space. Then the o-algebra a(7) (i.e., 
a-algebra generated by the open sets) is called the Borel o-algebra of 
X and is denoted by B(X). The elements of B(X) are called Borel 
sets. 


Definition 3.7 

Let Q be a set and let Y C 2. 

(a) We say that Y is a m-class if for any A,C € Y, we have 
AnCey. So, Y is also closed under finite intersections (the let- 
ter m is used because it brings in mind products, whose set theoretic 
analogs are intersections). 

(b) We say that Y is a A-class (or Dynkin class) if Q © Y and for 
any A,C € Y with AC C, we have C\ A € Y and for any increasing 
family {An}nst CY, we have U An € ¥ (the letter is used because 


~ nel 
it brings in mind limits). 


Remark 3.8 
An alternative equivalent definition of a )-class is the following: 0 € Y, 
for every A € Y, we have A‘ € Y (closed under complementation) and 


if {An}ns1 C Y are pairwise disjoint sets, then we have UJ An € Y. 
n>1 
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A o-algebra is a A-class but the converse is not in general true. An 
algebra though need not be a A-class. The intersection of a family 
of A-classes is a A-class. So, we can speak about the smallest A-class 
containing a family F C 2, which is the A-class generated by F and 
is denoted by A(F). 


Theorem 3.9 (x-\ Theorem; Dynkin Theorem) 
If Y is a m-class, then o(Y) = X(Y). 


Definition 3.10 
Let © be a set and let Y C 22. We say that Y is a monotone class 
if for any sequence of increasing or decreasing sets {An}ns1 CY, we 
have LU) An € Y and () An € Y. 

ne1 n>1 


Remark 3.11 
We have the following relations: 


o-algebra ==> A-class = > monotone class. 


The converse implications are not in general true. Clearly the in- 
tersection of a family of monotone classes is again a monotone class. 
Therefore, any F C 2® is included in a smallest monotone class, the 
monotone class generated by F and denoted by m(F). 


Theorem 3.12 (Monotone Class Theorem) 
Let Q be a set and let F be an algebra of subsets of . 


(a) F is a monotone class if and only if F is a o-algebra. 
(a) o(F) =m(F). 


Definition 3.13 
Let % be a o-algebra of subsets of Q and let ACQ. We set 


Da & {Anc: Ces}. 


Then Sa is a o-algebra of subsets of A and it is called the relative 
o-algebra of % on A (or trace of & on A). 
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Definition 3.14 

Let % be a o-algebra of subsets of Q. 

(a) We say that % is countably generated if there exists a countable 
subfamily Y of & such that 4 = o(y). 


(b) We say that % is separable if it is countable generated and it 
separates points of 2, i.e., if w,w! € Q, then we can find A € dX 
such that x,(w) # x,(w’). 


3.1.2 Measures and Outer Measures 


Now we are ready to introduce one of the central notions in measure 
and integration theory, namely the notion of measure. 


Definition 3.15 

If Q is a set and % C 2° is a o-algebra, then the pair (Q,%) is said 
to be a measurable space. Let : § —> R* = RU {+oo} be a 
function. 

(a) We say that u is a signed measure if (0) = 0, it takes only 
one of the values +coo or —co and it is o-additive, i.e., for any fam- 
ily {An}nsi G U of pairwise disjoint sets, we have hu( U An) = 

n>1 


2, MAn). 


(b) We say that pu is a measure if it is a signed measure which takes 
nonnegative values only. 


Definition 3.16 

In general, if Y is a semiring and w: VY —> R* = RU {+co} is a set 

function, we say that: 

(a) u is monotone if for any A,C € Y with AC C, we have (A) < 

uC); 

(b) w is additive (or finitely additive) if for any finite family 
n 


{Ag }R_, C Y of pairwise disjoint sets such that LV Ax € Y, we have 


k=1 
Lu U Ax) = 3 L(Ag); 
k=1 k=1 
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(c) uw is o-additive (or countably additive) if for any sequence 
{An}ns1 CV of pairwise disjoint sets such that U An € Y, we have 


n>1 
( Ui An) = u W(An); 
(a) i is sate adiies if jet any ee family {Aj }p_, © Y such that 


U Ay € Y, we have p( U Az) < » U( Ax); 


(e) He is pinerdidiiee if iar Fe | finite family {A,}R_, C VY such 
that U A, € Y, we have p( U Ax) > = p( Ag); 


(f) i is o-subadditive if ae any de ee {An}ns1 G Y such that 
U An € Y, we have u( U An) < SS u(An). 
n>1 n>1 


n>1 


Definition 3.17 

The triple (Q,%, 4) where QD is a set, % is a o-algebra of subsets of 
Q and pp: & —+ Ry = [0,+00] is a measure is said to be a measure 
space. We say that a measure spaces is: 

(a) finite if u(Q) < +c0 (which implies that (A) < +00 for all 
Aéd); 

(b) a probability space if p(Q) = 1; 

(c) o-finite if 


= [J An, An€éX and pu(An) < +00 YVn2>1; 


nel 


(d) semifinite if for every A € % with p(A) = co, we can find C € © 
with C C A and 0 < p(C) < +00. 


Remark 3.18 
In a o-finite measure space (Q,%, 4), we can always find a pairwise 
disjoint sequence {C;,},,, G © such that 


eee and p(Cpr) < +00 Vn>1. 


n>1 


Indeed, according to Definition 3.17(c), we can find a sequence 
{An}ns1 G U such that 


= LJAn and pu(A,) < +00 Vn2 i. 


n>1 
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Let 


n—-1 
CG, SA, and Ch © An\ (JA, Vn 22. 

k=1 
Every o-finite measure space is semifinite, but the converse is not 
in general true. We often refer also to finite, o-finite and semifinite 
measures. Most measures that arise in practice are o-finite, which 
is fortunate since non-o-finite measures tend to exhibit pathological 
behaviour. 


The basic properties of measures are summarized in the next 
theorem. 


Theorem 3.19 

If (Q,%, 4) is a measure space, then 

(a) pu is monotone and o-subadditive; 

(6) if {An}ns1 G & is increasing, then u( U An) = lim p(An) 


— n>1 n—>+00 
(continuity from below). 
(c) if {An}nsi GC % is decreasing and p(A1) < +00, then 
(1) An) = lim p(An) (continuity from above). 
n>1 n—-+oo 


Proposition 3.20 
If (Q,%) is a measurable space and pw: X —> Ry = [0,+00] is an 
additive set function which satisfies one of the following two proper- 
ties: 

(i) uw is continuous from below (see Theorem 3.19(b)); or 

(ii) ps is continuous at 0, i.e., if {An}ns, G U is decreasing and 
() An =, then lim p(An) = 0, 

n—- +00 


n>1 
then ps is a measure. 


Definition 3.21 
Let (Q,%, uu) be a measure space. A set A € & such that u(A) = 0 ts 
said to be a u-null set. 


Remark 3.22 

By subadditivity, any countable union of p-null sets is a p-null set. If 
(A) = 0 and C C A, C € &, then by monotonicity, we have that 
u(C) = 0, ie., C is null too. 
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Definition 3.23 

A measure space (Q,%, 4) where © contains all subsets of -null sets 
is said to be a complete measure space. For any measure space 
(Q,%, 4), the completion of © under ju is the collection 


Lie = {A CQ: there exist CC Ed, such that C CAC CG 
and u(C \ C) =}. 


If C,C € ¥ are such that p(C \ C) =0, then evidently (C) = p(C) 
and we define fi: 4, —> Rz = [0,+00], by 


Then ft is called the completion of [. 


Proposition 3.24 

If (Q,%, 1) is any measure space, 

then dX, is ao-algebra, & C Uy, (Q, Up, ft) is a complete measure space 
and Tily = I 


Remark 3.25 
Note that 
oS, = {AUD: AEd, DCNEN}, 


where N= {N EX: p(N) =0} and f(AUD) = p(A). 


Proposition 3.26 
If (Q,%) is any measurable space, Y C ¥ is a m-class such that 4 = 


a(Y), Q= U An with {Anhas, CV being an increasing sequence of 
nel 


sets and [41, U2 are two measures on Xi such that 
taily = Maly and pa(An) = p2(An) < +oo Vn, 


then fy = a. 


Now we introduce the tools that will help us construct measures. 
We start with a notion due to C. Carathéodory, which is an abstract 
generalization of the notion of outer area. 


Definition 3.27 = 
Let Q be a set and let p*: 2° —+R, = [0,+00] be a set function. We 
say that pu is an outer measure if it satisfies: 
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(a) p*(0) = 0; 
(b) px is monotone, i.e., u*(C) < 
(c) u* is o-subadditive, i.e., p*( 


u*(A) when C C A; and 
U An) < XS p*(An), for any se- 


nel n>1 
quence {An}y>1 C2. 


A common way to produce outer measures is to start with a small 
semiring at sets where the notion of measure is defined (such as half- 
open intervals in R) and then approximate arbitrary sets “from the 
outside” by countable unions of elements in the semiring. 


Proposition 3.28 
If Q is a set, V C 2% is a semiring, u: Y —> Ry = [0,+co] is a 
o-additive set function and u*: 2° —+ Ry = [0, +00] is defined by 


w(A) & inf {S>u(An): {An}asi CV, AC LJ An} = VA 2%, 


n>1 nel 


with the usual convention that inf 0 = +00, 
then p* is an outer measure. 


The basic step that leads to the construction of a measure is the 
following notion due to C. Carathéodory. 


Definition 3.29 
Let 9 be a set and let p* be an outer measure on 2°. A set A CQ is 
said to be .*-measurable, if 


w(D) = wp (DNA)+ ph (DNA) VDC, 


i.e., A splits all sets in Q additively for u*. The family of all p*- 
measurable sets is denoted by %,,. 


The next theorem produces a complete measure out of an outer 
measure. 


Theorem 3.30 (Carathéodory Theorem) 

If Q is a set, u* is an outer measure on 2° (see Definition 3.27) and 
ae is the family of all u*-measurable sets (see Definition 3.29), 

then Xi,» is a a-algebra and (Q, X,*, u*) is a complete measure space. 
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3.1.3. The Lebesgue Measure 


Let us now apply the Carathéodory theorem (see Theorem 3.30) to 
establish the existence of the N-dimensional Lebesgue measure XN, 
N > 1. So, let Y% be the family of half-open rectangles 


N 


R = | [lax, bx) 


k=1 
and let 


N N 
AV (| [ lax, be) = [[ = ax) = volR 


> 
ll 
mn 
> 
ll 
mn 


(the usual volume of R) and for any A C RX, we set 


(AX)*(A) = inf {So vol Re: Ree VN, AC |) Ry}. 
k>1 k>1 


We can check that Y% is a semiring and then from Proposition 3.28, we 
‘ N * 

have that (A )* is an outer measure on 2"”. Invoking Theorem 3.30, 

we have the following theorem. 


Theorem 3.31 

There exists a unique extension of XX to the o-algebra DAN) Ci” te 
measurable sets (see Definition 3.29). This measure, still denoted 
by * is called the N-dimensional Lebesgue measure and the o- 
algebra &i(,n)+ denoted for simplicity by L(R) is the o-algebra of 
Lebesgue measurable sets and B(R‘) C L(RY) (where B(RY) is 
the Borel c-algebra of R‘ ; see Definition 3.6(b)). The Lebesgue mea- 
sure is translation invariant, i.e., if A € L(RN) and x € RN, then 
AN(A) = 4N(A+ 2) and A C R™ belongs in L(RY) if and only if 
A+-< belongs in L(R™) for some (respectively, all) c € RN. 


Remark 3.32 
The uniqueness of the extension follows from Proposition 3.26. When 
N=1, we write 0:=—d; 


Proposition 3.33 

If js is a nontrivial measure on (R‘,B(R‘)) which is translation 
invariant (i.e., (A+ a) = p(A) for all A € B(R™) and all z € RY) 
and finite on bounded Borel sets in R*, 

then there is a & > 0 such that = €X%. 
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Remark 3.34 
Next we will discuss the celebrated Cantor set, which turns out to be 
a rich source of examples. The Cantor set is defined by 


oe oe tn € {0,2} for all n > 1}, 


n>1 


i.e., it is the set of all x € [0,1], which have a base-3 expansion x = 
>> 3 with coefficients x, that are all different from 1. The set C is 
nel 

obtained from [0,1] by removing the open middle third (3, 2), then 
for the remaining two closed intervals [0, 7A and (2, 1], we remove 
their respective middle thirds (3, 2) and (Z, 9) and we continue in 
this fashion. The resulting set C is the Cantor set. 


Proposition 3.35 

The Cantor set C C [0,1] has the following properties: 

(a) C is compact, nowhere dense, totally disconnected and has no 
isolated points (hence C is a perfect set). 

(b) cardC =c (c being the cardinality of the continuum). 

(c) \(C) =0 (A being the Lebesgue measure on R). 


Remark 3.36 

With the help of the Cantor set we can compare £(R) and B(R); see 
Problem 3.61. A natural question that arises is whether £(R) = 2®. 
A cardinality argument cannot help because of Problem 3.61. 


Theorem 3.37 

Assuming the axiom of choice (which is always the case in this volume), 
there exists a set EF CR which does not belong in L(R). In fact, there 
is a set E C [0,1] such that A*(E) = A*((0,1] \ E) =1. 


Remark 3.38 

So, the Lebesgue measure is not defined on all subsets of R. This is 
also true for RY , N > 2. In fact there is the famous “Banach—Tarski 
paradox”, which says that for NV > 3, any two subsets A,C C RY with 
nonempty interior are congruent by finite decomposition, i.e., 


A= UD, and C= U Be, 
k=1 k=1 
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with {D,}~L, and {E,}%, pairwise disjoint families and for every 
ke {lied 4b: ts the sets D, and Ex are congruent, i.e., there exists 
a bijective isometry fz: Dy —> Ex. So, for example, any two balls 
are geometrically congruent by finite decomposition, regardless of the 
difference in their radii. Hence in these decompositions not all sets 
are Lebesgue measurable or otherwise the balls would have had the 
same Lebesgue measure (the same volume), which of course is absurd 
if the two balls have different radii. For dimensions N = 1 and N = 2, 
then A and C' are congruent by countable decomposition, i.e., the 
decompositions of A and C' into mutually congruent pieces can be 
accomplished by using countably many pieces. The Banach~Tarski 
paradox reveals that for N > 3, there cannot be even an additive set 
function defined on all 2®” which is invariant under Euclidean motions. 
For N = 1 and N = 2 there is no measure (o-additive function), 
defined on all 2° and 2®’. In any case, we infer that in all dimensions, 
nonmeasurable sets must exist. One then may ask whether A% can be 
extended as a measure to all of 22”. Again the answer is no, at least 
if we assume that the continuum hypothesis. Finally every Lebesgue 
measurable set in R% with positive measure contains a nonmeasurable 
subset. 


Theorem 3.39 
Assuming the continuum hypothesis, there is no measure ts defined on 
all subsets of [0,1] such that 


u([0,1]) = 1 and p({z}) = 0 Va € (0,1). 


3.1.4 Atoms and Nonatomic Measures 


Definition 3.40 
Let (Q,%, 4) be a measure space. We say that A € & is an atom of 
if 0 < u(A) < +00 and for every C C A with C € X, we have 


WC) = 0 or p(C) = pA). 


If wp has no atoms, then we say that the measure pp is nonatomic. We 
say that is purely atomic if whenever A € % and A is not p-null, 
there is an atom of 4 included in A. 


The following result gives a fundamental property of nonatomic 
measures. 
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Theorem 3.41 
If (Q,4,p) is a nonatomic measure space, A € NS andO <n < 
then there exists a set CC € & with C C A such that w(C) = 7. 


The next definition extends the notion of o-finiteness (see 
Definition 3.17). 


Definition 3.42 

A measure space (Q, 5, yu) is said to be localizable if there is a collec- 
tion Y of disjoint Xi-sets of finite measure such that for every A CQ, 
we have 


AEX => [W(A)= So u(ANC) VCeEy, AnCey]. 
Cey 


Proposition 3.43 

If (Q,%, 1) is a nonatomic localizable measure space, 

then for every ¢ > 0, we can find a family {Aj}ier CD of pairwise 
disjoint sets such that 


= Ai and p(Aj) < «€ Viel. 
wel 


If u is o-finite, then I =N (i.e., the partition of Q is countable). 

If us is finite, then I = Tis cise for some N > 1 (i.e., the partition 
of Q is finite). 

3.1.5 Product Measures 


Let (0,5, w) and (9/,&’,v) be two measure spaces. Let 


R © {AxC: AEE, Cer} 


(the collection of all “rectangles” in 0 x 0’). This is a semiring of sets 
in Q x Q'. For the elements of this semiring, we let 


o(Axc) & p(Av(C). 


It is easily seen that @ is o-additive on R. 
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Definition 3.44 
The product c-algebra © ® ’ is defined by 


Hoy = a(R). 


Let A be the ring generated by R. Then A is the collection of 
finite disjoint unions of rectangles. Since Q x / € R, it follows that A 
is an algebra (see Definition 3.1(c)). Then @ is well defined on A and 
extends to a measure on o(A) = © @ D’ (see Definition 3.44), called 
the product measure of 4 and v and denoted by pz x v. In general, 
this extension is not unique. However, we have the following result. 


Proposition 3.45 

Tf (Q,%, 4) and (Q!,%',v) are o-finite measure spaces, 

then o extends uniquely to a measure fs x v (called the product mea- 
sure) on 1 @ DX. 


Definition 3.46 

Let (Q,%, ) and (0,5’,v) be two measure spaces and D€ 1 @ &. 
Then for x €Q andy € 0’, we define the x-section D, of D and the 
y-section D, of D by 


def 


Dp. = {yeO: (x,y)€D} and Dy {xEQ: (x,y) € D}. 


Proposition 3.47 

If (Q,%, w) and (Q',',v) be two measure spaces and DEX @ LX’, 
then for every x € Q and every y € 0’, we have Dz € X!' and Dy € X=. 
3.1.6 Lebesgue—Stieltjes Measures 


Consider the following two semirings: 


VS {(a,b]: abER} and YW © ffa,d): abeER}. 


Let f: R —> R be a nondecreasing, right continuous function (i.e., 
lim f(x) = f(u)). We set 
aout 


uy((a,d]) = f(b) — f(a) VYa,beER, ab. 
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Proposition 3.48 

If f:1R —+ R is nondecreasing, right continuous and jf is the set 
function defined on Y; as above, 

then ff is o-additive on Y, and by the Carathéodory procedure de- 
scribed earlier extends uniquely to a measure on o(V1) = B(R). 


The same can be done starting with a nondecreasing, left contin- 
uous function f: R — R (ie., lim f(x) = f(u)). In this case, we 
be a | 

set 
vp([a,b)) = f(b) — f(a) VabeR, ab. 


Proposition 3.49 

If f: IR — R is nondecreasing, left continuous and vf is the set func- 
tion defined on Jz as above, 

then vy is a-additive on Y2 and by the Carathéodory procedure de- 
scribed earlier extends uniquely to a measure on o(Y2) = B(R). 


More generally, if f: R —> R is a nondecreasing function and we 
introduce the set functions pr: VY) —> R, vf: Y2 —> R, defined by 


ups((a,b]) = f(b*)—flat) VabeR axe, 
v;([a,5)) = fio )-f(@) Va,b€] <b 
where recall that 


fut) = lim, f(a) and f(w7) = lim f(x), 


LU 


R, a 
R, a 


then yy and vf extend uniquely to identical measures on B(R). So, we 
have seen that every nondecreasing right or left continuous function 
f: R — R defines a unique measure on R. The converse is also true. 


Definition 3.50 

If X is a topological space and B(X) denotes the corresponding Borel 
a-algebra, then a measure 4 on B(X) is said to be a Borel measure 
on X. 


Proposition 3.51 


(a) If us is a Borel measure which is finite on bounded subintervals of 
R and 


w((0,2]) if «>0, 
then f 1s nondecreasing, right continuous and b= pf. 
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(b) If pw is a Borel measure which is finite on bounded subintervals 
of R and 
—p([z,0)) if «<0, 
f(x) = 4 0 if «=O, 
w([0,z)) if «>0, 


then f is nondecreasing, left continuous and = Lf. 


Remark 3.52 

In fact the Carathéodory procedure gives us not only Borel measure 
if but also a complete measure fir whose domain includes B(R). One 
can show that the domain of 7, is always strictly bigger than B(R). 
We usually denote this complete measure also by pf and is called the 
Lebesgue—Stieltjes measure associated with f. When f(x) = 2, 
then the resulting measure jf is the classical Lebesgue measure on R. 


3.1.7 Measurable Functions 


Definition 3.53 

Let (0,8) and (Q',%’) be two measurable spaces. A function 
f:Q—-+ is said to be (X,x’)-measurable (or just measurable 
when © and X’ are unambiguously understood), if f~'(A) € X for all 
Aedx’. 


Proposition 3.54 

If (Q,%) and (Q',5’) are two measurable space, Xx’ € o(A) and 
70 = s0. 

then f is measurable if and only if f—!(A) € Dd for all A € A. 


Corollary 3.55 

If X andY are two topological spaces and f: X —+ Y is a continuous 
function, 

then f is (B(X),B(Y))-measurable. 


Proposition 3.56 

If (Qy, Ux) for k = 1,2,3 are measurable spaces and f: Qy —> Q2 is 
(1, S2)-measurable and f: Q2 —> Qs is (X2, U3)-measurable, 

then go f: Qy —> Qs is (%1, U3)-measurable. 


Often we deal with functions f: 2 —> Y, where Y is equipped 
with a natural o-algebra ) (for example, if Y is a topological spaces, 
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then Y = B(Y)), but no o-algebra is specified on 2. Then it is natural 
to ask the following question: “Is there a smallest o-algebra on Q 
that makes f measurable?” Such a o-algebra exists as the following 
proposition says. 


Proposition 3.57 

If Q is a set, (Y;,V;) fori € I, are measurable spaces and f;: Q — Y; 
are functions, 

then there is a smallest a-algebra on Q that makes all { fi}ier measur- 
able and it is given by 


o({fitier) = of U f7'Q)). 


tel 


Definition 3.58 
The o-algebra o({fitier) provided by the previous proposition is called 
the o-algebra generated by { fi}ier. 


Remark 3.59 
For every 7 € I, f; '();) is a c-algebra. But the union of c-algebras is 
not in general a o-algebra. 


Theorem 3.60 

If (Q,%) and (Q!,=’) are two measurable spaces, f: Q — Q! is a 
(5, D’)-measurable function and p is a measure on (Q,%), 

then the set function 


WC) = p(f-'(c)) weey 
is a measure on (Q,d’). 


Remark 3.61 

The measure v on (’,’) obtained in the previous theorem is called 
the image measure of : under f (or the measure induced by f) 
and it is denoted by pf! or po fot. 


Remark 3.62 

If (Q) = 1 (ie., it is a probability measure), then po f—!(/) = 1. In 
fact, if (Q,™%, 42) is a probability space, N’ = R and ’ = B(R), then 
a measurable function f: 22 —> R is said to be a random variable 
and po f~' is the probability distribution (or the law) of f. 
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Next we focus on R or R* = RU {+o00}-valued measurable func- 
tions. On R we consider the Borel o-algebra B(R). So, let (0,4) be 
a measurable space and let f: 2 — R be a (=, B(R))-measurable 
function. Recall that B(R) is generated by all sets of the form |a, +00) 
or (a,+o0) or (—oo,b] or (—o0, b) (a,b € R or even a,b € Q). This 
fact leads to the following equivalent characterization of measurability 
of f: 2—>R. 


Proposition 3.63 

If (Q,%) is a measurable space and f: Q — R is a function, 

then f is (x, B(R)) -measurable if and only if one (hence all) of the 
following conditions holds: 

(a) {weEQ: fw) >A} EX for allX ER (or all X € Q); 

(b) {wEQ: f(w) >A} EX for all AER (or all A € Q); 

(c) {wEQ: f(w) <r} ED for all AER (or all AC Q); 

(d) {wEQ: fw) <A} EX for allX ER (or all X€ Q). 


Remark 3.64 

If X is a topological space with the Borel o-algebra B(X) and 
f: X — Risa (B(X), B(R))-measurable function, then we say that 
f is Borel measurable. We emphasize that on R, we consider always 
the o-algebra B(R). 


Sometimes it is convenient to allow f to take values in the extended 
real line R* = RU {too}. Of course R* is no longer a field and 
expressions like 00 — oo or $2 make no sense and so they must be 


avoided. i 


Proposition 3.65 
The collection 


B(R*) = {AUD: A€ B(R) and Dé {0, {+00}, {00}, {-00, oo} } } 


is a o-algebra and it is the Borel o-algebra of R* = RU {tco}. Evi- 
dently 
B(R) = B(R*)NR 


(the trace on R of B(R*)). Moreover, B(R*) is generated by all sets of 
the form 


[a, +00] or (a, +00) or [—o0, b] or [—0«, b) Ya,bER (ora,be Q). 
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Next we introduce the measurable functions which are the building 
blocks of integration theory. So, let (2, ©) be a measurable space and 
AC X. We consider the function 


def 1 if weA, 
Xa (w) = 


0 if weA. 


Definition 3.66 
The function x, is called the characteristic function (or indicator 
function) of A. 


Definition 3.67 

Let (Q,%) be a measurable space. A function s: Q —> R is a simple 
function if it is a finite linear combination, with real coefficients, of 
characteristic functions of sets in %. This is equivalent to saying that 
s:Q —> R is simple if and only if s is (=, B(R)) -measurable and the 
range of s is a finite set on R. Then we have 


n 
so => S akX a, ’ 
k=1 


with Ay = f-({ax}), k € {1,...,n}. This representation is called the 
standard representation of s and it exhibits s as a linear combi- 
nation with different coefficients of characteristic functions of disjoint 
u-sets whose union is Q. 


One reason that simple functions are important is because they 
approximate in a nice way every measurable function. 


Theorem 3.68 

Let (Q,%) be a measurable space. 

(a) If f: 2 —+R =RU {+o} is a measurable function, then there 
exists a sequence {Sn}n>1 of simple functions such that 0 < sj < sa < 
...< f and s,(w) — f(w) as n> +00 for allw EQ. 

(b) If f: Q — R* =RU {+00} is a measurable function, then there 
exists a sequence {Sn}ns1 Of simple functions such that 0 < |sil < 
|so] <... < |f| and sp(w) — f(w) as n > +00 for all w €Q and the 
convergence is uniform on any subset of Q where f is bounded. 
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Corollary 3.69 

If (Q,%) is a measurable space and fr: Q — R* = RU {+00} for 
n €N are measurable functions, 

then so are 


sup fn, inf fr, limsupfn, liminf f,, and lim fr 
n>1 nel n—-+oo n— +00 n—-+oo 


when it exists. 


Proposition 3.70 

If (Q,%) is a measurable space, (Y,d) is a metric space, 
{ fn: 2— Y},,5, is a sequence of (X,B(Y))-measurable functions 
and for allw € Q, we have that 


fn(w) — fw) nY asn—- +o0, 
then f is (X, B(Y))-measurable. 


Another straightforward consequence of Theorem 3.68 is the fol- 
lowing corollary. 


Corollary 3.71 

If (Q,%) ts a measurable space and f,g: 2 —> R* = RU {+co} are 
measurable functions, 

then so are f +g, fg, max{f,g} and min{f,g}. 


Remark 3.72 
In particular then the measurability of f: Q —> R* = RU {+c} 
implies the measurability of its positive and negative parts, defined, 
respectively, by 


ft = max{f,0} and f— = max{—f,0} = —minf{f,0}. 


Note that f = ft — f~ and |f| = f* + f~. Hence |f| is measurable 
too. Moreover, if f,g: 2 —> R* = RU {+00} are both measurable 
functions, then 


{f<g}, 17 Sat 5 {f=g}, {f Ag} e 2. 


Definition 3.73 

Let (Q,%, 4) be a measure space. If a property is true for all w € 
Q\ N, where N is a subset of a p-null set (see Definition 3.21), then 
we say that the property holds almost everywhere (or j1-almost 
everywhere or for short a.e. or -a.e.). 
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Proposition 3.74 

Tf (Q, 5, 1) is a complete measure space (see Definition 3.23), then 
(a) if f: 2 — R* = RU {+00} is measurable and f = g p-almost 
everywhere, then g is measurable too; 

(b) if {fri Q — R* =RU {+o0}},, 5, is a sequence of measurable 
functions and fy, — f p-almost everywhere, then f is measurable. 


Proposition 3.75 

If (Q,%, 1) is a measure space, (Q,%,,, 72) is its completion (see Defini- 
tion 3.23) and f: Q —+ R* = RU {+00} is a (X,, B(R*))-measurable 
function, 

then there is a (X,B(R*))-measurable function g: Q —> R* = RU 
{+00} such that 


f(w) = g(w) f-almost everywhere on Q. 


The next two theorems are important tools in the study of mea- 
surable functions. Both guarantee that outside certain “small” sets, 
we have nice structural properties. 


Theorem 3.76 (Egorov Theorem) 

If (Q,%,p) ts a finite measure space, (Y,d,) is a metric space, 
ie Q — Y},,51 is a sequence of measurable functions, f: Q — Y 
is a measurable function and 


dy (fr(w), f(w)) — 0 p-almost everywhere on Q, 


then for every « > 0, there is a set A € ¥% with w(Q\ A) < «€ 
such that f, = f on A (& denoting uniform convergence), 1.e., 


lensup {dy (fn(w), f(w)) : we A} =0. 


Theorem 3.77 (Lusin Theorem) 

If X is a metric space, u: B(X) —> R is a finite measure and 
f: X —>R is a Borel measurable function, 

then for every € > 0, there is a closed set C C X such that u(X\C) <e 
and f|., is continuous. 
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Proposition 3.78 
If (Q,%) and (Q',=") are two measurable spaces, {An}ys51 G U are 


pairwise disjoint sets, Q = (J An, for every n > 1, Uy, is the rel- 
n>1 


ative o-algebra of % on A, (see Definition 3.18), fr: An —> Y is a 
(Sai. ) -measurable function and f: Q —+Q! is defined by 


fe) = fale) YVwe An, n21, 
then f is (X,&’)-measurable. 


Remark 3.79 

Evidently, if (0,%) is a measurable space and f: 2 —> R is a mea- 
surable function, then for any A C Q, the restriction f|, is U4- 
measurable. This reminds us of the analogous topological result which 
says that a continuous function on a topological space, when restricted 
to a subset with the subspace topology, is continuous. But, recall that 
for continuous functions the converse is not in general true, namely 
a continuous function from a set with the subspace topology in gen- 
eral does not extend continuously (additional conditions are needed; 
see Theorem 2.138, the Tietze extension theorem). In contrast, this 
extension is always possible for any set A C 2 (measurable or nonmea- 
surable). If A € , then a trivial extension of f, by setting it equal to 
some fixed value on 2. \ A is measurable. What is not immediate clear 
is that such a measurable extension is also true if A ¢ ¥. 


Theorem 3.80 

If (Q,%) is a measurable space, A C Q (not necessarily in ©) and 
f: A—R is (X., B(R)) -measurable function, 

then there exists a (©, B(R))-measurable function f#:Q — R such 
that fli =f 


Remark 3.81 
In fact the above theorem remains true if R is replaced by Polish space 
Y (see Definition 2.150). 


As we already mentioned (see Remark 3.64), for R-valued (or R*- 
valued) functions on the range space we always consider the Borel 
o-algebra B(R) (or B(R*)). The following proposition shows why the 
Lebesgue o-algebra £(R) may be too large. 


3.1. Introduction 495 


Proposition 3.82 

There exists a continuous nondecreasing function f: [0,1] —> [0,1] 
and a Lebesgue measurable set D C [0,1] such that f~!(D) is not 
Lebesgue measurable. 


Remark 3.83 
The function f is given by f = h-', where h: [0,1] —> [0,1] is a 
continuous, strictly increasing surjection (hence a homeomorphism), 


defined by 
def 
h(x) = 3(9(z) +2), 


with g: [0, 1] —> [0,1] being the Cantor function. The Cantor func- 
tion is defined as follows. First we define g on the Cantor set C' (see 
Proposition 3.35). For « € C, we define g(x) by means of the binary 
expansion 
(c) & Sym 
2 Qn’ 
n>1 
where a, are the ternary “components” of x € C. So, g|_, is monotone 
increasing. On each of the missing open middle thirds, we define g to 
be locally constant. In fact, the missing open middle third (az, bz) is 
defined by the requirement that the Ath digit in the ternary expansion 
of a, is not 1, so g(ax) = g(by), which is the constant value chosen 
for g on [ax, bz] (for example, g(x) = $ on (3, 2), g(z) = ; on (4, 2), 
g(x) = 3 on (%,8) and so on). Then g is nondecreasing and continu- 


ous. The function y: [0,1] —> [0,2], defined by 


is a homeomorphism, 
A(A([0,1])\C) = 1 and A(A(C)) = 1 


(A being the Lebesgue measure on R) and if FE is a nonmeasurable 
subset of y(C’) (assuming as always the axiom of choice), then y~!(E) 
is Lebesgue measurable but not a Borel set. 


3.1.8 The Lebesgue Integral 


Now we are ready to introduce the Lebesgue integral and study its 
properties. We start with nonnegative functions. 
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Definition 3.84 
Let (Q,%, 4) be a measure space and let 


def 


Mi. FE Q —> [0,+00]: f is measurable }. 


(a) Ifs € My is a simple function with standard representation s = 
n 


apX,., then the integral of s with respect to is defined by 
=e. 


[saw s S > agp( Ar) 


Q k=1 


(as always we use the convention 0- oo = 0). 
(b) If f © Mx is a general Ry = [0, +co]-valued measurable function, 


then 


[tu as sup { f sdu: O<edf, s is simple}. 
Q 


Remark 3.85 

One can show that Definition 3.84(a) is independent of the represen- 

tation of s (ie., {sd is well defined). Thanks to Theorem 3.68(a), 
Q 


the integral of a nonnegative measurable function can be expressed as 
the limit of a sequence, rather than a more general supremum. So, by 
Theorem 3.68(a), we can find a sequence of simple function {sn },54 
such that s, 7 f. Then for any such sequence, we have 


Q Q 


Finally, if A € ©, then 
[tu = Profan 
A Q 


In the next proposition we summarize the most important proper- 
ties of the integral on M?. 
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Proposition 3.86 
(a) For allc > 0 and all f,g € Mz, we have 


[ch + od = of fans [ody 
Q Q Q 


(b) If f,g€& M4 and f < g p-almost everywhere, then 


[ie < fod. 


Q 


(c) The set function m: © —> [0,+00], defined by 
m(A) = pau = [rou 
A Q 
is @ measure. 


(d) Tf {fabasa CM, is a sequence such that fn < fnii for alln >1 
and f= lim fp, =sup fn, then 
n—- +00 n>1 


(monotone convergence theorem). 


(e) If {frdnsi1 GC M4 ts a sequence and f = >7 fn, then 


n>1 
i, fdp = \0 / fn dp 
Q n2zlo 
(f) If fe My, then 
[tu 0 f 0 p-almost everywhere on Q. 


Q 
(9) If {fuins1 GC M+ is a sequence, then 
[mint inde < timint [ fon 
Q Q 


(Fatou Lemma). 
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Next we extend the integral to measurable functions which are not 
necessarily positive. So, as before let (Q, %, 2) be a measure space and 
set 


M & { f: Q — R* = RU {+00}: f is measurable}. 
Recall that, if f € M, then 


has = max{ f, O}, a = max{—f,O}, f=f"=f- 
and ft,f €M4. 


Definition 3.87 
A function f: Q —> R* = RU{+00} is said to be u-quasi integrable 
if f eM and f ft du, f f~ du are not both equal to +00. In this case 


Q Q 
the integral of f is defined by 


[ie - pice 


We say that f : Q —> R* = RU{+00} is p-integrable (or integrable) 
if f € M and both [ f* du and f f~ du are finite. By L'(u) we denote 
2 2 


the set of all R*-valued, p-integrable functions. 


The next proposition summarizes some basic integrability criteria. 


Proposition 3.88 

Let f € Mx. The following statements are equivalent: 
(a) fe Ll*(u); 

(b) ft, f- €L (mH); 

(c) |fl Ee L*(u); 

(d) there exists h € L'(u), h > 0 such that |f| < h. 


In what follows, we focus on the space £L!(1). 


Definition 3.89 
For f € L'(u) and AC %, we set 


[e = rufa 


Q 
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The next proposition summarizes the basic properties of the 
integral. 


Proposition 3.90 
(a) For any f,g © Li(u) and c ER, we have 


[ict+oau ~ cf tant f ody 
Q 


1e7 Q 


(i.e., the integral is a linear operator). 


(b) If f,g € L(y), then min{f,g}, max{f,g} € L(y) (lattice 
property). 
(c) If f,g © L'(u) and f < g p-almost everywhere, then 


[tu < [aan 
Q 


Q 


(monotonicity). 


(d) If f € L*(), then 


Lf tau < fipidu 
Q Q 
(triangle inequality). 


(e) If f © L'(u) and f > 0 p-almost everywhere, then 


the function At [tu is a finite measure on d. 
A 


(f) If fe Liu), AEX, c>0 and0 <p < +0, then 


w({ifP > ehna) < 2 fpr 
A 


(Markov inequality). 
(9) If f.g © L'(u) and f =g p-almost everywhere, then 


[ta = [oa VAEX. 
A 


A 
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Remark 3.91 
Usually for p # 1, the inequality in (f) is called Chebyshev in- 
equality. 


3.1.9 Convergence Theorems 


Next we present the convergence theorems for the (Lebesgue) inte- 
gral. These theorems are the strong feature of Lebesgue integration 
compared to the Riemann integral. 


Theorem 3.92 (Lebesgue Monotone Convergence Theorem) 

If (Q,&, p) is a measure space, {fr} ns, G M is an increasing sequence 

such that fr 7 f (ue. f = supfn) and f fidu > —oo (i.e., the 
nel Q 


functions fn are quasi-integrable), 


then 
[tea y [ta 
Q Q 


1.€., sup [fad = [svfraw _ [ta 
eee nel 
Q Q 


Q 


Remark 3.93 
There is a symmetric version of this result, with { Snbn>1 CM de- 
creasing, fn \y f and [ fi du < +00, then 

Q 


ftedas fran 
Q Q 


1.€., inf f fad = [int toa = [tan 
Q Q 


Q 
Moreover, if {fr}nsi © L*(), then f € £L'(u) if and only if 


sup | frnduw < +00 in the increasing case 
n>1 
Q 


and f € £'() if and only if 


inf / fndjs > —co in the decreasing case. 
n> 
Q 
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Theorem 3.94 (Lebesgue Dominated Convergence Theorem) 

If (Q,%, pu) is @ measure space and {fr}ns, CM is a sequence satis- 
fying: 

(a) fr(x) — f(x) p-almost everywhere on Q as n — +00; 

(b) there exists h € L'(j) such that |fp(x)| < h(x) p-almost every- 
where on Q. for all n > 1, 

then 


n—- +00 


lim | lf Fldud = 0 
Q 


and 


sin, fate = fae = f 4 
Q Q 


Q 


Theorem 3.95 (Fatou Lemma) 

(a) If(Q,™, pu) is a measure space, {fn} ns, GCM and fr > h y-almost 

everywhere for alln > 1 and some h € M such that [ hd > —oo, 
Q 


then 
[imine f du < timint [fn dy 
n—- +00 n—+00 
Q Q 


(b) If (Q, 4, 1) is a measure space, {fntys; CM and fn < h p-almost 
everywhere for alln > 1 and some h € M such that [ hdw < +00, 
Q 


then 


n—-+00 n—-+00 


limsup f fy du < [imsup fod 
Q Q 


3.1.10 L?’-Spaces 


From the viewpoint of integration, there is no loss of generality in 
assuming that a function f € £+(j) is R-valued. Indeed, note that if 
f € L'(p), then Nepean = L*(u) and we have 


[lf -xanctan dl = 0. 
Q 
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So, the integrals of f and X,\;,.4..,f are equal. So, from now on, when 

dealing with functions in £(), we will assume that they are R-valued. 

This way we can take linear combinations of such functions, without 

having to worry about undefined expressions like 00 — oo. Next note 

that if f|f|du = 0, then f need not be identically 0, as a function. 
Q 


We can only conclude that f(w) = 0 y-almost everywhere on 2. For 
this reason we make the following definition. 


Definition 3.96 


Let 
def 


Nw) & {fe L(u): wf £0} =0} 


and introduce the following equivalence relation on L(y): 
fr~g = f-geNu). 


We set 
EM) = LQ) = LW) /n(y)- 


So, the elements of L'(Q) are in fact equivalence classes, but we still 
denote them as those of L'() (i.e., using a representative). Similarly, 
if 1<p<+oo and 


def 


Low) = {f:Q—4R: fem Ba) eRe) 


then 
def 


Lu) = 22) SF L2rW)/y iy): 


For 1<p<+oo and f € L?(Q), we define 


1 
lfllp (fis du)? 
Q 


and this now is a bona fide norm. To complete the picture, we also 

introduce a space corresponding to the limit case p = +oo. So, we 

define 

£e(u) & {f: QR: f eM and inf {A>0: pf{|f| >A} =03 
<+oo}. 
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We set 


E(u) = L°(Q) FS L°(u)/y ey) 


and 


flo S int {A>0: w{|f] >A} =0} = esssup|fl. 


This is a norm too. 
Finally, we say that f € Li,(Q) if for all C € X, with w(C) < +00, 
we have [ |f| dp < +00. 
Cc 


Remark 3.97 

Note that the norms ||: ||», 1 < p < +00 are defined by integrals, while 
|| - loo is defined pointwise. This difference is reflected in the structure 
of the resulting normed spaces L?(Q), 1 < p < +00 and L™(Q). Also 
note that L?(Q), 1 < p < +00 are Banach lattices (ie., |f| < |h| 
implies that || [lp < llAllp) 


The following version of the Fatou lemma (see Theorem 3.95) can 
be useful in many circumstances. 


Theorem 3.98 (Brezis—Lieb Lemma) 

If (Q,%,) is a measure space, {fn}ys, © L'(Q), f € L'(Q) and 
fn —> f p-almost everywhere on Q, 

then 


(im _|llfallt = Ilf ll = fe — fll] = stim [fal Ifl— lfm —flldu = 0. 
fo) 

In particular, if \\fn\l14 — ||f\la and fr —> f u-almost everywhere on 

Q, then || fn — f\l1 — 0. 


Recall that a function y: R —> R is said to be convex if for all 
x,y € R and all \ € (0, 1], we have 


p(Ar+(1—A)y) < Av(a) + (1 — A)y(y). 


If this inequality is strict when x 4 y and \ € (0,1), then ¢ is said to 
be strictly convex. A convex function is continuous. The defining 
inequality takes a continuous form using integrals as follows. 
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Theorem 3.99 (Jensen Inequality) 
If (Q,%, 14) is a finite measure space, f € D1(Q), p: RS R is conver 
and (po f)~ € Li(Q), then 


ty fF) < aM [wonan 


Q 


If p is strictly convex, then we have equality if and only if f is a 
constant function. 


Corollary 3.100 
If (Q,%, 4) is a measure space, f € L'(Q), f > 0 and y: R — R is 
convex, then 


So fg du Sq ela) F du 
ef Fau) < fg fap wig eM 


There are a few more important inequalities related to the space L?(Q) 
(1 <p< +o). 


Theorem 3.101 (Minkowski Inequality) 
If (Q,%, ) is a measure space, 1 < p< +00, f,g € L?(Q), 
then ||f + gllp < llfllp + Ilgllp- 


In fact some more is true. 


Theorem 3.102 

If (Q,%, 4) ts a@ measure space, 1 < p< +co, 

then L?(Q) is a Banach space (i.e., a normed space which is complete 
metric space for the metric introduced by the norm, d(f,g) = \|f—gllp)- 


Theorem 3.103 (Hélder Inequality) 

If (Q,%, ) is a measure space, 1 < p,p' < +00 satisfy : ++ a =i fay 
p=1, then p' = co and if p= oo then p' = 1), 

then for every f € L?(Q) and every g € LP (Q), we have fg € L(Q) 
and || fglli < |lfllpligllp and equality holds if and only if a|f\? = BIgl”” 
p-almost everywhere, with aB 4 0. 


Remark 3.104 
If p = 2, then this inequality is known as Cauchy—Schwarz-— 
Bunyakowski inequality. 


The next theorem gives a generalization of the Hélder inequality. 
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Theorem 3.105 
If (Q,%, 1) is a measure space, {pp} Z1 C [1, +00] with 7 - 


and fx € DP*(Q) for all k € {lia taite 
then fi,..-,fm € L®(Q) and 


[ft --+fmllp S< Wfallpr «++ Mfmllpm- 


The next theorem gives another related inequality. 


M8 


1 
mm <1 


> 
ll 


1 


Theorem 3.106 (Interpolation Inequality) 

If (Q,%,) is a measure space, 1 << p<q< +oo and f € LP(OQ)N 
14(Q), 

then f € L"(Q) for every r € [p,q] and we have 


fle < Wile “IF lle 
where t € [0,1] and + = a + a 


The next inequality is rather obvious, but nevertheless is very 
useful to warrant special mention (see also Proposition 3.90(f) and 
Remark 3.91). 


Theorem 3.107 (Chebyshev Inequality) 
If (Q,%, u) is a measure space, 1 < p< +00 and f € L?(Q), 
then for all \ > 0, we have 


m{ifl> dr} < (ey. 


The above theorem in case p = 1 is also known as the Markov 
Inequality. 

The next theorem has important implications on the geometry of 
the Banach spaces L?(Q) (1 < p < +00), namely it implies that they 
are uniformly convex (see Chap. 5). 


Theorem 3.108 (Clarkson Inequalities) 
Suppose that (Q,%, 4) is a measure space, 1 < p < +00 and f,g € 
L?(Q). We have: 
(a) Ifl<p< 2, then 
+g ||P" —9 ||P’ 1 1 a 
S2lh + Gell, < GIPIB + allallp)?> 


(recall that p! = >">). 
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(b) If p > 2, then 


|| E217 + SIR < SIF + Sllolle. 


Remark 3.109 

There are two other closely related inequalities, known as Hanner 
inequalities, which also lead to the uniform convexity of the Banach 
spaces L?(Q.), 1 <p < +00. They read as follows: 

(a) For 1 < p < 2, we have 


(IIfll> + Ilglle)” + [Ifllp — Iigllp|” < Wf +918 + If - oll 


and 


(lf + lle + If — lle)” + [If + ally — If — alll? < 2?(ILF Ib + llglf). 


(b) For 2 < p, the above inequalities are reversed. 


We have already seen in Theorem 3.102 that L?(Q), 1 < p < +00, 
are Banach spaces. Let us identify some useful dense subsets of these 
spaces. 


Proposition 3.110 
If (Q,%, 4) is a measure spaces and 1 < p< +00, 
then the simple functions are dense in L”(Q). 


Proposition 3.111 

If X is a locally compact topological space which is second countable 
(see Definitions 2.92 and 2.24), y is a Borel measure on X which is 
finite on compact sets and 1< p< +oo, 

then the space C-(X) of continuous functions on X with compact sup- 
ports is dense in L?(X, 11). 


Proposition 3.112 

If Q CRY is an open set and 1< p< +00, 

then the space C(Q) of C°-functions on Q with compact supports is 
dense in L?(Q). 
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3.1.11 Multiple Integrals: Change of Variables 


Let (Q, 5), (’,X’) be measurable spaces and let f: Q x 0’ —> R be 
a function. In analogy to Definition 3.46, we define the x-section f, 
and the y-section fy of f, by 


fe(y) = fy(z) = f(x,y) VaxeQ, yen. 


Proposition 3.113 

If f:Qx Q' — R is © @ X!-measurable, 

then for every x € Q, fy is X/-measurable and for every y € Y, ty ® 
“-measurable. 


The next two theorems relate integrals on Q x 0’ to integrals on Q 
and on 1’. 


Theorem 3.114 

Tf (Q,%, py) and (Q’,5’, uw’) are two o-finite measure spaces and D € 
Yer, 

then the functions 


wt pl(Dz) and y —¥ p(Dy) 


are integrable on Q and YQ’, respectively, and 


(ux p')(D) = [ul@sau = [uioyya. 


Theorem 3.115 (Fubini—Tonelli Theorem) 
If (Q,%, pw) and (Q', 5’, y") are two o-finite measure spaces, then 
(a) for fEMyz(Q x ), we have 


gia) = f fedu! © Ms(0), hw) = f fyau © Mo) 
YQ’ Q 


and 


fduxp') = [Uf tenant) dn 7 [Uf teva) au! 
2 


Qx*Q! f QY Q 
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(b) for fEeL\(Qx ux py’), we have 
foe Dw), fye Dn), 9 € Ow), he L(Op') 
and the same equations as in (a) hold. 


As for the product topologies (see Definition 2.69), using coordinate 
projections, we can have an alternative way to introduce the product 
o-algebra 1 ®%9. Recall that the projection maps p;: Q) x Q2 — Q, 
and po: Qy x Ng — Oz are defined by 

pi(z,y) Sa and pi(zjy) Sy V(x,y)eQx 
Let (pi, p2) be the o-algebra generated by the maps {p1,p2}. This is 
the smallest o-algebra on 04 x Q2 for which both maps p, and pg are 
measurable (see Definition 3.58). 


Theorem 3.116 

If (Q1,%1), (Q2, 2) and (Y,Y) are measurable spaces, then 

(a) %1 ® Xp = o(p1, p2); 

(b) the function €: Y —+ Qy x Oo is (Y, Uy @ U2)-measurable if and 
only if p, ° € is (Y,%1)-measurable and p2 0 € is (Y, N2)-measurable. 
(c) the function n: Qy x Q2 —> Y is (Hy @ Ne, Y)-measurable if and 
only if for every x1 € Qy, the function ny, (-) = n(x1,-) of (2, ¥)- 
measurable and for every x2 € Qe, the function nzo(-) = n(-,r2) if 
(1, Y)-measurable. 


The next result can be viewed as a continuous version of the 
Minkowski inequality (see Theorem 3.101). More precisely, sums are 
replaced by integrals. 


Theorem 3.117 
Let (Q,5,h4), (Y,Y,v) be o-finite measure spaces and _ let 


f: Qx Y —->R be aX ® Y-measurable function. 
(a) If f >0 and1< p< +oo, then 


(f (f tlev)ary? ay)? < [Uf tewrau)? av, 
Q Y i Q 


(b) If l<p<to, f(y) © LQ) for v-almost every y © Y and 
the function y > IF Wl, is in L(Y), 
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then f(x,-) € L'(Y) for p-almost every x € Q, the function x +> 
f f(x,y) dv belongs in L1(Q) and 
iy 


| freovel, < flecnlle 
Y Y 


In Theorem 3.60 and Remark 3.61 we introduced the notion of 
image measure. So, we saw that if (Q,¥,) is a measure space, 
(Y,Y) is a measurable space and f: 2. —>+ Y is a (%,)-measurable 
function, then we can use f to transport the measure jz defined on 
(Q,%) to a measure v = f+, defined by 


v(A) = p(f-'(A)) VAeEY. 


Theorem 3.118 (Change of Variable Formula) 

If (Q,%,) is a@ measure space, (Y,Y) is a measurable space and 
f:QA—Y is (X,Y)-measurable, 

then for every u € L'(Y, uf—'), we have that 


uof € L'(Q,p) and [vaue) = [tue fan. 
Y Q 


Ifu: Y —> [0,+c0] is Y-measurable, then the last equality of integrals 
holds without assuming the 0 f—'-integrability of u. 


Definition 3.119 
Let D C RX, y: D —+ R™ anda € (0,1). We say that yp is an 
a-Holder continuous function if 


|e(z) -— o(y)|| < élle—ylI* Va,yeD, 


for some € > 0. Ifa =1, then yp is Lipschitz continuous with Lipschitz 
constant € > 0. 


Theorem 3.120 

If DCR is an F,-set and y: D —> R™ is an a-Hélder continuous 
function, 

then for every F,-set E CR, the set p(DNE) C R™ is F, (hence 
Borel) and, if M > aN, we also have 


MM (p(DNB)) < eMAN(B), 
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where “ (respectively, XN ) denotes the Lebesgue measure on R™ (re- 
spectively, on RN ). 


Using the Lebesgue o-algebras £(D) and L(R™) (there are the 
completions of B(D) and B(R™) with respect to VY and »™, respec- 
tively; see Definition 3.23), we can strengthen the previous theorem as 
follows. 


Theorem 3.121 
dp RY is an F,-set, p: D — R™ is an a-Hélder continuous 
function and M > aN, then 


y(L(D)) = g(£(R®)ND) © L(R™) 
and 
M(p(DNE)) < MANE) VEE LD) =L(RY)ND. 


Theorem 3.122 (Jacobi Transformation Theorem; Change of Vari- 
able Formula) 

If po: RN —> RN is a C!-diffeomorphism (i.e., a C!-function for 
which y—! exists and is C? too), 

then for every set A € B(RY), we have 


MV (~(A)) = / | det y’(x)| dr. 
A 


Theorem 3.123 

If U,V C R® are two open sets and yp: U —> V is a C!- 
diffeomorphism, 

then u: V —> R belongs in L1(V,X%) if and only if uo y| det y'(-)| = 
(OX), 

Moreover, in this case, we have 


io dV = [elect y' (z)| ax”. 
V U 
3.1.12 Uniform Integrability: Modes of Convergence 


The Lebesgue dominated convergence theorem (see Theorem 3.94) de- 
scribes one of the most important features of Lebesgue integration, 
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since it provides sufficient conditions which allow to interchange limits 
and integrals. The crucial assumption is the existence of a dominant 
function h € L1(Q) (ie., | fn(x)| < A(x) p-almost everywhere on Q, 
for all n > 1) which controls things. However, this condition is not 
necessary. A slight weaker one is necessary and sufficient in order to 
be able to interchange limits and integrals. This notion is more inter- 
esting in the context of finite measure spaces and the idea there is to 
control the size of the set {|fn| >c},¢> 0. 


Definition 3.124 

Let (Q,%, 41) be a measure space and let F C L*(Q) be a family of 
functions. We say that the family F is uniformly integrable (or 
equiintegrable) if the following two conditions are satisfied: 

(a) for every ¢ > 0, we can find a set Cz € % such that 


w(C.) <+0o and ap fle es 


(b) we have 


lim sup / [Flee 05 
CF+00 fer 


{|fl>ct 


The next theorem provides alternative equivalent definitions of uni- 
form integrability. 


Theorem 3.125 
If (Q,%,p) is a measure space and F € L'(Q), 
then the following statements are equivalent: 


(a) F is uniformly integrable. 
(b) ¢ F is L'-bounded, i.e., 


wap fle See: 


e for some e > 0, we can find a set C, € % such that 


u(Ce) < +00 and sup | |f|du anor 
aSF se 
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e for every © > 0, there exists 6 > 0 such that for all A € % with 
u(A) <6, we have 


wep le ae 


If (Q,%, 1) is o-finite, then conditions (a) and (b) are also equivalent 
to: 
(c) ¢ F is L'-bounded, i.e., 


sup | |f|du < 2s; 
i 


e for every decreasing sequence {An}ns1 GF such that An \ 0, we 
have 


lim ee = 


n—++00 fEF 
If (Q,%, u) is finite, then conditions (a), (b) and (c) are also equiv- 


alent to: 


(d) we have 


lim sup / Fre = 0. 
c>+c0 fEF 

{|fl>c} 
(e) (de la Vallée Poussin condition) for some increasing convex func- 


tion yp: Ry —> Rx such that lim er) = +00, we have 
T—>+0o 


sop fll < oo. 


fe 


The other key assumption in the Lebesgue dominated convergence 
theorem (see Theorem 3.94) is that f, —> f p-almost everywhere 
on 2. This too can be weakened by using the following mode of con- 
vergence. 


Definition 3.126 

Let (Q, %, u) be a measure space and let { fr}ns, CM (i.e., a sequence 
of R*-valued S-measurable functions). We say that: 

(a) {fnr}ns1 8 Cauchy in (u-)measure if for every € > 0, we have 


u({|fn— fm| > e}) — 0 asn,m—- +oo. 
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(b) {frtns1 converges in (u-)measure to f, if for every e > 0, we 
have 
u({| fn — F| > ch) — 0 asn—->-+o. 


If pw is a probability measure, then we say that we have convergence 
in probability. We denote the convergence in measure by fin mae f. 


Remark 3.127 

Convergence in measure is a mode of convergence strictly weaker than 
p-almost everywhere convergence. To see this, consider the measure 
space (2,¥, 4) = ([0, 1], B((0,1]),A) and the sequence {fr}nsir de 
fined by 


where n= 2" +1, 0<i< 2". 


Note that for all « € (0,1), we have 
A({|f] = e}) = ng — 0 asn=n(k) > +00 
and so P 
fn eer 0. 
However, the pointwise limit does not exist for any x € [0,1]. On the 
measure space (Q, 4, uw) = (R, B(R), r), the sequence 
i = X(nyn-+1) Vv nr = 1 
is not Cauchy in measure. 


Now we are ready for the generalized version of the Lebesgue dom- 
inated convergence theorem. 


Theorem 3.128 (Vitali Theorem) 

If (Q,%, u) is a o-finite measure space, 1 < p< +00 and {fr}nsy © 
L?(Q) is a sequence such that fr miele 

then the following assertions are equivalent: 


(a) fa — f in LOO), “Le., ||fn — Fllp — O- 
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(b) The sequence 1 Fel yee C L+(Q) is uniformly integrable. 
(€) \|fnllp — Ilfllp- 


Remark 3.129 

The result is also true for measure spaces which are not o-finite. How- 
ever, in this case we cannot identify f with the L?-limit. So, (a) 
reads as “{ fn},s1 converges in L?(Q)” and (c) reads as “the sequence 


tircley sy converges in R”. 


So far we have introduced and used the following four modes for a 
sequence {fn},,>1 of measurable functions: almost everywhere conver- 
gence, convergence in measure, L?-convergence and almost uniform 
convergence. The last mode comes from the Egorov theorem (see 
Theorem 3.76). Next we examine how these notions are related. 


Proposition 3.130 
If (Q,%, 1) is a finite measure space, 
then almost everywhere convergence implies convergence in measure. 


In Remark 3.127, we have seen that convergence in measure is a 
notion strictly weaker than almost everywhere convergence. Neverthe- 
less, we have the following result. 


Proposition 3.131 

If (Q,%, 4) is any measure space, 

then every sequence which converges in measure has a subsequence 
which converges almost everywhere. 


The next result is a straightforward consequence of the Chebyshev 
inequality (see Theorem 3.107). 


Proposition 3.132 

If (Q,%, 1) is any measure space, 

then norm convergence in LP(Q) (1 < p < +00) implies convergence 
in measure. 


Let (Q,%, 4) be a measure space and let L°(Q) be the vector space 
of all equivalence classes of measurable functions. 
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Proposition 3.133 

If (Q,%,) ts a finite measure space, 

then convergence in measure in the vector space L°(Q) is equivalent to 
convergence with respect to the translation invariant measure 


d(f.9) = | How Vig LO), 
Q 


i.e., fn +> f if and only if dy(fn, f) — 0. 


Remark 3.134 

In all above propositions, the limit function of the sequence belongs in 
L°(Q), since the latter is the vector space of equivalence classes. An- 
other equivalent metric for the convergence in measure is the following 
one due to Fréchet. For f,g € L°(Q), we set 


K(f,9) = {(€,.€) €R4x Ry: w({|f—gl > €}) <e}. 
We set 
e(f,g) = inf{e+é: (¢,€) € K(f,g)}. 
If K(f,g) =, then e(f,g) = +00. We can also set 


eho) = inf {d: (A, A) € K(f,g)}. 


Note that 
e(f,9) < e(f,g) < 2e(f,9). 


We set 
d(f.9) = rethay: 


Then f, —> f if and only if d,(fn, f) —+ 0. Moreover, the metric 
spaces (L°(Q),d,) and (L°(Q),d,) are complete. 


Proposition 3.135 

If (Q,%, p) is a finite measure space and {fr}ns, CM, 

then fr —> f almost everywhere if and only if for every « > 0, we 
have 


lim p( LJ {Ife- fl >e}) = 0. 


N—-+00 
k>n 
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Proposition 3.136 

If (Q,%,h) is any measure space, {fn}nsis{Gninsi GC M are two 
sequences and f,g € M, then 

(a) if fn 29 f and gn “> g, then A\fn +ngn +> Af +g for all 
(A,n) € Rx R; 

(b) if fr sf and gn —> g, then max { fn, Gn} — max {f,g} and 
min { fs 4n} aes min {f,g}; 

Otis) ten dn eT lel se 


Definition 3.137 

Let (Q,%, 4) be a complete finite measure space. We say that sets 
A,C € © are p-equivalent if and only if u(A A C) = 0. This defines an 
equivalence relation on % and we denote the set of equivalence classes 


ie} 
by & (i.e., we identify u-equivalent sets). Then consider the map 


yoA eS xi € EA). 


This defines a natural embedding of into L! (Q). Identifying y with 


fe} 
its image in L'(Q), we can think of © as a subset of L'(Q) and as such 
is a metric space with the induced metric 


HA,C) = IIxa—Xelh = [lxa-xel de = jit AC). 
Q 


Proposition 3.138 


The set y is closed in L'(Q) and so (3, d) is a compete metric space. 


Proposition 3.139 


The metric space (=, d) is separable if and only if the Banach space 
L+(Q) is separable (see Definition 2.9). 


Remark 3.140 
In this case we say that the measure yz is separable. 


3.1.13 Signed Measures 


So far we have considered measures with values in Ry = [0,+0x)]. 
However, for the purpose of differentiating a measure with respect to 
another measure on the same o-algebra, it is useful to generalize the 
notion of measure and allow also negative values. 
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Definition 3.141 

Let (Q,%) be a measurable space. A set function uw: 4 — R* = 

RU {co} is said to be a signed measure if 

(a) w(0) = 0; 

(b) takes on at most one of the two values —co and +co; 

(c) pis o-additive, t.e., for any disjoint family {An}ns1 C &, we have 

u( U An) = XS (An). In practice signed measures are R-valued. 
n21 nel 


Proposition 3.142 

If pw: (Q,%) —> R* = RU {+00} is a signed measure, then 

(a) for an increasing sequence {Ayp},,5, C &, we have tim p(An) = 
ad n oo 


u( U An); 


n>1 


(b) for a decreasing sequence {An}n51 CG U with u(A1) < +00, we 
have lim p(An) = u( () An). 
N—-+00 n>1 


Proposition 3.143 
If pw: (Q,%) — R* = RU {+00} is a signed measure, 
then there exist A*, A, € % such that 


u(A") = supp(A) and (Ax) = inf p(A). 
AEed Aed 


Definition 3.144 

Let w: (0,4) —> R* = RU {+00} be a signed measure. We say that 
AC X is a positive set for 1, if ACh and for eachC C A, CE®, 
we have u(C) > 0. We say that A C X is a negative set for yu, if 
A€* and for eachC C A, CED, we have p(C) < 0. 


The next two theorems give the standard decompositions for signed 
measures. 


Theorem 3.145 (Hahn Decomposition Theorem) 
If pw: (Q,%) —> R* =RU {+00} is a signed measure, 
then there exist a positive set P and a negative set N such that 


PUN =] and PON = 06. 


This decomposition known as the Hahn decomposition for js is es- 
sentially wnique in the sense that if (P’, N’) is another such decompo- 
sition, then 

PCPA P ss = (NANG = 0. 
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Theorem 3.146 (Jordan Decomposition Theorem) 

If po: (Q,4) — R* = RU {+00} is a signed measure, 

then p= pt — p~ with wt and po being two measures at least one of 
which is finite. We have 


sup {u(C): Cex, CC A}, 


ut (A) 
be inf {u(C): Cex, CC A}. 


(A) 


This decomposition of u is known as the Jordan decomposition. 


Remark 3.147 
If (P, N) is a Hahn decomposition for jy, then 


wt(A) = (ANP) and p(A) = -p(ANN). 


Definition 3.148 

In the Jordan decomposition of a signed measure, .* is the positive 
part of 1, u~ is the negative part of wu and |u| = ut+p~ (a measure 
on (Q,%)) is the total variation of . The total variation norm 
of the signed measure tu is defined by 


[ell = [el(Q). 


We say that ps is finite (respectively, o-finite) if |u| is finite (respec- 
tively, o-finite). 


Proposition 3.149 
If (Q,%) is a measurable space and M(%X) is the space of all finite 
signed measures furnished with the total variation norm, 


then M(X) is complete, i.e., it is a Banach space. 
For any A€ X, we have 


sup {|H(C)| : CCA, Cex} < |u\(A) < 4sup {|u(C)| : CCA, Cex} 


and 
n 


\w\(A) = sup > |n(Ap)], 


k=1 


where the supremum is taken over all mutually disjoint subsets 
{Au }Ry CE of A. Of course |pil() = lll 
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3.1.14 Radon—Nikodym Theorem 


Definition 3.150 

Suppose that (Q,%) be a measurable space, 1 is a measure on 4 and v 
is a signed measure on 4. We say that v is absolutely continuous 
with respect to 4, denoted byv < p, if (A) =0 implies v(A) = 0. 


Theorem 3.151 (Vitali-Hahn—Saks Theorem) 

Tf {tn}nsi © M(%) is a sequence of signed measures, m € M(d), 
m > 0, bin <m for alln >1 and py,(A) — p(A) for all A € 5, 
then 4 € M(X) andu<m. 


The next theorem is one of the most important results in measure 
theory. 


Theorem 3.152 (Radon—Nikodym Theorem) 

If (Q,%) is a measurable space, is a o-finite measure on 4, v is a 
o-finite signed measure on S andv < Lt, 

then there exists a unique function f € L1(Q,) such that 


v(A) = | fdp VAEX. 
| 


This function f is known as the Radon—Nikodym derivative of v 
with respect to 1 and it is denoted by of =i 


Next we introduce a notion which in a sense is the opposite of 
absolute continuity (see Definition 3.150). 


Definition 3.153 

Let (Q,%) be a measurable space and let 11, U2 be two measures on dX. 
We say that py, is singular with respect to 42, denoted by py L po, if 
there exists a set A€ & such that 


Hi(A) = 0 and pe(Q\ A) = 0. 


Evidently fy L pe of and only if 2 L pw and so we often say that p14 
and p2 are mutually singular. If v,,v2 are two signed measures on 
X, then we say that 11,172 are mutually singular if |v1| L |v|. 


The two notions of absolute continuity (see Definition 3.150) and of 
singularity (see Definition 3.153) are adequate to describe the relation 
between a measure js and a signed measure v, both o-finite. 
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Theorem 3.154 (Lebesgue Decomposition Theorem) 

If (Q,%) is a measurable space, ps is a o-finite measure on % and v is 
ao-finite signed measure on X, 

then v = Vae+ Vs, with Vae and v, both signed measures, Vac < pM; 
vs L uw and this decomposition (known as the Lebesgue decomposition 
of v with respect to 1) is unique. 


Definition 3.155 

Let (Q,%) be a measurable space and let 1, 42 be two measures on d. 
We say that uy, and p2 are equivalent, denoted by 1 = po, if both 
flr < pg and pa < pay hold. 


Proposition 3.156 
If (Q,%) is a measurable space, 111, U2 are two equivalent o-finite mea- 


sures on © and f, = ot f= vie (the Radon—Nikodym derivatives; 
see Theorem 3.152), 

then f; = 7 Lg-almost everywhere and fo = A [41-almost everywhere 
on Q. 


Moreover, L*(Q, 11) = L1(Q, p12). 


3.1.15 Maximal Function and Lyapunov Convexity 
Theorem 


Definition 3.157 

A measurable function f: RN —+ R is said to be locally integrable 
(with respect to the Lebesgue measure XN on RN ), if for every compact 
set K CR, we have 


[lt@la <— 00. 
K 


By Lis (RY) we denote the linear space of locally integrable functions 


on RN. If f € Li (RY), ce RX andr > 0, we set 


loc 
SUP WB) / | (y)| ay. 
B,(a) 


def 


f(a) 


The function f* is known as the Hardy—Littlewood function for f. 


Remark 3.158 
It can be shown that f* is Borel measurable (see Problem 3.180). 
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Theorem 3.159 (Hardy-Littlewood—Wiener Maximal Theorem) 
If f € LP(RN), 1<p< too, 
then there exists a constant c(p,N) > 0 such that 


AN({f* > nh) < Fllflla  Vn>0, 


when p= 1 and 
fll < FSllfll: 


when 1 <p < +00. 


The next theorem is a significant extension of Theorem 3.41 and 
has important applications in control theory, optimization, mathemat- 
ical economics and game theory. 


Theorem 3.160 (Lyapunov Convexity Theorem) 

If (Q,%) is a measurable space and up: & —+ Ry = [0,+00), for 
k=1,...,N, are finite nonatomic measures (see Definition 3.40), 
then the set C © {(u1(A),--.,4n(A)) € RY : A € Dd} is compact 
and convex. 


3.1.16 Conditional Expectation and Martingales 


In the last part of this chapter, we will present some basic facts about 
martingales. 


Definition 3.161 

Let (Q,%, 4) be a finite measure space (usually a probability space), 
let Xo be a sub-o-algebra of % and let f: Q —> R be a %-measurable 
function. Then the conditional expectation of f with respect to Xo, 
if it exists, it is a Mg-measurable function g: Q — R such that 


[te = fod VAENXp. 
A 


A 


Then we write g = E™°f. 


Remark 3.162 
If So = ¥ or more generally, if f is No-measurable, then f = E~°f. 
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Proposition 3.163 

If f € L1(Q,%) and Xo is a sub-c-algebra of D, 

then E™° f exists, belongs in L1(Q,%o9) and is unique up to a Xo-set of 
pi-measure zero. 


Remark 3.164 
So, B¥°: L1(0,5) —> L1(Q, Xo) is a well-defined linear operator. If 
“1 is a sub-o-algebra of No, then clearly from Definition 3.161, we 
have 

BE f= B™ (Bf) Ve eL(O,). 


If Xo = {0,Q} (the trivial sub-c-algebra), then 


EMOf = [ta VEL S): 
Q 


Finally, if f,g € L'(Q,%) and f < g, then 
Ef < Eg 
(i.e., E™° is a positive operator). 


The main convergence theorems for integrals extend also to the 
conditional expectations. 


Theorem 3.165 

If (Q,%, 4) is a finite measure space and Xo is a sub-c-algebra of %, 
then 

(a) (Monotone Convergence) 

for every sequence {fr}n>t of -measurable functions such that fr > 0 
and fn \, f u-almost everywhere on Q, we have im, E»of, = B™9f, 


(b) (Fatou Lemma) 
for every sequence { fn}ns1 of &-measurable functions such that fr > 0, 
we have E™° ( lim inf tn) < liminf E™° f,. 
n+ +00 n—-+00 
(c) (Dominated Convergence) 
for every sequence {fr}nst of i-measurable functions such that 
fn — f p-almost everywhere and |fn| < h p-almost everywhere on 
Q for alln >1 with h € L1(Q,X), we have E*of = lim E™°f,. 
nN— +00 

The Jensen inequality (see Theorem 3.99) remains true for condi- 

tional expectations. 
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Theorem 3.166 (Jensen Inequality) 

If (Q,%, 4) ts a finite measure space, yp: R —> R is convex, f and 
v(f) both belong to L1(Q,¥) and Xo is a sub-c-algebra of © 

then p(E™° f) < E™°(y(f)). 


Martingales are a key tool in modern probability theory and are 
also useful in Banach space theory as we will see in Chap. 5. 


Definition 3.167 

Let (Q,%, 1) be a finite measure space, let {Xin}ysq be an increasing 
sequence of sub-c-algebras of © and let fy € L'(Q,¥Un) forn > 0. We 
say that 

(a) {fn,Unknso 18 @ martingale if E™> fii = fn for all n > 0. 

(6) {fns Un}nso 8 @ submartingale if E™" frit > fn for all n > 0. 
(c) {fns Un} nso 18 @ supermartingale if E™" fast < fn for alin > 0. 


Remark 3.168 

Using the language of gambling, a martingale is a “fair” game, a 
submartingale is a “favourable” game and a supermartingale is an 
“unfavourable” game. If {fn;¥n}pso is a martingale (respectively, 
submartingale, supermartingale), then { eee dp sg is a constant se- 
quence (respectively, increasing sequence, a decreasing sequence). It is 
clear from Definition 3.167 that { fn, Un}pso is a martingale if and only 
if it is both a submartingale and supermartingale. Also, {fn,¥n}ns0 
is a submartingale if and only if {—fn, Un},so is a supermartingale. 
Finally, if { fn; Entnso and {9n; Un}nso are martingales (respectively, 
submartingales) and 7, > 0, then {fn + €9n, Un}nso is a martingale 
(respectively, submartingale) too. 


When dealing with martingales, it is often necessary to consider the 
index k (discrete time instant), after which the process stays above or 
below a certain threshold value. So, we need to consider indices which 
depend on x € Q (random indices) and this leads to the notion of 
stopping time. 
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Definition 3.169 
Let (Q, &, 11) be a finite measure space and let {Xn},51 be an increasing 
sequence of sub-o-algebras of &. 

A stopping time is a map 0: 2 —+NoU {co} which satisfies 


{fo <k} € Dy VEENo. 
A set AE» is said to be prior to o, if 
An{ao<k} € x} VkENo, 
or equivalently 
An{o=k} € X, VEENo. 


The collection of all sets prior to o is denoted by Sg and it readily 
follows that ig is a o-algebra. 


Theorem 3.170 

If (Q,%,p) ts a finite measure space, {ndnso is an increasing se- 
quence of sub-o-algebras of % and fn € L1(Q,¥n) forn > 1, 

then the following statements are equivalent: 


(a) {fn Un}nso is @ martingale. 
(b) for all bounded stopping times o < T, we have 


[* du < [' du. 


(c) for all bounded stopping times 0 <r and all A € Ng, we have 


[tedu < f fedy 
A A 


The next theorem establishes a connection between submartingales 
and martingales. 


Theorem 3.171 (Doob Decomposition Theorem) 
If {fn Unhnso ts @ submartingale, 
then there exist a martingale OEE Lntnso and a discrete-time process 
{ha}nso such that hn41 is Sn-measurable, hn < hn41 for alln > 1 
and 

fn = fot9nthn with go = ho = 0. 


Moreover, this decomposition is unique. 
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Of course there is a corresponding connection between super- 
martingales and martingales. 


Theorem 3.172 

If (fn: Endnso 18 @ supermartingale, 

then there exist a martingale {gn, Lntnso and a discrete-time process 
{Rn}nso such that hn41 is Sn-measurable, hn < hnyi for alln > 1 
and 


fn = fot+9n—hn with go = ho = 0. 
Moreover, this decomposition is unique. 


If the index n € No in a martingale (respectively, submartingale, 
supermartingale) is replaced by two stopping times, does the main 
defining the process equality (respectively, inequality) remain true? 
The answer is “yes”, provided that two stopping times are bounded. 


Theorem 3.173 (Stopping Time Theorem) 

If {fnsEntnso 18 @ martingale (respectively, submartingale, super- 
martingale) and o,t are two bounded stopping times, 

then E** f, = f, (respectively E™* f, > fo, E™* f, < fr). 

Hence 


[tea = J ton (respectively [ted = [tom 
Q Q 2 a2 


[tea < [tow 
Q Q 


for every bounded stopping time co. 


Remark 3.174 

In this theorem, the assumption of the boundedness of the stopping 
times is essential and cannot be removed without additional hypothe- 
ses. 


One of the main reasons for the importance of martingales in prob- 
ability theory is the fact that their structure leads to some useful in- 
equalities, known in the literature as Doob inequalities or maximal 
inequalities. In the following theorems we present these inequalities. 
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As before (©, ©, j) is a finite measure space, {Un },,59 is an increas- 
ing sequence of sub-o-algebra of ©. Consider fy, € L1(Q,5), n > 0 
and set 


def 
f, = sup|fal- 
k<n 


Then f* € L'(Q,Un), fe < fry, for all n > 0 and Ldn a asa is 
easily seen to be a submartingale. From the Markov inequality (see 
Proposition 3.90(f)), we have 


o({ft>c}) < 22# ve>o. 


In the case of a martingale, in the right-hand side, we can replace fF 
be |f,| only. 


Theorem 3.175 (Doob First Martingale Inequality) 
If ieee a ee is a martingale or a positive submartingale, then 


u({fe>ch) < Veh Ve>0, n20. 


Cc 


If the martingale belongs in L?, then the above theorem takes the 
following form. 


Theorem 3.176 (Doob L” Martingale Inequality) 
iG cee ie ae is a martingale or a positive submartingale such that 
fn € L?(Q, En) for alln > 0 with 1 < p < +00, then 


Fallp < p2rllfallp = pllfnllp Vne0 


(recall 5 + a = 1), 


Undoubtedly the most important results in martingale theory are 
the convergence theorems. The main tool in this direction is the so- 
called Doob upcrossing inequality. To understand better this inequal- 
ity, consider the following simple situation with real numbers {En}nso- 
y= lim. &, exists and we know that 7 € (a,b), then only a finite 


number of the €,’s can be outside of (a,b). So, if infinitely many of 
the €,’s are bigger than b and infinitely many of the €,,’s are smaller 
than a, then the sequence {£;},,59 has no limit. An occurrence of 


&, <a and Ejnim > b for some meEN 
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is called an upcrossing of [a,b]. From the previous discussion, we 
know that 


there is infinitely many upcrossing on [a,b] = >  {fn}nso 


has no limit. 


For submartingales we can estimate the average number of upcrossings 
over any interval. We can express this using stopping times. So, let 
{ Ts Cnt nso be the submartingale and let us set o9 = 0 and inductively 
for k > 0, let 


gol cee diets x cess 
Orgi = minfi>on: fia}, ong = min{i> Oggi: fe > d}, 


with the usual convention that the minimum of an empty set in No is 
+oo. Using the dual convention that the maximum of an empty set is 
0, we can define 


def : 
Uns = Marl oie, at Vn>0. 


Then U,, represents the number of upcrossings of [a,b] before time n. 


Theorem 3.177 (Doob Upcrossing Inequality) 
If {frs =n} aso is a submartingale, a < b and Up, is the number of 
upcrossings of |a,b] before time n > 0 as defined above, then 


[endu < ie [Um —a)*| du 


Q Q 


The above upcrossing inequality is the basis for all martingale con- 
vergence theorems. 


Theorem 3.178 (Submartingale Convergence Theorem) 
Tf {fns Un} 9 is @ submartingale such that sup || f,f ||1 < +00, 
= 2 >1 


Z 


then there exists f € L1(Q) such that fn —> f p-almost everywhere 
on Q. 


Corollary 3.179 
ff {fn Un} aso is 


(i) a supermartingale such that sup ||f;, ||1 < oo; or 
n>1 
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(ii) a positive supermartingale; or 


(iii) a martingale with sup || fn||1 < +00, 
n>1 


then there exists f € L'(Q) such that fn —> f p-almost everywhere 
on Q). 


Remark 3.180 

In both the above two convergence results, we can only conclude point- 

wise convergence p-almost everywhere. In general, it is not true that 

we have L!-convergence. Below we will see when we can conclude this. 

The limit function f is measurable with respect to Uy = o( U rea 
n>0 


We can also consider discrete time processes adopted to a decreas- 
ing sequence {Un}nso of sub-o-algebras of © (i.e., Unii C Un for all 
n > 0). We can think of such processes as being indexed by —No. 


Definition 3.181 

Let (Q,4, 1) be a finite measure space, let {Xn}ys9 be a decreasing 
sequence of sub-c-algebras of © and let fy € L'(Q,¥,) for all n > 0. 
We say that 

(a) { fn: Tn} ado is a reverse martingale if E~+' f, = fn41 for all 
n> 0; 

(b) {fn Tn} ado is a reverse submartingale if E™*+' f, > fr. for 
all n > 0; 

(c) {fn En} aso is a reverse supermartingale if E™ fy, < fn4i 
for alln > 0. 


Theorem 3.182 
TE Ain Brest is a reverse submartingale such that sup lft lla < +00 
NZ 
One D2 = [ans 
n>0 
then there exists f € L'(Q,U_.,) such that f, —> f p-almost every- 
where on Q and fn —> f in L*(Q). 


Remark 3.183 


The same is true for reverse supermartingales satisfying sup ||f,*|l1 
n>1 


< +00. 
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In the next theorem we see when for a direct martingale we can 
guarantee L!-convergence. 


Theorem 3.184 

If ins Dn} a0 is a martingale, 

then the following statements are equivalent: 

(a) There exists f € L'(Q, 0) (where Xoo = o( U En)) such that 


n>0 
fn —> f in D1(Q). 
(b) sup [|Fnlfi < +00, fn —> f p-almost everywhere on Q with f € 
ne 
L'(Q,So9) and fn = E*"f for alln > 0. 
(c) There exists f € L'(Q,X0) such that fy = E™"f for alln > 0. 
(d) The sequence { fn}ns1 C L'(Q) is uniformly integrable. 


Definition 3.185 
The martingale aa a is said to be regular if there is f € L'(Q) 


such that fn = E~"f for alln > 0. 


Remark 3.186 
Theorem 3.184 implies that a martingale is regular if and only if it is 
L'-convergent. 


For square integrable martingales, we have the following result. 


Theorem 3.187 
If tie alk is a martingale such that sup ||fn|l2 < +00, 
~ = n>0 


then {frtnso converges p-almost everywhere on Q and in TO), 


We conclude with a theorem that is useful in the study of the L! 
space. 


Theorem 3.188 

If (Q,%,p) is a finite measure space and {fn}ys, G L1(Q) satisfies 

the property that for every A © y, the limit lim Ti f du exists and 
N—+00 

is finite, 

then the sequence {fn},>, is uniformly integrable. 
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3.2 Problems 


Problem 3.1* 
Suppose that X and Y are two sets, f: X —> Y is a function and 
Y Cc 2Y. Show that 


where recall that m())) denotes the monotone class generated by ). 


Problem 3.2* 
Suppose that X is an uncountable set and 


ee {AC X: Aor X \ Ais finite or countable}. 
Show that %¥ is the o-algebra generated by the singletons of X. 


Problem 3.3 ** 
Show that there is no countable o-algebra. 


Problem 3.4* 
Let X be a topological space. Determine the o-algebra generated by 
all nowhere dense subsets of X. 


Problem 3.5* 
Suppose that X is a topological space, B(X) is its Borel o-algebra and 
Y Cc X is a subset furnished with the subspace topology. Show that 


BY) = YNB(X) = {YNA: Ae B(X)}. 


Problem 3.6** 

Suppose that D is a semiring and {A;,}7, C D. Show that there 
exists a family {C;}"_, C D of mutually disjoint sets such that each 
A;, can be written as the union of some sets from {C;}"_,. 


Problem 3.7 ** 
Suppose that X is a set and X C 2* is a semiring. Suppose that 
n 


Aj,..., An, A € &. Show that the set A\ LU A,x can be written as a 


=1 
union of finite family of mutually disjoint sets of V. 
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Problem 3.8* 

Suppose that X is a set and Y C 2* is a semiring. Show that every 
countable union of elements of Y can be written as a countable union 
of mutually disjoint elements of ¥. 


Problem 3.9* 
Determine the metric spaces in which the open sets (i.e., the metric 
topology) form a o-algebra. 


Problem 3.10* 

Suppose that X is aset and XY C 2% is a q-class (i.e., it is closed under 
finite intersections; see Definition 3.7(a)). Let R be the ring generated 
by XY. Moreover, let F be the smallest family in 2* such that 

(a) XCF; 

(b) it is closed under finite unions; and 

(c) it is closed under proper differences (i.e., if A,C € FandC CA 
then A\ C € F). 

Show that F =F. 


Problem 3.11 * 

Suppose that (Q, =) is a measurable space, A C and Yy = AND is 
the trace of the o-algebra © on A (see Definition 3.13). Show that if 
u =o(y), then U4 = o0(Va), where Va = ANY. 


Problem 3.12 ** 
Suppose that A and Y are two metric spaces and f: X —> Y isa 
function. Let 


def 


Cy {2 €X: f is continuous at cae 


Show that Cy € B(X). 


Problem 3.13 ** 

Suppose that © is a set, ¥ is a ring of subsets of Q and uw: ¥ — 
[(0, +00] is a set function not identically +00. Show that the following 
conditions are equivalent: 

(a) p is additive; 

(b) (0) = 0 and for all A,C € 4, we have p(AUC)+p"(ANC)) = 
p(A) + w(C). 


462 Chapter 3. Measure, Integral and Martingales 


Problem 3.14 ** 

Suppose that (Q,%,,) is a finite measure space, {An},5, G © and 
> H(An) < +00. Show that p(limsup A,) = 0. 

n>1 


> n—+oo 
Remark. This result is known as the Borel—Cantelli Lemma. 


Problem 3.15 * 

Suppose that X is a set and p* is an outer measure on 2*. Let A C X 
be a set such that y*(A) < +00 and suppose that C € XU,» satisfies 
ACC and p*(C) = p*(A). Show that 


u(ANE) = wW(CNE) VEESy. 


Problem 3.16* 
Suppose that X is a set, j* is an outer measure on 2* and A C X. 
Show that 


ACY» <=> [w(DUE)=p(D)+uW*(E) DCA, ECX\Al. 


Problem 3.17 *** 
Suppose that (Q, ©) is a measurable space and yw: & —> R is an addi- 
tive set function. For every A € %, we set 


where the infimum is taken over all increasing sequences {Ci} ,,5, © ¥ 
such that A= UL) Cy. Show that m: } —+ R} is a measure. 
nel 


Problem 3.18 ** 
Suppose that X is an uncountable set and 


soe {A CX: Aor A® is finite or countable}. 


From Problem 3.2, we know that © is a o-algebra. Let m: & —> Ry 
be defined by 


(A) def { 0 if A is finite or countable, 
os ~— 1 if A® is finite or countable. 


Show that (X,X,m) is a measure space. 
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Problem 3.19 ** _ 
Suppose that JY is a semiring and 4: VY —> R, = [0, +00] is an additive 
and o-subadditive set function. Show that yz is o-additive on Y. 


Problem 3.20* 
Suppose that JY is a semiring and 4: VY —> R, = [0, +00] is an additive 
set function. Show that jz is monotone. 


Problem 3.21 ** 
Suppose that Y is a semiring and p,: VY —> R+ = [0,+cx] is a se- 
quence of o-additive set functions such that 


Lin(A) < pn41(A) YVn>1, AEY. 


We set Re 
u(A) = sup pp(A) VAEY. 


n>1 


Show that : Y —> Ry = [0, +00] is o-additive too and p(0) = 0. 


Problem 3.22 *** 

Suppose that X is a metric space, B(X) is its Borel o-algebra and p, 0 
are two finite measures on 6(X). Show that 

(a) If w and ¥ are equal on open or closed sets, then pp = 0. 

(b) If X is o-compact and yw and ? are equal on compact sets, then 
B=”. 

(c) Statements (a) and (b) remain true if yw and V are o-finite. 


Problem 3.23 * 
Suppose that p* is an outer measure on a set X and A C X isa p*- 
null set. Show that for every C C X, we have p*(C) = p*(AUC) = 


wr(C \ A). 


Problem 3.24 * 
Suppose that * is an outer measure and let {A,}?_, C U,* be mutu- 
ally disjoint sets. Show that 


w(DA(U) As) = Sou*(Dn An) = VDCX. 
k=1 k=1 
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Problem 3.25 ** 
Let u* be an outer measure on a set X. Show that 
(a) If AC X and {Cr},51 © Up» is a sequence of mutually disjoint 
sets, then 

(LU (ANGh)) = Dd w(An cy), 

nel n>1 

(b) If {An},,51 is a sequence of subsets of X and there is a sequence 
{Cr}nsi © Uy of mutually disjoint sets such that A, C Cy for all 


(LU An) = Do H*(An). 


n > 1, then 
n>1 n>1 


Problem 3.26 ** 
Suppose that (©, 2) is a measurable space, {/n},,51 is a sequence of 
finite measures on © and {Vn},51 © (0, +00) is such that 


po) = S > Pnbn() < +00. 


n>1 


Show that 


D3 AH+ uA) = S° Pnpn(A) € Ry = [0, +00) 


nol 


is a measure on ». 


Problem 3.27 ** 

Let y* be an outer measure on a set X. Show that 

(a) A€»d,,» if and only if for every e > 0, we can find C € %,,* such 
that C C A and p*(A\C) <e. 

(b) If for a set A C X, we have that given e > 0, we can find C € Uy» 
such that p*(A A C) <e, then A € X,». 


Problem 3.28 * 

Suppose that (2,5, ,) is a measure space, y* is the corresponding 

outer measure (see Proposition 3.28) and {An},,5, is an increasing 

sequence of subsets of X. Let us set A a U An. Show that u*(A,) 7 
n>1 


u*(A) as n + +00. 


3.2. Problems 465 


Problem 3.29 ** 

Let (Q, 5, 2) be a measure space such that “for all A € © for which 
we have u(A) = +00, there exists C € © such that C C A and 
0 < uw(C) < +00”. Let A € ¥ with w(A) = +00. Show that we can 
find E € %, E C A which is o-finite and u(E) = +00. 


Problem 3.30 ** 

Suppose that (Q, 5, yu) is a probability space and A C 2 is such that 
for every C' € © with A C C, we have that w(C) = 1. Let b4 = UNA 
and let wa: © 4 —> [0,1] be defined by 


waA(ANC) = pC) VYCex. 
Show that (A, 4,4) is a probability space. 


Problem 3.31 ** 
Let y* be an outer measure on a set X. Show that: 
(a) For every AC X and C € &,*, we have 


w(ANC) +e (AUC) = pA) + u*(C). 


(b) If AZ™X,» and C € X,» with A CC, then p*(C \ A) > 0. 


Problem 3.32 ** 

Let (Q, X41, ui) and (Q, Xe, “2) be two measure spaces on the same set 
Q. Let y* and v4, be the two outer measures on 2 such that 1 = Ms, 
and p2 = pj{|y,. Show that pt = 15. 


Problem 3.33 ** 
Let (Q, &, 4) be a measure space and let {An},,5; C & be a sequence. 
Show that 
Ee) 
and when yp is finite, we also have 
limsup 4(A,) < p(limsup A,). 


n—- +00 n—-+00 


Recall that 


liminf A, = U () An e€ % and BSD ae — () LJ An ey. 


n—-+00 
ke1nSk k>1lnek 
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Problem 3.34** 

Let be a Borel measure on R% which is finite on compact sets. For 
every z € RN let f(x) = u(Bi(x)). Show that f attains its infimum 
on every compact set. 


Problem 3.35 * 

Let (Q,%) be a measurable space and let A be an algebra such that 
o(A) = =. Suppose that jy; and jg are two finite measures on ((, /) 
such that 41(A) = p2(A) for all A € A. Show that yy = po. 


Problem 3.36 ** 

Suppose that (Q,%) is a measurable space, Y C © is a m-class (see 
Definition 3.7) such that © = o(Y), ji, 2 are two measures on © such 
that j1|,, = [e2|,, and suppose that there is an increasing sequence 
{Cr}ns1 G Y such that Q = U Cy and pi(Cn) = u2(Cn) < +00 for 


nel 


all n > 1. Show that py = po. 


Problem 3.37 *** 
Show that a sub-o-algebra Y of a countably generated o-algebra ¥ 
need not be countably generated. 


Problem 3.38 *** 

Let (Q, 4%) be a measurable space. Show that ¥ is countably generated 
(see Definition 3.14) if and only if there exists a U-measurable function 
f: Q — [0,1] such that © = {f-1(A): A € B([0,1))}. 


Problem 3.39 ** 
Suppose that Q is a set, Y C 2° and A € a(Y). Show that there is a 
countable subfamily D of Y such that A € o(D). 


Problem 3.40 ** 

Suppose that (Q, ©) is a measurable space, jz and v are two probability 
measures on (Q, ©). Suppose that Y C © is a m-class (i-e., it is a family 
closed under finite intersections). Show that =v on o(y). 


Problem 3.41 * 
For a given € > 0, find an open dense set U C R such that \(U) < 
(A being the Lebesgue measure on R). 
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Problem 3.42 ** 

Suppose that A* is the Lebesgue outer measure on R and A,C C R are 
nonempty sets such that dist(A,C) = inf {|r—u|: « € A, we C} > 0. 
Show that A*(A UC) = A*(A) + A*(C). 


Problem 3.43 ** 
Suppose that (Q,4,) is a measure space and {An},5; © ¥ is 
a sequence of b-sets such that ma U An) < +oo. Show that 


nZ 
li An) > lim inf p(A,) = 7. 
#(lim sup An) > lim inf y(n) = 1 
Can we drop the hypothesis that ma U An) < +00? 


n>1 


Problem 3.44 ** 
Suppose that A C R is a Lebesgue measurable set and A(A) < +00 (A 
being the Lebesgue measure on R). Show that the function y: R —> 


[(0, +00), defined by v(x) ae A(AN (—co, 2]) is continuous. 


Problem 3.45 *** 

Suppose that f: [0,1] —> R is a function and A C {x € [0,1] : 
f'(x) exists}. Suppose that A(A) = 0 (A is the Lebesgue measure on 
R). Show that A(f(A)) = 0. 


Problem 3.46 *** 

Suppose that Q C R% is an open set, f: 2 —> R% is a function and 
D CQ is a Lebesgue-null set such that f is differentiable on D. Show 
that AX (f(D)) =0 

(A% being the Lebesgue measure on R). 


Problem 3.47 *** 

Suppose that u: [a,b] —> R is a function and there exists a set 
A C [a,b] (not necessarily measurable) and M > 0 such that u is 
differentiable at every x € A and 


\u'(z)| < M Vue. 


Show that A*(u(A)) < MA*(A) (A* being the Lebesgue outer measure 
on R). 
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Problem 3.48 *** 

Suppose that wu: [a,b] —> R is a measurable function, A C [a,b] is a 
Lebesgue measurable set and wu is differentiable at every point of A. 
Show that 


r*(u(A)) < [ola 
A 


(\* being the Lebesgue outer measure on R). 


Problem 3.49 * aa 
Let f: [a,b] —+ R be a measurable function and let A= {a € [a,}] : 
f'(x) = 0}. Show that the set f(A) is Lebesgue-null. 


Problem 3.50 *** 

Assume that T is an interval, u: T —> R is a function such that u has 
derivative (finite or infinite) on a set A C T (possibly not Lebesgue 
measurable) and assume that A(u(A)) = 0 (A being the Lebesgue 
measure on R). Show that u/(x) = 0 for almost all « € A. (Compare 
with Problem 3.45.) 


Problem 3.51 ** 

Choose 0 < # < 1 and consider a Cantor-like set Cy as follows: From 
the unit interval [0,1] we remove an open interval of length J. We are 
left with two disjoint closed intervals [1,1 and [;,2 each of length less 
than 5: From each of those intervals we remove an open interval of 
length VA(Ii.2), k = 1,2 (as before A denotes the Lebesgue measure 
on R). We keep doing this to infinity. At the end we are left with a 


closed set Cy. Show that A(C'y) = 0. (Compare with Remark 3.34.) 


Problem 3.52 *** 

Suppose that yz is a Borel measure on R such that 

(a) y((0,1]) = 1; and 

(b) (A) = u(A+ 2) for every A € B(R) and every x ER. 
Show that = 2 (A being the Lebesgue measure on R). 


Problem 3.53 *** 

A function f: R — R is said to be an N-function, if it maps 
Lebesgue-null sets to Lebesgue-null sets. Show that a continuous func- 
tion f is an N-function if and only if it maps Lebesgue measurable sets 
to Lebesgue measurable sets. 
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Problem 3.54 * 
Show that every countable subset of R has zero Lebesgue measure. 


Problem 3.55 ** 

Suppose that A C R is a Lebesgue measurable set and A(A) = 1 
(A being the Lebesgue measure on R). Without using the Lyapunov 
convexity theorem (see Theorem 3.160), show that we can find a set 
Cex, CCA such that A(C) = 5. 


Problem 3.56 ** 

Suppose that A C R is a Lebesgue measurable set with \(A) > 0. Show 
that for any given « > 0, we can find a bounded interval J, = {a, bj 
(with a < b) such that 


MANE) S 1—e ae. 


Problem 3.57 ** 
Suppose that A C R is a Lebesgue measurable set with (A) > 0. 
Show that for some ¢ > 0, we have 


A=A 2 [=e5e], 
where A— A= {zx-u: z,ue A} 


Problem 3.58 *** 
Suppose that y is a Borel measure on RN, finite on compact sets and 
f: Ri — R4 is defined by 


f(r) & sup {u(B,(2)) : ee RN}. 


Suppose that f is R-valued and assume that lim inf f(r) = 0. Show 
Tr 


n— +00 
that pp = 0. 


Problem 3.59 * 
Suppose that A C [0,1] is a Lebesgue measurable set and (A) = 1. 
Show that A is dense in [0, 1]. 


Problem 3.60* 
Suppose that A C RN is a Lebesgue measurable set and AN (A) = 0. 
Show that int A = 0. 
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Problem 3.61 *** 
Show that there are 2° Lebesgue measurable sets in R (c is the cardi- 
nality of [0,1] or R). 


Problem 3.62 *** 

Find a Borel set C C R such that for every nonempty interval 7’, the 
sets CNT and C°NT = (R\C)NT both have positive Lebesgue 
measure. 


Problem 3.63 ** 

Suppose that (Q,%, jz) is a nonatomic o-finite measure space and v is 
a measure on » such that for every ¢ > 0, we can find 6 > 0 for which 
we have 


if Ac Nand w(A) <6, then v(A) <e«. 


Show that v is o-finite too. 


Problem 3.64 ** 

Let (91,44, 41) and (Q2, 2,2) be two complete o-finite measure 
spaces. Is the product measure fp = [i X 2 complete on the mea- 
surable space (Q4 x Q2, 41 ® Ne) (see Proposition 3.45)? Justify your 
answer. 


Problem 3.65 ** 

Suppose that (Q,%,/:) is a o-finite measure space, Y,, is the p- 
completion of © and f: Q —+ R is a %,,-measurable function. Show 
that there exists a --measurable function h: 2. —> R such that 


|h(w)| < |f(w)| and hw) = f(w) pralmost everywhere on 2. 


Problem 3.66 *** 
Produce a nonmeasurable function f: [0,1] —> R such that | f| is mea- 
surable and for every c € R, the set f~'({c}) is Lebesgue measurable. 


Problem 3.67 ** 
Suppose that (Q, ©) is a measurable space and { fn: A R} 
sequence of -measurable functions. Let 


n>1 isa 


def : : 
A= {reEQ: lim fr(x) exists}. 


Show that Ae€ ™. 
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Problem 3.68 ** 
Suppose that (Q, 4) is a measurable space and { fy: 2 —> R},5, isa 
sequence of -measurable functions. Let us set 


+ def . 2 22 
AY = teens im fn(z) = +00}, 
— def : 
A” = {ren: im fn(z) = —oo}. 
Show that At, A~ € &. 


Problem 3.69 ** 

Suppose that ((Q, X) is a measurable space and (Y, d,) is a metric space. 
Show that f: Q —> Y is measurable if and only if for every continuous 
function y: Y —> R, the function yo f: 2 — R is &-measurable. 


Problem 3.70 ** 

Suppose that (Q, 4,4.) is a measure space and f: 2 —> [0,1] is a 
u-measurable function. Show that one of the following is true: 

(a) f =x, for some A € ¥; or 

(b) there exists a € (0,4) such that y({z EQ: 0< f(x) <1-a}) 
> 0. 


Problem 3.71 *** 

Let { fn: [0,1] —+ R},,5, be a sequence of measurable functions. Show 
that the following statements are equivalent: 

(a) Sequence {fn},51 has a subsequence which converges to zero al- 
most everywhere. 

(b) There exists a sequence {8n},5, GC R such that limsup|6,| > 0 


n—- +00 


and 5°) Bnfn(x) converges for almost all x € [0, 1]. 
nel 


(c) There exists a sequence {G},, C R such that >7,,5,|Bn| = +00 
and 5°) Bnfn(xz) is absolutely convergent for almost all x € [0, 1]. 
n>1 


Problem 3.72 ** 

Suppose that X is a metric space, (X,%,) is a complete measure 
space with B(X) C © and f: X —> R is a function such that there 
exists a sequence {An },59 C © of mutually disjoint sets with Ao being 


p-null, X = LU A, and for every n > 1, the function f|, is lower 
n>0 
semicontinuous (respectively, upper semicontinuous). Show that f is 


»-measurable. 
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Problem 3.73 ** 
Show that a monotone function f: R —> R is Borel measurable. 


Problem 3.74 *** 
Show that the supremum of an uncountable family of measurable 


IR-valued functions need not be measurable. (Compare with Corol- 
lary 3.69.) 


Problem 3.75 ** 
Suppose that (Q,%) is a measurable space and f: Q —> R is a X- 
measurable function. Show that Gr f € © @ B(R). 


Problem 3.76 ** 
Let (Q,%) be a measurable space and let X be a separable metric 
space. Suppose that f: Q— X is a measurable function. Show that 
Grf Ex x BX). 


Problem 3.77 ** 
Suppose that (Q,%, 4) is a measure space and {fn},,5, C L?(Q) is a 
bounded sequence. Show that 1 fn — 0 p-almost everywhere on 2. 


Problem 3.78 * 
Let (©, %, 4) be a measure space and let {Cr},., C & be a sequence 
such that ue u(Cyn) < +00. For every k > 1, let D, be the set of all 


elements of “0, which belong to at least k of the sets C,,. Show that 
for every integer k > 1, we have ku(Dz) < YS w(C)). 


n>1 


Problem 3.79 ** 

Suppose that (Q, %, 4) is a semifinite measure space and assume that 
{ fn: XA a ee is a sequence of i-measurable functions such that 
fn(x) —> f(x) p-almost everywhere on 2 and 


olin, f fnle) dx = 0 
Q 


Show that f(x) = 0 p-almost everywhere on 2. 
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Problem 3.80 ** 
Suppose that (Q, 5,4) is a o-finite measure space and assume that 
fig: Q —> R* = RU {+co} are }-measurable functions such that 


J fdu, f gdp exist and 
2 fe 


[tan < fod VAEX. 


A A 


Show that f(x) < g(x) p-almost everywhere on 2. (Compare with 
Proposition 3.90(c).) 


Problem 3.81 ** 

Let f,h: R —> R be two Lebesgue integrable functions with compact 
supports. Is it true that f oh: R —> R is Lebesgue integrable too? 
Justify your answer. 


Problem 3.82 ** 
Find a o-finite measure on B(R‘) (N > 1) such that for every 
f € C(RY) \ {0}, we have 


[tia 5, es 
RN 


Problem 3.83 *** 

Assuming the continuum hypothesis (i.e., that every subset of R is 
finite, countable or is equipotent to R), show that there is a set A C 
[0, 1] x [0,1] such that for every x € [0,1], the set A, = {y € [0,1] : 
(x,y) € A} is countable, for every y € [0,1], the set Ay = {x € [0,1]: 
(x,y) € A} is co-countable (i.e., its complement is countable) and A 
is not Lebesgue measurable. 


Problem 3.84 ** 

Suppose that (Q, 4, ) is a finite measure space and f,h: Q —> R are 
two U-measurable functions such that f, fdu = do hdu. Show that 
the following alternative holds: 

(a) f =h p-almost everywhere on Q; or 

(b) there exists A € Y such that 


oa < [ie 
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Problem 3.85 * 
If C C [0, 1] is the Cantor set, show that y, is Riemann integrable and 


Problem 3.86 ** 
Suppose that f: [0,1] —> (0,+00) is a Lebesgue measurable functions 
and 6 € (0,1]. Show that 


inf (fr dx: AC [0,1], Ais Legesgue measurable with \(A) > 6} > 0 


(as always \ denotes the Lebesgue measure on R). 


Problem 3.87 ** 
Let f € C~(R) and g € C, (R) (i.e., g has compact support). Show 


that the function 
(f*9)( a fa - 


belongs to C®°(RY). 


Problem 3.88 ** 

Let f € C-(RX ie Show that there exists a compact set C C R™ such 
that supp f C C and a sequence { fn} as, G Ce (R) with supp fn C C 
for alln > 1 such that f, —> f uniformly on C. 


Problem 3.89 ** 
Let (Q,%,,) and (Y,Y,m) be two o-finite measure spaces and let 
f:Qx Y — R be a uw xX m-measurable function. Suppose that for 
p-almost all w € Q, the function y > f(w,y) is m-integrable. Show 
that the function 


Q3Sw —> v(w )= | Sesame 


is z-measurable. 
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Problem 3.90 *** 
Show that the Lebesgue dominated convergence theorem (see Theorem 
3.94) does not hold for nets of functions. 


Problem 3.91 ** 
Find a Borel measure p on R such that 


[ta = 0) VfeEC(R). 


R 


Is there a Borel measure m on R such that 


[fam = 70) wfrecR)? 
R 


Justify your answer. 


Problem 3.92 ** 
Let f € C(R,;R) and assume that lim f(z) =6 ER. Show that 
«w—->+00 


n— +00 


lim | srs) av = ad Va>0. 
0 


Problem 3.93 *** 
(a) Show that if f ¢ L'(R‘) and K CR is compact, then 


lim / |f(2)| dz = 0. 
Il lly +00 
a+k 


(b) Show that if f: RY —> R is uniformly continuous and f € 
L?(R%) for some p > 1, then 


im 
\|z||_zu +00 
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Problem 3.94 ** 
Suppose that € € C(R) is such that €(0) = 0 and €(x) > 0 for all z 40 
and f: RN —> R is a uniformly continuous and bounded function. 
Assume that 

[et@) dz < +00. 

RN 
Show that f(x) —> 0 as ||z|| — +00. (Compare with Prob- 
lem 3.93(b).) 


Problem 3.95 *** 
Is it true or false: “Every f € L'(R) with f > 0 satisfies f(x) —> 0 
as |x| + +00”. (Compare with Problem 3.93.) 


Problem 3.96 ** 

Suppose that (Q,¥,,) is a measure space and f € L1(Q). Show 
that: 

(a) If [, fdx =0 for all A € &, then f(x) = 0 p-almost everywhere 
on Q. 

(b) The set D= {rEQ: f(x) £0} € ¥ is o-finite. 


Problem 3.97 ** 
Let f € L1(R) and set 


ee ‘l f(t) dt. 


Show that F’': R —> R is continuous. 


Problem 3.98 ** 
Suppose that (Q,¥, ) is a measure space and {f,},,5, is a sequence 
of nonnegative -measurable functions such that f, —> f p-almost 


everywhere on 2 and 
| tnd — ; f dp, 
Q Q 


with f{ f du < +00. Show that f, —> f in L1(Q). 
Q 
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Problem 3.99 ** 
Let f € L'(R%). Show that li adAN =0. 
et f (R*) ow tha weer 


Problem 3.100 ** 

Let (Q,%, 4) be a o-finite measure space, 1 < py < po < +o0 and 
f € L™(Q) 0 LP?(Q). Show that f € L?(Q) for all p € [pi, p2| and the 
function [p1,p2] > p> ||f||p is continuous. 


Problem 3.101 * 

Suppose that (Q,%,,:) is a measure space, f € L1(Q), f > 0 and 
g: Q —>+ R is a S-measurable function. Suppose that there exist 
a,b € R such that a < g(x) < 6 p-almost everywhere on 2. Show that 
there exists c € [a, 6] such that 


[fou = cf fay. 


Q 


Problem 3.102 ** 
Find a function f € L1((0,1]) such that f ¢ L?([0,1]) for all p > 1. 


Problem 3.103 ** 
Find a function f € () L?((0,1]) \ £%°((0, 1]). 
p>l 


Problem 3.104 *** 

Suppose that (Q, %, ) is a o-finite measure space and pp > 1 is such 

that f € L?(Q) for all p € [po, +00). Show that || flo = lim inf II fllp- 
p—+oo 


(Compare with Problem 3.103.) 
Problem 3.105 *** 
Let {fabio S L\(IR) be a sequence such that f, —> f almost every- 


where on R. 
(a) Show that f € L'(R). 


(b) Show that if 
[fe dx —> [tee 
R R 
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then for every € > 0, we can find a Lebesgue measurable set C C R 
with finite Lebesgue measure, h € L'(R), h > 0 and ng > 1 such that 
for all n > no, we have 


| f fade < ¢« and | fn(x)| he) Varecd. 
Ce 


(c) Is the converse in (b) true? Justify your answer. 


Problem 3.106 *** 

Let {fn}ns1 G L*(R) be a sequence such that f, —> f almost every- 
where on R and assume that for every ¢ > 0, there exist a Lebesgue 
measurable set A C R, a function h € L'(R), h > 0 and an integer 
no > 1 such that 


[ifslde < = Yn >no 
AC 


and 
|fn(x)| < A(z) VxeEA, n>no. 


Show that f € L1(IR) and 
fn —> f in L'(R). 


Is the last condition necessary in order to have f in L'(R) and f, —> 
f in L'(R)? Justify your answer. 


Problem 3.107 * 

Let (Q,%,) be a measure space and let {frtpsy C L+(Q) be a se- 
quence such that 0 < fn41 < fn p-almost everywhere for all n > 1. 
Show that 


fn \ 0 p-almost everywhere => / fndu \, 0. 
Q 


Problem 3.108 * 

Suppose that (Q,%,/) is a o-finite measure space, g:Q —> Risa 
ui-measurable function and 1 < p < +oo. Assume that for every 
f € L?(Q), we have fg € L1(Q). Show that: 
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(a) If f fgdw = 0 for all f € L?(Q), then g(x) = 0 p-almost every- 
Q 

where on 22. 

(b) If fp —> f p-almost everywhere on Q and |fn(x)| < A(x) p- 


almost everywhere on 2 with h € L?(Q), then fng —> fg in L'(Q) as 
n — +00. 


Problem 3.109 ** 
Suppose that (Q, 4, jz) is a finite measure space and f: Q —> [0, +00) 
is a )-measurable function. Show that 


felis) es So u(t > n}) converges. 


n>0 


Problem 3.110* 
Let f € L1(R) and for every finite interval J, let us set 


def 
mI) = ve 
T 


(A being the Lebesgue measure on R) and A(I) = {f > m(I)} NT. 
Show that 
fu- m/( id) ae a2 fu- m(1)) da. 
A(t) 


Problem 3.111** 
Let f € L1(R,) and assume that 


y 
[toa =) Vy2>0. 
0 


Show that f(x) = 0 almost everywhere on R4+. 


Problem 3.112 ** 

Suppose that A C Ry, is Lebesgue measurable with AN(A) = 1 
(AX being the Lebesgue measure on R%) and f,g: RY —> R are 
two Lebesgue measurable functions, f,g > 0. Show that, if fg > 1 
almost everywhere on A, then 


(f fa (f se) + ily 
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Problem 3.113 ** 

Suppose that (Q, 4, wz) is a finite measure space and 1 < p<q< +c. 
Show that L9(Q) C L?(Q). Is the result true if w(Q) is not finite? 
Justify your answer. 


Problem 3.114** 
Let g: [0,1] —> R is a continuous and nondecreasing function. Is it 


true that 1 1 
Jes = Je dx? 
0 0 


Justify your answer. 


Problem 3.115 ** 
Let (Q,¥,) be a measure space and let C C R™ be a closed set. 
Assume that f € L! (Q;R) and 


ata ff du EC VAES, with p(A) > 0. 
A 
Show that f(a) € C p-almost everywhere on 2. 


Problem 3.116 ** 

Let (Q,%, 4) be a measure space and let Y C ¥ be such that for a 
given ¢ > 0, for every A € © with p(A) < +00, we can find C € Y 
for which we have (A A C) < ¢. Show that, if Y is countable, then 
L?(Q) is separable for every p € [1, +00). 


Problem 3.117 ** 
Suppose that (0,4, 4) is a measure space and { f,: Q —> R},,, is a 


sequence of U-measurable functions such that > || fn|l1 < -++co. Show 
n>1 
that the series 5° f, converges p-almost everywhere to a finite valued 
n>1 


function and 
Q 


n>1 n21lo 


Problem 3.118 ** 
Suppose that f € L?([0,1]) \ {0} and let us set 


ne = ij #(avds, 
0 


Show that ||F'll2 < || fllz. 
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Problem 3.119 ** 
Let {fn},s1 G L'(R) be a sequence, f € L'(R) and assume that 


flmo-sola <b vnd1. 
R 


Show that f, —> f almost everywhere on R. 


Problem 3.120** 
Suppose that f € L7({0,1]) with ||f|]2 = 1 and fo fdx 26> 0. For 
every 7 € R, let 
def 
A, = {x€ [0,1]: f(z) 2 n}. 
Show that, if 7 € (0,0), then (@ — 7)? < \(A,) (A being the Lebesgue 
measure on R). 


Problem 3.121 ** 

Let (Q,%,,.) be a finite measure space and let {fn},5, G L?(Q) be 
a sequence, such that | fin(x)| < M pralmost everywhere on Q for all 
n > 1 and ||fnll2 = 1 for all n > 1. Suppose that {8,},5, C R is 


a sequence such that >> 6, fn(x) converges for pi-almost all x € 1. 
n>1 


Show that 8, —>0 as n— +00. 


Problem 3.122 ** 
Let (Q,%, 4) be a measure space and let f € L'(Q)N L?(Q). Show the 
following: 
(a) f € L?(Q) for all p € [1, 2]; 
(b) “lim, [Ifllp = Ill 
polit 


(Compare with Problem 3.100.) 


Problem 3.123 *** 
Let (Q,%, 4) be a probability space and let h: Q —+ [0,+00] be a 
b-measurable function. Let us set A= f, hd. Show that 


V1+42 < [vita <1+A. 
Q 


If Q = [0,1], © is the o-algebra of Lebesgue measurable sets, 4. = A is 
the Lebesgue measure on [0,1] and h = f’ with f € C1((0,1]), then 
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the result has a simple geometric interpretation. From this geomet- 
ric interpretation deduce (for general 22) under what conditions on h 
equalities hold in the above inequalities. 


Problem 3.124 ** 
Suppose that (Q, ¥, jz) is a measure space, p € (0,1) and f,g € L'(Q), 
f,g > 0. Show that 


[irae ay < (| tau)” + (f sau)? 


Q Q Q 


Problem 3.125 ** 

(a) Let {fntns, G L?(R) (1 < p < +00) be a bounded sequence such 
that f, —> f almost everywhere on R. Is it true that f, —> f in 
D”(R)? Justify your answer. 

(b) Let {fntns, G L?(R) (1 < p < +00) be a sequence such that 


fn —> f almost everywhere on R and || fp||p —>+ M < oo. Show that 
Ilfllp <M. 


Problem 3.126 ** 
Suppose that (Q,%, :) is a measure space and f € L'(Q). Find 


. fl? 
im nin (1 + ay) dx 
Q 


Problem 3.127 *** 
Let (Q,5,) be a measure space and let p € (0,1). Show the 
following: 


(a) |lfllp = (| Fate dys)? is not a norm on L?(Q). 
(b) If for f, he L?(Q), we set 


ea ee [ipa nea = lf — AIP, 
Q 


then d is a metric on L?(Q) and (L?(Q),d) is a complete metric space. 


Problem 3.128 *** 

Find a function f € Z'(R) such that for any a,b € R, a < b and any 
M > 0, we have that the set (a,b) {ct ER: f(z) > M} hasa 
positive measure. 
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Problem 3.129 *** 
Find a function f € L'(R) such that f ¢ I? ((a, b))) for any a,b E R, 
a<ob. 


Problem 3.130 ** 
Suppose that (Q, %, 4) is a measure space, {An},,5, C ¥ is a sequence 
such that u(An) —> 0 as n > +00, let 1 < p < +co and let 

af 


tn 


Xa. VYn21, 
B(An)?” 


where s + a = 1. Show that for every h € L?(Q), we have 


[bindu — 0 asn— +00. 
Q 


Problem 3.131 ** 
Suppose that {fntnsi CS D\(R) and f, = f (= denotes uniform con- 
vergence). Is it true that f € L'(R)? Justify your answer. 


Problem 3.132 ** 
Suppose that J is a nontrivial interval in R, 1 < p < +o0, h € L?(L) 
and 

se {f € L?(I): f </h almost everywhere on I}. 


Show that S is a closed nowhere dense set in L? (J). 
Problem 3.133 * 


Let f € L'(a,b), f > 0 and h € C({a,b]). Show that there exists 
so € [a,b] such that 


y b 
J feoneyat = hoo) f feat, 


Problem 3.134 ** 
Suppose that f € L?(R%) with 1 < p < +00 and ps RY —> LP(RY) 
is defined by 


T;(z)\(c) © f(a+z). 


Show that Ty is continuous and bounded. 
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Problem 3.135 ** 
Let (0, =, ) be a finite measure space and let F C L'(Q),. Suppose 
that there exists h € L'(Q), such that for all A > 0, we have 


fdu < [rau V feF. 
{f>d} {f>d} 


Show that F C L+(Q) is uniformly integrable. 


Problem 3.136 ** 

Let (Q,%, 44) be a measure space with the following property: there is 
a D-partition {Qn},51, of Q such that u(Q,) 4 0 for all n > 1. Show 
that the space L°(Q) is not separable. 


Problem 3.137 ** 
Suppose that (0, X, 4) is a measure space, f € L'(Q) and e > 0. Show 
that there exist g,h € L'(Q), g,h > 0 such that 


f =g-—h and [rdw <«, 
Q 


Problem 3.138 *** 
Let (Q,%,) be a measurable space and let {un},5, CG LP(Q) (with 
1 < p< _+oo). Suppose that: 
(a) sup ||t¢n||p < +00; 
n>1 


(b) up(w) —> u(w) p-almost everywhere in 1. 
Show that u € L?(Q) and tim (llun|lb — |lun — ullp) = llullp 


(see Theorem 3.98). 


Problem 3.139 * 

Let (Q,%, 44) be a measure space, let u € L?(Q) and let {Un}as, © 
L?(Q) with 1 < p < +00. Suppose that: 

(a) lemllp — llully 

(b) un(w) — u(w) p-almost everywhere in 1. 

Show that wu, — u in L?(Q). 
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Problem 3.140* 

Let (Q,%, 4) be a measure space. Show the following: 

(a) If f,g € L9(Q), 1 <p < +00, then max{f,g} € L?(Q). 

(b) If {fa}ns1s{9nbno1 © L?(Q) and fy —> f, gn —> g in LPO), 
then max{ fn, gn} —> max{f,g} in LP(Q). 


Problem 3.141 ** 

Suppose that (Q,%,,) is a measure space, {fn},s, C L?(Q) (with 
l<p<_+oo) and {gn}ns1 C L*(Q) is a bounded sequence. Assume 
that fr —> f in L?(Q) and gn(w) — g(w) p-almost everywhere. 
Show that fngn — fg in L?(Q). 


Problem 3.142 ** 

Let (Q,%,4) be a finite measure space and let {fn}ns15 
{Rn}nsi>{9n}nsi E L'(Q) be three sequences such that fp(w) < 
An(w) < gn(w) p-almost everywhere on 2 and 


fn — fr, hn — h, Gn — g p-almost everywhere on 2. 


Suppose that f,g € L'(Q) and 
ftndu — ffdn and fondu — fgau. 
Q Q Q Q 
Show that h € L1(Q) and 
[im du — [rau 
Q Q 


Problem 3.143 ** 

Let (©, %, ) be a finite measure space and let {fn}psy C L+(Q) bea 
sequence such that f, > 0 for n > 1, fn, —> f p-almost everywhere 
on Q, with f € L1(Q) and 


[foe — [i 


Show that || fn — f||1 — 0. 
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Problem 3.144 ** 
Let (Q,4,4) be a probability space and let f € L?(Q) with 
1<p<+o. Show that 


p({weo: fe) >alsin}) > ay" llh — v ae fou, 


where p’ = Pasi 


Problem 3.145 *** 

Let (X,d,) be a metric space and let w be a finite measure on 
(X,B(X)). Let Cy(X) be the space of all continuous bounded func- 
tions on X. Show that for any p € [1,-+00), the space C,(X) is dense 
in L?(X,B(X);). (Compare with Proposition 3.111.) 


Problem 3.146 *** 
Let (Q,%, 4) be a measure space and let {un},51 © 


L1(Q) be a se- 
quence such that u, > O for all n > 1 and u(w) < li 


lim inf up (w) 
n—-+00 
p-almost everywhere on 2. Suppose that 


fovde = fude = 4 Vane. 
Q Q 


Show that uy, —> u in L(Q). 


Problem 3.147 ** 

Let (Q, 4, 4) be a measure space and let {frtnsi,{9ntnsi © L+(Q) be 
two sequences such that gn, —> g in L'(Q), gn > 0 and —gn < fr for 
all n > 1. Show that 


[mint p, du < imine ff, dp. 
nN—-+00 n+ +00 

Q Q 
Problem 3.148 *** 


Let (,%, 4) be a measure space and let {fn}ys, C L'(Q) be a se- 
quence such that f, > 0 for alln > 1, f(w) < lim inf fn(w) p-almost 
n [oe) 


everywhere on 2 and 


n—-+00 


timsup [fay < [ta < +00. 
Q Q 


Show that f, —> f in L1(Q). 
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Problem 3.149 *** 
Let f: RY —> R, = [0, +00) be a function and let 


S(f) ae {(z,n)€ RY xR: 0<n< f(z)}. 


(a) Show that, f is a Borel measurable function if and only if S(f) C 
RN x R is a Borel set. 
(b) Show that, if f is Borel measurable and r > 0, then 


(oe) 


/ flay’ de =r ‘; AN ({f > m}) dn. 
RN 0 


Recall that \“ denotes the Lebesgue measure on RN. 
(c) Show that, if f is Borel measurable, then Gr f has Lebesgue 
measure Zero. 


Problem 3.150 ** 
Suppose that (Q,%, 1) is a o-finite measure space, f € L'(Q), f > 0 
and A is the Lebesgue measure on R. Show that 


[tu = (w®d)({w,n): 0<n< Fw). 
Q 


Problem 3.151 *** 

Suppose that C C R% is a set with finite Lebesgue measure and 
f,h: C — R are two Lebesgue measurable functions, f,h > 0. As- 
sume that for every 7 > 0, we have 


AN ({h>n}) < 2 / f dx 
{h>n} 


(A% being the Lebesgue measure on R”). Show that for 1 < p < +00, 
we have 
1 AG 
( |W ac) < eo f ras)? 
Cc Cc 


Problem 3.152 *** 

Suppose that (Q, ©) is a measurable space, {Hn}, 51 is a sequence of 
measures on 4) and ys is a measure on ©. Show that the following 
statements are equivalent: 
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(a) ul fdus limi inf J fndpn for any nonnegative D-measurable func- 
oD 

tions - such ioe i lim i inf tng 

(b) J aus lim i: inf J f ae for any nonnegative U-measurable func- 


tions ve 
(c) w(A) < lim inf fn(A) for all A € &. 
N—++00 


Problem 3.153 *** 
Let f € L‘(R) and for every y > 0, we define 


Show that: 
(a) hy is Lebesgue measurable and 


[rulorae < 2 f || ae. 
R R 
(b) hy —> 0 in L'(R) as y > OT. 
Problem 3.154*** 
Assume that Q = [0,1], © is the Lebesgue o-algebra on [0,1], 2 is 


the Lebesgue measure on [0,1], Y = [0,1], Y = 2”, v is the counting 
measure on [0,1]. Let us set 


A = {(¢,2) > #€ [0,1]} C OxY 
(the “diagonal” in 2 x Y). Show the following properties: 


(a) A is ) © Y-measurable in 2 x Y; 
(b) the iterated integrals 


[ [xs@narw and [ [onan 
YQ Qa Y 
exist; 


(c) x, is not A x v-integrable. 
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Problem 3.155 ** 
Suppose that (Q, ©, 4) is a probability space and f: 2 —+ [1, +00) is 
a =-measurable function. Is it true that 


Cf sany(f mean) < f rom praue 


Q Q 
Justify your answer. 
Problem 3.156 ** 
Suppose that (Q,%, 1) is a finite measure space, f € L+(Q) and for 


A > 0 let us define 
def 


E(\) & w({F>A}) and n(d) © u({f <-A}). 


Show that the functions € and 7 are Borel measurable and 


(oe) 


If =f (0) +00) a. 


0 


Problem 3.157 ** 
Suppose that f,h € Li ([ (0, 1] )) and 


f(x)hty) = f(yh(@)  Va,y € [0,1]. 


[ from y)dxdy = 2 f see y) dd? (x,y), 
0 0 


where )? is the Lebesgue measure on R? and 


Show that 


def ( 


E = {(2,y) € R?: 0<e<y< 1} 


Problem 3.158 ** 


Let A 
a-—y : 
flay) def (x2 +y?)2 : ry € (0, 1] \ {0}, 
0 if c=y=0. 
Show that 


f [town ava = | [itornlacay < +00. 
0 0 as 


Is it true that f € L! ({0, 1] x (0, 1)? Justify your answer. 
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Problem 3.159 ** 
Let f: RY —> R be a function such that for every ¢ > 0, we can find 
an open set U C RY with \Y(U) < e and ae is continuous. Show 


that f is measurable. (Compare with Theorem 3.77.) 


Problem 3.160 ** 

Suppose that (, ©, 4) is a finite measure space, and {fn}ns1; {9n}ns1 
are two sequences of D-measurable functions such that f, > f and 
gn — g. Show that frgn > fg. 

Is the result true if we drop the hypothesis that yu is finite? Justify 
your answer. 


Problem 3.161 *** 

Let (Q, ©, 2) be a measure space, let {ins Q — Ri }ias1 be a sequence 
of -measurable functions and let f: Q2 —- R be a %-measurable 
function. Assume that f, > f. Show that f? > f° for all @ > 0. 


Problem 3.162 *** 

Suppose that (0,4, 4) is a measure space and { fy: Q — R},,5, isa 
sequence of U-measurable functions. Show that the sequence { fn},s4 
is Cauchy in p-measure if and only if there exists a “-measurable 
function f: Q —> R such that f, “> f as n — +00. 


Problem 3.163 ** 
Suppose that (0, 4, j1) is a o-finite measure space, { fn}ys, C L'(O) is 
a sequence such that f, > 0 for n > 1, f, —> f pu-almost everywhere 


on Q and 
[tea = [ta 
Q Q 


with f € L1(Q), f > 0. Show that 


[tvdn — f tan VAeE®. 
A ‘A 


Problem 3.164 ** 
Let Q be any set and consider the o-algebra 2°. For a given x € Q, 
let 6, be the Dirac measure concentrated at x, ie., 


def 1 if teE?, 
oe) = e if t€éC. 
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Also let 29 € 9 and let ee = 2X fr} tes be a sequence of functions. 


Determine whether the sequence { fn},,51 is dc)-uniformly integrable. 


Problem 3.165 ** 
Let {fn}nsi © L?(R) (1 < p < +00) be a sequence such that f, > 0 
for all n > 1. Show that 


f, => fF miPiR) = fe? — f? in L'(R). 


Problem 3.166 ** 

Suppose that (Q, 4, jz) is a measure space, 1 < p< +ooand0<r<p. 
Show the following: 

(a) The function K: L?(Q) —+ L7(Q), defined by K(f) = |f|" is 
continuous. 


(b) If fr — f and h, — A in L?(Q), then 


[llr onl die PLATA a 
Q Q 


Problem 3.167 ** 

Suppose that (Q,%,,) is a finite measure space, f: 2 —> R and 
fn: Q — R for n > 1 are X-measurable functions. We say that f, 
converges to f almost uniformly (denoted by f, % f), if for every 
€ > 0, we can find A € © with w(A) < « and f, = f on Q\ A. Show 
thatit je eh, then: fay 


Problem 3.168 *** 
Let (Q,%, 4) be a finite measure space and let V C L!(Q) be a closed 
vector subspace. Suppose that VC | L"(Q). Show that there 


1<r<oo 


exists g > 1 such that V C L9(Q). 


Problem 3.169 *** 

Suppose that (©, %) is a measurable space and {fn},,5, are signed 
measures on 4. Suppose that u,(A) —> u(A) © R for all A € &. 
Show that yz is a signed measure too. 
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Problem 3.170 ** 

Suppose that (Q,¥) is a measurable space, 4 is a measure on © and 
y is a finite measure on 4. Show that v < yp if and only if for every 
€ > 0, we can find 6 > 0 such that for every A € &, with (A) < 6, we 
have v(A) <e. 


Problem 3.171 ** 

Suppose that (Q, 2) is a measurable space and p,v are two measures 
on %. Consider the following two statements: 

(a)v<p; 

(b) for every ¢ > 0 there exists 5 > 0 such that 


if Ae Nand w(A) <6, then v(A) <e. 


Show that “(b) => (a)”, but in general the opposite implication is 
not true. (Compare with Problem 3.63.) 


Problem 3.172 ** 
Show that in the Egorov theorem (see Theorem 3.76), the hypothesis 
yu(Q) < +o0 can be replaced by the hypothesis that 


| fr(x)| < g(x) YVreEeQ, n21, 


with g € L1(9, p). 


Problem 3.173 ** 
Produce an example to show that in the Radon—Nikodym theorem (see 
Theorem 3.152), the assumption on the o-finiteness of the measure 
cannot be dropped. 


Problem 3.174** 

Suppose that (Q,¥,) is a measure space, f € L'(Q) \ {0}, f > 0. 

v(A) = f f du for all A € X, M,, is the essential supremum of f with 
A 


respect to pw and M, is the essential supremum of f with respect to v. 
Then M,,, M, € [0,+00]. Show that M, = Mp. 
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Problem 3.175 ** 
(a) Suppose that f € L?(R) (1 < p < +00) and let us set 


F(x) = / f(s) ds. 
0 


Show that 


F@th)-F(@) 


> 0 ash->O uniformly inzéR 
|n|?” 
(recall that ; + 7 = 1); 
(b) Let f € L1(R)NC}(R) and assume that f’ € L?(IR) for some 
p= 1. Show that | lim f(x) =0. 
+00 


x| 


Problem 3.176 ** 
Suppose that (Q, 5,4) is a o-finite measure space and m and v are 
two probability measures on © such that m < andy < p. Let 


e a € L'(Q,n) and h a we ero 


(see Theorem 3.152). Show that 


alm —vlle = fu hai 
Q 


where for any signed measure € on (2,5), 
IIE. = 2sup |€(A)| 
Aex 
(this is equivalent to the total variation norm; see Definition 3.148) 


Problem 3.177 ** 

Let {Un}ns1 be a sequence of probability measures on the measurable 
space (2,4). Show that there exist a probability measure v on (Q, ©) 
and a sequence {fn}nsy CS L+(Q,v)+ such that 


[n(A) = [tne Vn2>1. 
A 
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Problem 3.178 ** 
Is the Radon—Nikodym theorem (see Theorem 3.152) true, if jz is not 
o-finite? Justify your answer. 


Problem 3.179 * 
Let (Q, =) be a measurable space and let €, 1, be three measures on 
Xu. Suppose that € << w+v and € Lv. Show that € < p. 


Problem 3.180 ** 
Show that the Hardy—Littlewood maximal function f* (see Defini- 
tion 3.157) is measurable. 


Problem 3.181 ** 
Let f € Li,.(R) and suppose that the sequence { re f Gay does not 


have a limit in R. Show that 
Co 
fur dx = +00. 
0 


Is the converse true? Justify your answer. 


Problem 3.182 ** 
Let (Q,%, 4) be a complete measure space and f € Li,(Q) (see Defi- 


nition 3.96). Show that for every <« > 0, we can find 6 > 0 such that 
for all C € &, with u(C) < 5, we have [ |f| dy <e. 
Cc 


Problem 3.183 ** 

Suppose that (Q,%, 1) is a finite measure space, K C L1(Q) is a uni- 
formly integrable set and K™* is the sequential closure with respect to 
the y-almost everywhere convergence in kK. Show that K™* is uniformly 
integrable too. 


Problem 3.184 *** 

Suppose that (©, %,) is a probability space and let {X,},,,, be an 
increasing sequence of sub-o-algebras of / and 7,0 are stopping times 
for {Xn}n51 and U2, (respectively, U) is the o-algebra of events prior 
to T (respectively, 7). Show the following: 

(a) If 7 =k E No, then XU, = Xx. 

(b) min{t,o7}, max{r,ag} and 7 + 0 are also stopping times for 
{Un}ns13 
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(c) If7 <o, then ©, C 4G; 
(d) min{r,o} = 2,9 Xo; 
(e) {r <o} Eu,Nu, and (=o Ed, Xe. 


Problem 3.185 ** 

Suppose that { fn, Un},s0 is a martingale (respectively, submartingale, 
supermartingale) and 7 is a stopping time for {Undast. Show that 
{ Tn. = dane Dares is a martingale (respectively, submartingale, 
supermartingale). 


Problem 3.186 ** 
Suppose that { fn, Un}nso is a submartingale and 7 is a stopping time 
for {Endnsi such that 7 < k almost everywhere. Show that Efo < 


Problem 3.187 *** 

Suppose that (Q,%,/) is a probability space and {Xn},,59 is an in- 
creasing sequence of sub-o-algebras of }. Show the following: 

(a) If { fn, Un}nso is a supermartingale and 


Ef, = f fndu =c eR Vn>0, 
Q 


then {fn, Un}pso is a martingale. 
(b) If fa € L1(Q, En), then { fn, Xn}nso is a martingale if and only if 
Ef, = Efo for every bounded stopping time 7 for {En }nso 


Problem 3.188 ** 

Let (Q,%, 4) be a probability space and let {U,},,59 be an increas- 
ing sequence of sub-o-algebras of ©. Suppose that { fn, Xntnso and 
{9n; Un}nso are two supermartingales (respectively, martingales) and 
T is a stopping time for {X,},,59 such that f; < g, (respectively, 
fr = 97) p-almost everywhere on {7 < +00}. Let 


h def Gj on {n<t}, 
me Fe on fren}. 


Show that {hn, Un},»so is a supermartingale (respectively, martingale). 
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Problem 3.189 ** 

Suppose that (Q, ©, jz) is a probability space, {X,},,59 is an increasing 
sequence of sub-o-algebras of © and { fp, Xntnso is a martingale such 
that |fn| < M p-almost everywhere on 2 for all n > 0. We define 

n 
hn = S24 (fe — fy—1) for all n > 1. Show that {hn,Zntyso is a 
k=1 
martingale which converges pi-almost everywhere and in L?(Q). 


Problem 3.190 ** 

Suppose that (, ©, jz) is a probability space, {X,},,59 is an increasing 

sequence of sub-o-algebras of ©, Uy = a( U En) and m is a finite 
n>0 

measure on 4. Suppose that mn = My, <K Un = Hly, for all n > 0 

and let 


fr & He € 1(O,Zp). 


Show the following: 

(a) {fns Untnso is a martingale. 

(b) There exists f € L'(Q,¥..) such that f, —> f p-almost every- 
where on 22. 

(c) MK fo = My, if and only if { fn, Un},s0 is a regular martingale 
and in this case f = on € E1(Q,X5) and fn —> f in L'(Q). 


Problem 3.191 ** 

Suppose that (©, ©, 2) is a probability space, {Un},,59 is an increasing 
sequence of sub-o-algebras of ©, { fn, Untnso is a martingale and 7 is 
a stopping time for {X,},,59 such that 


Ct arariesy | eee B [lislaw < +00 and J linldn — 0. 
Q 


{r>n} 


Show the following: 
(a) f |frldu—v0. 


{r>n} 


(b) J litres _ al du — 0. 
(c) ff-du=f fod. 
Q Q 
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Solution of Problem 3.1 

Since the inverse function f~! preserves all set theoretic operations, we 
have that f~'(m(Y)) is a monotone class (see Definition 3.10) which 
contains f—!(). Therefore, we have 


(see Remark 3.11). We need to show the opposite inclusion. To this 
end let 


F = {ACY: Ae m(y) and f7'(A) € m(f71(0))}. 


Evidently F is a monotone class and m(V) C F. Hence 


Solution of Problem 3.2 


Let F be the o-algebra generated by the singletons of X (see Defini- 
tions 3.1 and 3.6). Evidently ¥ C F¥ and also ¥ contains all singletons 
of X. So, it is enough to show that ¥ is a o-algebra. Note that ( and 
X both belong in ¥ and 4% is closed under complementations. Let 
{An}nsi G ¥. Suppose that every A, is finite or countable. Then 
U An is finite or countable and so U An € ¥. Next suppose that 


nel n>1 
some A,, is uncountable for some np > 1. Then from the definition of 


x, we have that X \ A, is finite or countable. The inclusion 


X\U An © X\ Ano; 


n>1 


implies that 
U Ane ae 


nel 
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and so ¥ is a o-algebra, hence V = F. 


Solution of Problem 3.3 
Let X be a set and let F be a countable family of subsets of X which 
form a o-algebra (see Definition 3.1). Let « € X and define 


io {AEF: ce€ A}. 
Evidently F, is finite or countable and so 


Ay = () A e€ F. 
A€Fr 


Clearly A, is the smallest set in * which contains x € X. For every 
A € Ff, either A, M A = @ or Az C A. In particular, for z,y € X, 
either A, M Ay = @ or Az = Ay. 

Since by hypothesis F is countable, we can find a countable index 
set I such that 


{Arhoex = {Akhner and ApN A; = 0 fork Fi. 
For every subset D C I, we have 


Ap = LJ An CF 
keD 


and 
Ap # Ag for any D,E CI with DF E. 


Therefore the function 2! 5 D+> Ap € Fisa bijection. But 2 is 
uncountable. Therefore F is uncountable too, a contradiction. 


Solution of Problem 3.4 
Let 
X= {A CX: Aor X \ A is of first category } 


(recall that a set is of first category if it is a countable union of nowhere 
dense sets; Definition 1.25). We will show that ¥ is the o-algebra 
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generated by the nowhere dense sets (see Definitions 3.1 and 3.6). 
Evidently every nowhere dense set belongs in ¥ and “ is included in 
the o-algebra generated by the nowhere dense sets. So, it is enough to 
show that ¥ is a o-algebra. 

Note that 0, X € XY and & is closed under complementation. Con- 
sider {An},51; C ¥. Ifeach A, is of first category, then 


LJ An em: 


n>1 


Otherwise, for some np > 1, the set X \ An, is of first category and 
then the inclusion 


X\ UJ An © X\ Ang 


n>1 


implies that 
U Ay = HX: 


n>1 


Therefore ¥ is a o-algebra and so 1 is the o-algebra generated by all 
nowhere dense subsets of X. 


Solution of Problem 3.5 
Let 
F={YnBX) ={YnAr Aes} 


(see Definition 3.6). Evidently F is a o-algebra of subsets of Y and 
F contains all open sets of Y (recall that V is open in Y for the 
subspace topology if and only if V = Y NU with U C X open; see 
Definition 2.14). So, B(Y) C F. 

Next consider the family 


x = {AE BX): YnNAEBY)}. 


Clearly ¥ is a o-algebra of subsets of X and includes all open subsets 
of X. Therefore ¥ = 6(X) and this implies that F = B(Y). So, we 
conclude that F = B(Y). 
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Solution of Problem 3.6 

We use induction. For m = 1 the result is obvious. Now suppose that 
the result is true for m > 1 and let {Ci }"_, C D be mutually disjoint 
sets such that each A; (for k = 1,...,m) can be written as a union of 
some sets from {C;}%",. Hence 


The family {Ci q hae consists of mutually disjoint elements of 
the semiring D. On the other hand from the definition of a semiring 
(see Definition 3.1(a)), for every 7 € {1,...,}, we can find a mutually 
disjoint family Y; C D such that 


C;\ Am+1 = U C. 
CEey; 


1c: 


i=1 


Then the family 
Y= (LJ 34) U {Ci Am+i}e_, a, 
i=1 


is finite and mutually disjoint. Moreover, every A; (for k = 1,...,m) 
can be written as a union of elements of VY. Observe that 


Am+1 = — Aggia \ U C;) U(Ci ‘a Am+1) U ae, (Ch ‘a Argia )s 
J=1 


We can find {Ej} CD mutually disjoint sets such that 


n I 
Am\ JC: = UE 
i=1 j=l 


(see Definition 3.1(a)). 

The family YU {Bj} 4 C D is finite and mutually disjoint. More- 
over, every set A, (for k € {1,...,m-+1}) can be written as a union 
of some of these sets. Hence, by induction we have proved the result. 
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Solution of Problem 3.7 

The solution proceeds by induction. For n = 1, this follows from the 
definition of a semiring (see Definition 3.1(a)). We assume that the 
result is true for some n > 1 and let Aj,..., An, Anti, A € ¥. By the 
induction hypothesis, we can find mutually disjoint sets {C,}7_, C ¥ 


such that . m 
A\UA = UG. 
i=l k=1 


Then we have 


n+1 n m m 

A\ J 4i = (A\U 41) \ 4a = LU Ce\ Ants = U (Ce\ Anti). 
i=1 i=1 k=1 k=1 

Using once again the definition of a semiring for each k € +1, i sit} 


we can find { Ex,j is C X mutually disjoint such that 


m m lp 
(Cy\ Anta) = LU Fey, 
k=1 k=1j=1 
sa n+l m | 
A\U4A = UU Se. 
i=l k=1j=1 


Solution of Problem 3.8 
Let {An}ns1 C ¥ and let us set 


Let hn 
Ci = Ay and Cy, = Anti\(J An Vn21. 
Then {C,},51 are mutually disjoint sets (i.e., Cr A Cm = 0 if n 4 m) 


and 
A= UG. 


n>1 
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By Problem 3.7, each C;, can be written as a union of a finite family 
of mutually disjoint V-sets. Therefore, A can be written as a union of 
a sequence of mutually disjoint ¥-sets. 


Solution of Problem 3.9 
Let 7 be the collection of all open sets of the metric space X. If 


(i.e., X is a discrete space; see Example 1.3), then clearly 7 is a 
o-algebra (see Definition 3.1). Conversely, if 7 is a o-algebra and 
xz € X, then 


{a} = () Bilz) € 1, 


n>1 


i.e., the singletons are open sets and so T = 2*. Therefore we conclude 
that the metric spaces in which the open sets form a o-algebra are the 
discrete metric spaces. 


Solution of Problem 3.10 

First note that a family in 2* which is closed under finite intersections, 
proper differences and disjoint unions is a ring (see Definition 3.1). 
Indeed note that for all A,C belonging in the family, we have 


A\C 
AUC 


(AUC)\C, 
(A\ (ANC)) U(C\ (ANC)) U(ANC). 


Now, let A,, Az € ¥. Then 


A; A Ag = (A, \ Ag) U (Ae \ Ax) 
= ((A1U Ag) \ Aa) U ((A1U Aa) \ Ar) € F. 


Then since A; U Az € F (see property (b) of F), we infer that 
A, NA g = (Aj U Ag) \ (Ax A Ag) CF 


(see property (c) of F). 
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Therefore F is closed under finite intersections. Since F is closed 
under finite intersections, finite unions (see (b)) and under proper 
differences (see (c)), it is a ring. But & C F. Thus we conclude that 


Solution of Problem 3.11 
We have V4 C Hy and so o(Va) C Ha. Let 


YM = {CeExv: ANC Ea(Y,)}. 
Then @ € Vp. Also, if C € Yo, then 
AN(Q\C) = A\(ANC) € a(¥a), 


hence Yo is closed under complementation. Also, if {Cn}asi CM, 
then 
An(UJ Cn) = U(Ancn) € Za 
n>1 n>1 
and so we have shown that Vo is closed under countable unions. There- 
fore Yo is a o-algebra (see Definition 3.1). Note that Y C Yo. Therefore 
o(Y) == and so it follows that o(V4) = Ua (see Definition 3.6). 


Solution of Problem 3.12 
From Problem 1.62, we know that Cy is a G5-set in X. Hence Cy € 
B(X) (see Definition 3.6). 


Solution of Problem 3.13 

“(a) => (b)”: For A,C € &, the sets ANC, A\C and C \ A are 
all in ¥ (recall that ¥ is a ring; see Definition 3.1) and are mutually 
disjoint. Also, we have 


A = (A\CQ)U(ANC), C = (C\ A)U(ANC) 


and 
AUC = (A\C)U(C\ AJU(ANC). 
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Then from the additivity of (see Definition 3.16), we have 

w(A)+u(C) = w(A\C)+2u(ANC)+yu(C\A) = w(AUC)+p(ANC). 

Moreover, choosing A € ¥ such that (A) < +00 and C = 0), we have 
w(A) = p(AUO) = p(A) + u(O), 

so u(Q) = 0. 


“(b) => (a)”: This is obvious. 


Solution of Problem 3.14 
From the monotonicity and o-subadditivity of ~ (see Theorem 3.19), 
we have 


p(limsup An) < u(\J An) < So u(Ar)  Vnel. 


a a k>n k>n 
But since by hypothesis 
» W(An) < +00, 
n>1 
we have 
k>n 
hence 


Solution of Problem 3.15 
Since A C C, from the monotonicity of u* (see Definition 3.27), we 
have 

u (ANE) < w(Cn£) 


and 
p(AN EB’) < w(CNE%) 
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(here E° = X \ E). Also, since E € U,,*, we have 
w(A) = p(ANB) +p (ANE) < wh (CNE) +e (COE) = p*(C) 


(see Definition 3.29). Because by hypothesis u*(A) = w*(C), we con- 
clude that 


Solution of Problem 3.16 
“—»”: Let DC A, EC A®=X\Aand Ac d,». Then, we have 


w(D) = w(DOA), w(B) = (ENA) 
and 


uw (DUE) = p*((DUE)NA)+p*((DUEB)N A) 
= W(DNA)+ pH (ENA) = wD) + p(B) 


(see Definition 3.29). 
“a”: Let § € 2*. Then, by hypothesis, we have 
uX(S) = p((SNA)U(SNA®)) = pA(SNA) 4+ (SN AY). 


So, A € X,* (see Definition 3.29). 


Solution of Problem 3.17 
Step 1. We show that m is monotone (see Definition 3.16). To this 
end let A, D € %, with A C D. We set 


Mp = { lim p(£,): {En}nsi GC ¥ is increasing and D = U E,}. 


nN— +00 
n>1 


We have that 
m(D) = inf {n: 7 € Mp}. 
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For 7 € Mp, let {En},51, C © be an increasing sequence such that 
= U E, and im. pen) = a 
nz 


We have that {A NE, = Gat 
sequence for M4. So, 


not ©. »& defines a corresponding 


< i < i = 
m(A) < lim (AN En) < lim wEn) = 7 € Mp, 


thus m(A) < m(D) (since 7 € Mp was arbitrary). This proves the 
monotonicity of m. 


Step 2. We show that m is o-subadditive (see Definition 3.16). So, let 
{An}ns1 G & be a sequence of sets such that 


A= [J An. 


n>1 


For every n > 1, let {Cnx},5, C ¥ be an increasing sequence of sets 
as in the definition of M4, and set 


k 
Ch = U Cx. 
n=1 


Then {Cy},51 G ¥ is an increasing sequence such that 


k>1 
We have 
k k 
< jj 2. 4 ’ 
m(A) < jlitn,, D, (Cns) <_ lim SY lim u(Cns) 
# . 
nel 

If 


> m(An) = +00, 
then there is nothing to prove. So, we may assume that 


iS m(An) < +00. 


n>1 
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Then, for a given ¢ > 0, we can find an increasing sequence of sets 
{Cni}is1 C ¥ as in the definition of My, such that 


dim p(Chi) < m(An) + m, 


m(A) < DP tim w(Cni) < So (m(An) +3) = Do m(An) +. 


n>1 n>1 n>1 
Since ¢ > 0 was arbitrary, we let « \, 0, to conclude that m is o- 
subadditive. 


Step 3. We show that m is superadditive. To this end let A,, Ag € & 
be such that A; Ag = 9. For a given ¢ > 0, we can find an increasing 
sequence of sets {Cr}ns1 C ¥ such that 


AjU A, = (JCn 


n>1 


and 
lim “u(Ch) < m(A1U C2) +e. 


n—- +00 


Note that 
W(Cr) = pw(C,M Ax) + u(C, ON Az) Yn2>1 
(by the additivity of 41) and the sequences 


{Cn A} CY and {Cn M Ag} Gy 


n21°- id le 


are as in the definitions of M4, and M,4,, respectively. Therefore 
m(Aj) + m(Ag) < m(A, U Ag) +6. 


Since ¢ > 0 is arbitrary, we let ¢ \, 0 and obtain the superadditivity 
of m. Using the mathematical induction we can show the above for 
any finite family A,,...,A, € % of mutually disjoint sets. 


Step 4. We show that m is o-additive. So, let {An},s; GC & bea 
sequence of mutually disjoint sets such that 


A= (JA € %. 


n>1 
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From the monotonicity of m (see (a)), we have 


sO 


From the superadditivity of m (see Step 3), we have 


S"m(Ax) < m/( U Ax), 
k=1 k=1 


sO 


S"m(Ax) = sme) < lim m( (J Ax) < m(A). 


n—- +00 
k>1 


This combined with the o-subadditivity of m (see Step 2), we conclude 
that m is o-additive. 
From Step 4, we conclude that m:  —> R; is a measure. 


Solution of Problem 3.18 
Clearly m() = 0. Let {An},,51; G © be a sequence of mutually disjoint 
sets and let 

A= |JAr € &. 


n>1 
If each Ap, is finite or countable, then m(A,,) = 0 for all n > 1 and so 
m(A) = S>m(An) = 0. 
n>1 


If for some no 2 1, the set Aj,, is finite or countable, then by the 
disjointness of the sets {An},51, we have 


Ay & Aj, Vn#no 


and so the sets A, are finite or countable for all n 4 no, which implies 
that 
m(An) = 0 Vn #no. 
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Therefore 


m(A) = m(Ano) = 1 = 5) m(An 


n>1 


This proves that m is a measure (see Definition 3.15). 


Solution of Problem 3.19 
Let {Anhn>1 C Y be a sequence of mutually disjoint sets and assume 


that 
= (J4n € ¥. 
n>1 
Since by hypothesis jz is o-subadditive (see Definition 3.16), we have 
A) < So p(An) 
n>1 


On the other hand, for n > 1 fixed, by Problem 3. 7, we can find 


{Ci};2, C Y mutually disjoint such that A \ U A, = U C;. Then 
k=1 i=1 


= (Uae (Ue 


and so A is a finite union of mutually disjoint Y-sets. Hence the 
additivity of 4 implies that 


So w(An) + 95 W(C,) = w(A) > SO (Ay). 
k=1 i=1 k=1 


Since n > 1 was arbitrary, we infer that >> w(Az) < u(A) and so p is 
kS1 


o-additive. 


Solution of Problem 3.20 
Let A,C € Y with ACC. Since ) is a semiring (see Definition 3.1), 


we can find {£;,}7, C Y mutually disjoint such that C\ A= LU Ex. 
k=1 
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m 

Then C= AU ( U Ex) and the right-hand side is a disjoint union of 
k=1 

y-sets. Then from the additivity of 4, we have 


m 


uA) < pA) + So u(Ex) = u(C), 
k=1 


which proves that yu is monotone (see Definition 3.16). 


Solution of Problem 3.21 
Clearly (0) = 0. Let {Ax}, CG Y be mutually disjoint sets such 
that 

L Ar =Aey. 


k>1 


Since each ji, is g-additive (see Definition 3.16), we have 


tin(A) = So n(An) < So u(As), 


k>1 k>1 


sO 


w(A) < So (Ag). 


k>1 


On the other hand, for every m > 1, we have 


n—- +00 


do M(Ag) = tim Df in(Ae) = dim pin LJ Ae) < (A) 
k=1 k=1 


(see Problem 3.20), so 5) (Ax) < (A). Therefore we conclude that 
k>1 


Lt is o-additive. 


Solution of Problem 3.22 
(a) Let 
Y= {A € B(X): p(A) = O(A)}. 
We claim that Y is a monotone class (see Definition 3.10). To this end 
suppose that {An}ns1 C Y is an increasing sequence. Then 


u(An) = B(An) Vn>1 
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and the continuity of and ? from below (see Theorem 3.19(b)) implies 
that 


(J An) = lim p(An) and 0(() An) = lim 9(A,), 


n—-+00 


sO 
Lu U An) = 0( U An), 
ne1 n>1 
thus 
[J An € Y. 
n>1 


(An) = V(An) YS 1 


Next suppose that {Cr}nsi C Y is a decreasing sequence. Then 


Because p and ¥ are finite, from their continuity from above (see Theo- 
rem 3.19(c)), we have 


u( (Cn) = lim (Cr) and 0(()Cn) = lim o(Cy), 


n—-+0o n— +00 
n>1 nel 
sO 
H((] Cn) = 0( (Cr) 
n>1 n>1 

and thus 

()Cn € ». 

n>1 


This proves that Y is a monotone class. Since by hypothesis the open 
or closed sets are included in Y, from Theorem 3.12(b) (the monotone 
class theorem), we have 


and so 
w= v. 


(b) If X is o-compact (see Definition 2.99), then every closed set 
CC X can be written as 
C = | \oRs 


nel 


with an increasing sequence {K, },,5, of compact sets. Therefore B(X) 
is the monotone class generated by the compact sets and since on 
compact sets yz and V coincide, we have py = v. 
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(c) If w and ¥ are o-finite, then we can find two open covers {Un}y51 
and {Vin}m>1 of X such that 


w(Un) < +00, BU(Vn) < +00 Yn,m >i. 
So, we can find an open cover of X, namely 
{Web nsa = {Un Var} (oa m)ENXN 
such that 
(Wr) < +oo and 0(Wy) < +00 VB eel, 


We may always assume that {W;},5, is an increasing family. From 
(a), we know that 


| =o Vk>1. 


B(Wx) con 


But note that 
B(Wx) _ Wr B(X) 


(see Problem 3.5). So, for all A € B(X), we have 
u(W, A) = 0(W, A) VkE>1, 


so, using the continuity of 4 and 0 from below (see Theorem 3.19(b)), 
we have 


and thus up = v. 
Similarly, if X is o-compact and p,V coincide on compact sets, 
using this time (b). 


Solution of Problem 3.23 
Note that AUC = (C\ A) UA. Then from the monotonicity and 
subadditivity of u* (see Definition 3.27), we have 


w(C) < w(AUC) = w((C\A)UA) < WC \ A) + H(A) 
= w(C\A) < w*(C), 
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sO 


Solution of Problem 3.24 
Let Aj, Ag C &,* be such that Ay M Ag = 0. Then for any D C X, 
from the definition of ¥,,* (see Definition 3.29), we have 


w*(DN(A,U A2)) = p*(DN(A,U Ag) At) + p*(D2 (Ay U Ag) N AS) 
= p(DNA,)+p*(DN Ad). 


The general case follows by induction. 


Solution of Problem 3.25 
(a) From the o-subadditivity (see Definition 3.16) of the outer mea- 
sure p* (see Definition 3.27), we have 


*(AN(LU Cn)) = wh (LU (ANCh)) < So u*(AN Ch) 


n>1 n>1 n>1 


Also, from Problem 3.24 and the monotonicity of u*, we have 


Su *(ANC) an( Ue) < p*(An( Uc Vm>l1, 
n=1 n=1 ne1 
so 
Sow (ANCa) < ut(AN (LU Cr)) 
n>1 n>1 
and thus 
u*(LJ(Anc,)) = Sou (ANC) 
n>1 n>1 
(b) Let 
A= (JAn. 
nol 


Note that from properties of the family {Cr},5,, we have 


ANC, = Ay YVnel 
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Then from part (a), we have 


u*(U An) = u*(U(AnG,)) = So ut(AN Cn) = S > u*(An). 


Solution of Problem 3.26 
Clearly j.(0) = 0 and for all A € ©, we have 


w(A) < p(Q) < +00. 
Also, let {Ag },51 G © be mutually disjoint sets with 
A= U Ap. 
k>1 


Then for every n > 1, we have 


Un(A) = S- pin( Ar); 
k>1 

sO iy a 

S > Ontin(A) = 52 9n >> inl An) Vm 21, 

n=1 n=1 k>0 
thus 
Seale (A) = S32) Pntin(Ar) = S2 >> Pntn(An) = S> (Ar) 
n>1 ne1k>1 k>1n2>1 k>1 


and hence yz is o-additive (see Definition 3.15). Thus yu is a measure 
on &. 


Solution of Problem 3.27 


(a) “= >”: Immediate, as we can take C = A. 


“<—”: By hypothesis, for every n > 1, we can find C, € X,»* such 
that 
w(A\Ga) < 2. 
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Let us set 


C= UGr € Dp, 


n>1 
so C C A. From the monotonicity of u* (see Definition 3.27), we have 


w(A\C) < w(A\Crh) < fF Vn21, 


hence 
y(A\C) = 0. 


Since U,~ is *-complete, it follows that A € U,.. 


(b) By part (a), it suffices to show that for every « > 0, we can find 
E € XS, such that 


W(A\E) < «. 


For every n > 1, we choose C, € X,* such that 


Qn 
Let us set 
C= ()Cr € Lp 
n>1 
Then 
C\A CC,\A 


and so from the monotonicity of u*, we have 
uX(C\ A) < w(Ch\A) < WAAC) < mw Vn, 


w(C\ A) = 0 


and thus C'\ A € ,* (recall that 4+ is *-complete). Hence 


ANG =O (CA). 2 Sx, 
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Note that ANC C A and from the o-subadditivity of u*, we have 


u*(A\(ANC)) = w*(A\C) = u*(LJ(A\Cn)) < So u*(A\Ch) 


n>1 n>1 


so A € Xi,« (see part (a)). 


Solution of Problem 3.28 
From the solution of Problem 3.27(a), we know that we can find C € & 
such that 

ACC and w(A) = “(C). 


Similarly, for every n > 1, we can find C,, € © such that 


Ay GG, 2 C and pr Ag) = (Cy): 


Let 
() Ce and EF = LU En 
k>n n>1 
(i.e., E = liminf Cy). Since 
nat CoO 
An, © Ep, © GC, and p*(An) = U(Cr), 
we have 


Moreover, since 


A, C E, CC, CC Vn2>1, 


we have 


ACECC 
and since 1*(A) = u(C), we infer that 


From Theorem 3.19(b), we have 


L(En) 7 p(E) asn— +o. 
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Therefore 


Solution of Problem 3.29 
Let 


n = sup{u(C): Cex, CCA, pC) < +co}. 
By the hypothesis of the problem, the supremum is taken over a 
nonempty set and so 0 < 7 < +00. Let {Cn}ns1; © U, Ch C A, 
u(Cy,) < +00 for all n > 1 such that 
L(Cn) An asn— +oo. 


From the definition of 7, we have 


Let us set 


We have 


n = lim (Cn) < w(C) = lim pL) Ce) < 9 
k=1 


n—- +00 n— +00 


(see Theorem 3.19), so u(C) = 7. 
If 7 = +00, then we are done. If 7 < +00, then for all FE C A\C, 
with p(E) < +00, we have 


n+h(E) = w(C)+u(E) = W(CUB) < 9 


(recall the definition of 7), so u() = 0 and hence by hypothesis, we 
have 


u(A\C) = 0. 
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But then 
w(A) = wW(A\C)+u(C) = B(C) < +00, 


a contradiction. So, 7 < +oo cannot occur and we have proved the 
result. 


Solution of Problem 3.30 

First let us show that the set function 14 is well defined. To this 
end, we need to show that, if C,H € © and ANC = AN £, then 
u(C) = p(E). Note that 


AC CSU(CNE) and AC ETU(CNE). 
Therefore, by hypothesis, we have 
1—p(C)+u(CNE) = 1 and 1-p(E)+yu(CNE) = 1, 


sO 


uW(C) = HE) 
and this proves that j14 is well defined. 
We have 
HAO) = w(AND) = nO) = 0 
and 


wA(A) = wa(ANQ) = w(Q) = 1. 
Also, suppose that C, E € © are such that AN (CN FE) =. Then 
0 = pwa(AN(CNE)) = p(CNE). 
Since u(C) + w(E) = w(CUE)+u(CN E) and up(Cn E) = 0, we have 
pa((ANC)U(AN B)) ua(AN (CU E)) 
WCU) = w(C)+ u(E) 
MA(ANC) + pa(AN EB), 


so 4 is additive. 
Finally, if {Cn},51 CG © is such that the sequence {AM Cp},,5, is 
increasing. Let us set 
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Then 


ANG, = AN(L Cr) = PANG, = ANC, 
k=1 k=1 


and the sequence Ga eee C DB is increasing. Let us set 


n>1 
Then 
im HACANCn) = | lim u(Cn) = u(C) 
= ja Anc) = pa(An(|)G,)), 


so WA is continuous from below and thus 414 is a probability measure 
(see Proposition 3.20). 


Solution of Problem 3.31 
(a) Since C € X,*, we have 

w(AUC) = p*((AUC)NC)+p*((AUC)NC) 
u(C) + w(ANC®), 


SO 


wW(AUC)+yW(ANC) = w(C)+y*(ANC)+p*(ANC) 
= p(C)+p*(A) 


(see Definition 3.29). 


(b) If u*(C\ A) =0, then C\ A € Y, (since the latter is *-complete; 
see Definition 3.30). Hence 


A = C\(C\A) € Su, 
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Solution of Problem 3.32 
Let A CQ. If u3(A) = +00, then clearly 


H(A) < 43(A). 


So, suppose that 3(A) < +00. Then by Proposition 3.28, for a given 
é > 0, we can find a sequence {Ap}, C U2 such that 


AC [JAn and So pa(An) < y3(A) +e. 
n>1 n>1 


Hence from the o-subadditivity of u{ (see Definition 3.27) and the 
hypothesis that u2 = ils, we have 


wy(A) < So ui(An) = So ua(An) < 43(A) +e. 
n>1 nel 


Because € > 0 was arbitrary, we conclude that 


Mi(A) < y5(A). 


By reversing the roles of wy and “5 in the above argument, we also 
have that 
w3(A) < ui(A) WACO. 


Therefore we conclude that pt = p35. 


Solution of Problem 3.33 
Let 
Cy = [\4n V2. 


nek 


Then {Cx} k>1 G & is an increasing sequence and 


Cy AZ liminf A, € © ask —- +oo. 
n—-+00 


Theorem 3.19(b) implies that 


lim y(C,) = p(liminf A,). 


k-+00 n— +00 


But note that 
WCr) < WA) VkRB1. 
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Therefore we conclude that 
ee) ae oe 
Next suppose that yu is a finite measure and let 


Ey = | An. 


n>k 
Then {Ex },51 C © is a decreasing sequence and 


Ex \ limsupAn € 4 as k > +00. 


nN— +00 


Invoking Theorem 3.19(c) (here we need the finiteness of 4), we have 
li Ey) = li A,,). 
Jim H(Ex) u( im sup n) 
But in this case 
WE) > wWAr) VR21. 
Therefore we conclude that 


lim sup #(A,) < (limsup A,). 


n—- +00 n—-+00 


Alternative Solution 


Note that 
lim inf = _ and limsu — : 
ASL XAn X him inf An erat p XAn X lim sup An 


Invoking the Fatou lemma (see Theorem 3.95), we have 


Nn—-+00 


y(lim inf A, ) = icone du = [imintx,, du 
Q 


IN 
E 
5 

= 


int f x., du = liminf u(An) 
Q 


and 


(lim sup A,) = | Sa An Ot = [imsup x4, dy 


n—+oo n—+00 N+ +00 


WV 


limsup f x4, du = limsupp(A,). 


n—-+00 n—- +00 
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Note that in the limsup case the application of the Fatou lemma is 
possible since 0 < y,, < 1 and 1 € L1(Q) due to the fact that p is 
finite in this case. 


Solution of Problem 3.34 
Let K C R™ be a compact set and let 


m= inf 10) 


Choose a minimizing sequence {%},5, C K, ie., 


Since K is compact, by passing to a suitable subsequence if necessary, 
we may assume that 
In —> x« nk. 


We have 
By(x) C liminf By (zx), 


n—-++00 
sO 


u(Bi(x)) < p(liminf By(x,)) < liminfy(Bi(en)) = m 


n—-+00 n—-+00 


(see Problem 3.33) and thus 


Solution of Problem 3.35 
Let 
Y= {AED: p1(A) = po(A)}. 


Evidently A C Y. Theorem 3.19 implies that VY is a monotone class. 
Then from the monotone class theorem (see Theorem 3.12), it follows 
that 
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Solution of Problem 3.36 
For each integer n > 1, we introduce the measures ju’ and py on &, 
defined by 


pe(A) = (ANG) VAEX. 


and 


fg(A) = pa(ANC,) VAeEX. 


These are finite measures on © and so we can apply Proposition 3.26 
and infer that 


n n 


a oe Vn2l. 


Since 


(A) = lim pt(A) = 


n— +00 n—-+00 


| 
F 
= 
bo 
= 
| 
= 
Se 
2 
<x 
ow 
a 
M 


(see Theorem 3.19(b)), we conclude that 1. = pu. 


Solution of Problem 3.37 

Let 2 = [0,1], © = B([0,1]) (the Borel o-algebra of [0,1]; see Def- 
inition 3.6). Let Y be the sub-o-algebra of © formed by the count- 
able and co-countable subsets of [0, 1] (co-countable set means that its 
complement is countable). Note that © is countable generated (see 
Definition 3.14) since 


x = o({(a,b): a,be€ Q}). 


Suppose that VY is countably generated too, ie, V = o( {Ant isa ) 
with A,, C [0,1], n > 1. From the definition of VY, we see that without 
any loss of generality, we may assume that each A, is countable. Let 


C= J An: 


n>1 
Then C is countable and so we can find x € [0,1], x ¢ C. Let 
fF = {Ay ACC ULAS: ACC, 
Then F is a sub-o-algebra of Y and we have 


o({An}nsi ) CFCY, 
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hence ¥ = Y. But note that {x} € Y while {x} ¢ F, hence F 4 Y, a 
contradiction. This proves that VY cannot be countably generated. 


Solution of Problem 3.38 
“—>”: Suppose that © = o( {Antes ) and let 


1 
f= Doe Xay: 
n>1 


Evidently f is U-measurable. Let ¥ = {f~'(A): A € B(R)}. This is 
a o-algebra. Note that 


Ar= f"([g 3), 42= f(s. 5] U[s+a345]), ete. 


Thus A, € Y andso V=™. 


C [0,1] be the rational numbers in the unit in- 
terval. Let A, = (ral): Then © = o({An}n>1 ) and so » is 
countably generated. 


“e=": Let {dn}nsi C 


Solution of Problem 3.39 
Let 


F = {A€o(¥): A€a(D) for some D C Y countable} 
(see Definition 3.6). If C € Y, then C € o(C) and so we have 
YC F € oly): 


Note that @ € F and F is closed under complementation. Moreover, 
if {Cr}ns1 © F, then 

LJ Gn € F, 

n>1 


since countable union of countable sets is countable. Therefore F is a 
o-algebra and so F = o()). 
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Solution of Problem 3.40 
Let 
D = {AeD: p(A) =v(A)}. 


Since p(Q) = v(Q), we have Q € D. If A,C € D and A CC, then 
w(C\ A) = (C\ A) 


and so C\ A € D. Finally, if {An},5, € D is an increasing sequence, 
then 


BO Aa) gt Aa) = 5a) = A 


(see Theorem 3.19) and so (J A, € D. Therefore D is a \-class (see 
n>1 


Definition 3.7(b)). By Theorem 3.9, we have pp = v on o(Y). 


Solution of Problem 3.41 
Let {dn}ns1 be an enumeration of the rationals of R and for every 
n > 1 consider the open interval 


Tr = (dn pntt Qn seer): 


Let us set 


U = are 


n>1 


Clearly U is open and because Q C U, we see that U is dense in R. 
Moreover 


Solution of Problem 3.42 

Let r = dist(A,C) > 0 and consider the following sets 
U = {xeéR: dist(x,A) < +}, 
V = {eER: dist(x,C) < th. 
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Then U and V are disjoint open sets and ACU, C C V. Using the 
monotonicity of A and the fact that 


inf (54 + So) = inf S; + inf S> Vv Si, So CR 
we have 


M(AUC) = inf {A(D): AUC CD, Dis open} 
= inf {A(D): AUCCDCUUY, Dis open} 
= inf {\(D1)+(D2): ACD, CU, CCD, CV, 
Dy , D2 are both open} 
= inf {A(D)) : ACD, CU, Dy, is open} 
+ inf {A(D2) : CC Dy CV, Dao is open} 
= (A)+A*(C). 


Solution of Problem 3.43 


We know that 
limsup An = () U An 


n— +00 n>lk>n 
(see Problem 3.14). We have 
u( LAr) Sn Vnel. 


k>n 
The family { U Ag} sy C ¥ is decreasing and by hypothesis they 
k>n a 


have finite measure. So, by Theorem 3.19(c), we have 


(tim sup An) = lim u(U Ae) > liming u(A,). 


k>n 


We cannot drop the hypothesis 


ma U An) < +00. 
n>1 
To see this, let Q = R, let % be the Lebesgue o-algebra and let y= A 
be the Lebesgue measure on R (see Theorem 3.31). If we consider the 
sequence {A, = [n,n + 1]} ., CE then 


nol — 


limsup A, = 9, but liminfu(A,) = 1. 


n—+00 n+ +00 
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Note that in this case 


Solution of Problem 3.44 
Suppose that 7, \, x in R. Then 


y(t) = A(AN(-oo,2]) = lim A(AN(—co,anJ) = lim ¢(ap) 


n—-+00 nN— +00 


(because (A) < +00 by Theorem 3.19(c)). 
On the other hand, if x, 7 x, then 


AN (—o0,2) = U (AN (—00, tn]). 


nel 
Because ({2}) = 0, we have 


(AN (co, 2]) = A(AN (co, z)) = lim A(AN (—co.zp]) 


n—-+00 


(see Theorem 3.19(b)), so 


p(x) = lim (an). 


n—-+00 


Therefore y is both right and left continuous, hence it is continuous. 


Solution of Problem 3.45 
Let 7 > 0 and consider the set 


Cy, = {xe A, |f'(x)| <n}. 
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Evidently, it suffices to show that r( f (C,)) = 0). Let us set 
Ey, = {ve C,, |f(u) — f(x)| < nlu— al if ju—a| < 4+} V 22 1. 


Note that {E,},5, is increasing and 


Also we have 


f(Cy) © U f(En) = _lim_ f (Fh). 


n—- +00 


For every n > 1 and for a given € > 0, we can find a sequence Un kbesi 
of open intervals such that 


En © tai AInb) < 4 and SAU) < €. 
k>1 k>1 
If z,u € By In, then 
|f(u) — f(@)| < mAUn,x)- 


Hence, we have 


M(f(En)) = M(F(EnO (UW tna))) < DIM (En In) 


k>1 k>1 


< n> Ang) < ne. 
kal 


Because € > 0 was arbitrary, we let €¢ \, 0 to conclude that 
M(f(En)) = 9, 


hence 
* (f(C,)) = 0. 
As we already indicated, this implies that 


3.3. Solutions 529 


Solution of Problem 3.46 
For every integers n,k > 1, we define 
Dnz = {x EQ: dist(x,dQ) > + and 
I f(z) — F)|| < killa — yl] for all y € © 
such that |x — y|| < 4}. 


Because f is differentiable on D, we have DC (J Dy. Therefore, 
n,k>1 
it suffices to show that 


Mi Ona) = 6. 


To this end we fix n,k > 1 and « > 0. Because MOD 


r. 


nk) = 0, we can 
find a sequence of cubes {Crm ae =fm+ ( =e, “)*) o with 
Mme 


centre X,,, and side length r,, < such that 


ES 


Dae & U Crm(Zm) and ae KE 


m>1 m>1 
If z € Dag Crm (2m), then 
\|c —2m||<rmvN < om and tpe€E2. 
Then we have 
| f(z) —f(am)|| < klla-aml| < krmVN = V@ € Dang OCrp, (tm). 


It follows that the set f (Dis NVC rn (Zn) is contained in a cube which 
has centre f(am) and side length krmVN. Hence, if (A%)* denotes 
the Lebesgue outer measure on R, then 


Ory fOr GaGa) <b rN 


Summing over m > 1, we obtain 
ON) (P(Dne)) < DEAN) (F (Dak O Crm (tm))) 
me1 
< ENN? SPN < NNT. 


m>1 
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Because ¢ > 0 is arbitrary, we conclude that AX (f (Dnt) = 0, hence 


AM F(D)) =0. 


Solution of Problem 3.47 
Without any loss of generality, we may assume that A C (a,b). For a 
given € > 0, for every integer n > 1, let 


A, = {@€ A: M(u(1)) < (M +.e)A*(J) for all intervals I 
such that « € I and 0 < X\(I) < 4}. 
Note that the sequence {Ay},,5, is increasing. 


Claim 1. A= U An. 


n>1 
Evidently 
U A, ¢ A. 
n>1 
Let 2 € A. We have |u’(x)| <M. So, there exists 6 > 0 such that 
Juy) —u(x)| < (M+e)ly-2| Vy [ab], y—a] <4. 
So, if y,y/ € [a,b] with y< a <y/’ and |y—y’| < 6, then 


|u(y) — u(y')| |u(y) — u(ax)| + ua) — u(y’)| 
(M+e)(e@—y)+(M+e)(y' — 2) 
(M+e)(y'—y), 


IN IN 


[oe 
so x € A, for every integer n > ; and so we infer that x € U Ap. 
n=1 


This proves Claim 1. 
Claim 2. d*(u(An)) < (M + )(A*(An) + €) for all n > 1. 


We can find open sets U;,, > A, such that 
MUn) < A (An) +e Yn>1. 
We may assume that U,, C (a,b) (otherwise we replace U,;, by Un M 
(a,b)). Let 


Un = U Ing U {Gas sea Uae f 
k>1 
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where {Ini} po 8a family of pairwise disjoint open intervals with 
0< AIne) < 4 VWkol 
and yo,---,Ys, € (a,b). Let 
= {k > 1 Tye as # 0}. 
If k € S, then from the definition of the set A,, we have 


Ae) = IED ele) 


sO 
M(u(An)) < (LU ude) < SOA (une) < (+e) > Aw) 
kes keS ke 
< (M+e)M (J Inn) = (M+e)AUn) < (M+e)(\*(An) +2). 
k>1 


This proves Claim 2. 


Using Claims 1 and 2 and the fact that the sequence {An},51 
is increasing, passing to the limit as n > +00, we obtain 


M(u(A)) < (M+e)(A*(A) +2). 


Let € \, 0, to conclude that 


Solution of Problem 3.48 
For a given € > 0, we set 


An = {aE A: (n—l)e <|f'(z)| < ne} Vn>1. 


Evidently A, is Lebesgue measurable and by Problem 3.47, we have 


A*(u(A)) < So A*(u(An)) < So ned(A 


nol n21 


S “(n= 1edAn) + 5 eX(An) < [Wola sen 


n21 no1 “A 
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Since € > 0 is arbitrary, we let « \, 0, to conclude that 


rN (u(A)) < [ola 
A 


Solution of Problem 3.49 
First note that A C [a,b] is Lebesgue measurable. From Problem 3.48, 
we have 


Solution of Problem 3.50 
Let 


P= {xeA: |u(zx)| >0} 
ke 


and for every integer & > 1, let 


Py = {ceéP: |u(x) —u(y)| > ie for all y € (x — ¢,4+ 7) NT}. 


We have 
P= L Pe. 
k>1 
For fixed k > 1, let 
C = INP,, 


where J is an interval of length less than i. Since C C A and 


A(u(A)) = 0, we have A(u(C)) = 0 and so for a given e > 0, we 
can find a sequence of intervals {J;,},,5, such that 


u(C) © LJm and SoA) < «. 


nel nel 


Let 
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Then 
cc U Sn 


nel 


and so with * being the Lebesgue outer measure on R, we have 


M(C) < SOA*(Sn) < SodiamS, < S7k sup |u(x)—u(y)| = € 


n>1 n>1 n>1 r,YESn 


(since S, CIM P,). Since u(S,) C In, we have 


sup |u(z)—u(y)| < AUn), 
z,yESn 


Solution of Problem 3.51 
First we show that at the nth step in the construction of Cy, the total 
length of the intervals removed from [0,1] is #(1—¥)"~!. For n = 1, 
we have that the interval removed has length 7? which is true. Suppose 
that the formula holds for n. Then the total length of the intervals 
removed at the n+ 1 step is 


v(1— ud —v)') = v1)". 
k=1 


So, by induction the expression is true for every integer n > 1. Then 
the Lebesgue measure of C'y is given by 


Solution of Problem 3.52 


Let 
_ (0, x] i 2“ 0, 
Ne) = { ae ui «<0, we 
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The function h: R —> R is increasing and right continuous (see Theo- 
rem 3.19(c)). Also, for every z,u € R such that x < u, we have 


h(u) —h(w) = p((w,u)). 
By hypothesis for every x,u € R, we have 


u((z,z+ul) = p((0,u]) ifu so, 
u((c+u,z]) = p((u,0]) ifu<0. 


So, we have 
h(a+u) = h(x) +h(u) 


(i.e., A is additive). From the additivity, we have that 
Aira) = rh(a) VYreQ zeER. 
Then the right continuity of h implies that 
h(x) = xh(1) Va@eR. 


Note that 


so h(x) = a, hence p = d. 


Solution of Problem 3.53 

“=”: Let A CR be a Lebesgue measurable set. Then we can find a 
sequence {Kn },,5, of mutually disjoint compact sets and a Lebesgue- 
null set D such that 


Then 
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By the continuity of f, the set f(,,) is compact for every n > 1 and 

so the set J f(K,) is Borel (see Definition 3.6). Also, the set f(D) 
n>1 


is Lebesgue-null since by hypothesis f is N-function. Therefore 


f(A) = (U f(Kn)) USD) 


nel 


is Lebesgue measurable (see Remark 3.25). 


“<=”: We proceed by contradiction. So, suppose that f is not an 
N-function. Then we can find a Lebesgue-null set D C R such that 
f(D) is not a Lebesgue-null set. For every C C f(D), we have 


fF (OnD).= Cc 


and since the set f~'(C) MD is Lebesgue measurable (being Lebesgue- 
null), we have that C is Lebesgue measurable. Since C C f(D) was 
arbitrary, we have a contradiction (see Remark 3.38). 


Solution of Problem 3.54 
For every « € R, we have 


{z} C (@-e,x4+6) Ve>0 


and so 
A{z}) < 2e Ver>O, 
hence 
A{r}) = 0 
(see Theorem 3.19). If A = {an}, , then 


Solution of Problem 3.55 
Let f: R — [0,1] be defined by 


f(z) = A(AN (-0x, z]) VaeR. 
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From Problem 3.44, we know that f is continuous. Note that 


lim f(z) = 0 and im F(@) = i) 


®L—— Co 


Therefore, by Bolzano theorem, we can find # € R such that f(#) = 3. 


Let 
C = AN(-~w,Z]. 


Then C is Lebesgue measurable (see Theorem 3.31), C C A and 
AC) = 5. 


Solution of Problem 3.56 
Clearly we may assume that A(A) < +00 and « € (0,1). Consider 
intervals T,, = (Gn, bn] such that 


AC UM and S°MT) < EAA) 


n>1 n>1 


(see Proposition 3.28). Also, we have 


MA) < S>MANT,). 


n>1 
Therefore for some ng > 1, we have 
(1 —e)A(Tno) < A(AN Thy). 


So, setting I; = T,,, we have the result. 


Solution of Problem 3.57 
By Problem 3.56, we can find a nontrivial bounded interval I such 
that 

MANL) > FAC). 


Let ¢ = 5A(J). If |x| < e, then 


L 
2 


(AND)A(a@+(ANd) C IN(t+I) and A(TU(e+I)) < BAU). 
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But from the translation invariance of the Lebesgue measure (see Theo- 
rem 3.31), we have 


MAND) = Ax+(AND), 
(AND N(z+(ANd) £ 9, 


thus 
xz € (ANI)-(AnNI) C A-A 


and so finally 


Solution of Problem 3.58 
For # = (21,..-,2y) € RY, we define 


E,(g) = fy =(y1,---,yn) ERX: |xp—YE| < rv for allk € {1,...,N}} 


and 
A(r) = sup{u(£,(x)): ve RY}. 
Note that 


Let K C R% beacompact set. We can find g@ > 0 such that K C E,(0). 
For a given ¢ > 0, we can find small r > 0 such that 


h(r) < (ar)%e. 


Due to the compactness of K, we can find z!,...,2' € R such that 
{E,(a*)}_, are mutually disjoint and 
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Letting e \, 0, we obtain that (AK) = 0. Since R% is o-compact (see 
Definition 2.99) and the compact sets form a m-class generating the 
Borel g-algebra of R“ (see Definitions 3.6 and 3.7), we conclude that 
tt = 0 (see Proposition 3.26). 


Solution of Problem 3.59 
Let U C [0,1] be a nonempty open set such that UM A = @. Then 


NAVEEN) = AG) =) = 


Solution of Problem 3.60 

Evidently \% (int A) = 0. On the other hand for every nonempty and 
open set U C R%, we have that U contains a ball and so \Y(U) > 0. 
Therefore the open set int A must be empty. 


Solution of Problem 3.61 

Every subset of the Cantor set C’ is Lebesgue measurable and 
cardC =c (see Proposition 3.35). Hence, if L(R) denotes the o- 
algebra of Lebesgue measurable sets in R, then 


2 < card £(R) < 2, 


sO 


Solution of Problem 3.62 
Let {In}ns1 be the sequence of all nontrivial intervals in [0,1] with 
rational endpoints. Let Ky C J; be a nowhere dense compact set of 
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positive Lebesgue measure. Then J; \Ay contains an interval and so we 
can find a nowhere dense compact set Ly C J, \ Ky of positive Lebesgue 
measure. Similarly, there exist nowhere dense compact sets Kg C 
Ip\ (KU L,) and Lz € Ip\(K, UL, U K2) both with positive Lebesgue 
measure. Suppose we have constructed sets {Aj }"_, and {L;}", with 
these properties. So, K, and L, are nowhere dense compact sets of 
Positive Lebesgue measure such that Ly, C In \ Kn. The set In+1 \ 
U (ic; U L;) contains an interval since the set U (ix; U L;) is nowhere 


i=1 
dense and compact. In this interval, we can Gnd disjoint nowhere 


dense compact sets K,41 and Ly+1 of positive Lebesgue measure and 
by induction, we have two sequences {K,},,5, and {Zn},,5, with the 
above properties. Let 

LJ in. 


n>1 


If J is an interval in [0,1], then [,, C J for some m > 1. By the 
construction described above, we have 


Kmsi GIm and Lmii C In. 


So, both sets EMI, and ({0,1] \ £) A Im have positive Lebesgue 
measure. We set 


C= J(B+r). 


reZ 


This is the desired Borel set in R. 


Solution of Problem 3.63 
Since yz is o-finite (see Definition 3.17), we can find a sequence 
{An}ns1 G U such that 


U An and p(An) < +00 Vn>1. 


n>1 
By the hypothesis, we can find 6 > 0 such that 


if Ac Nand pw(A) <6, then v(A) <1. 
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Because ps is nonatomic, invoking Proposition 3.43, for every n > 1, 
we can find pairwise disjoint sets 4 Cre nes C ¥ such that 


An = (JCne and u(Cre) < 6. 
k=1 
Then, we have 
V(Crk) S 1 


and so 


Solution of Problem 3.64 

No. Let D; CQ; be such that D, ¢ 44 and let Cg C Qe be a po-null 
set. Then we claim that D, x Cp ¢ %1 ® Np (see Definition 3.23). 
Indeed, if w € Co, then 


(Dix Coy = {2€M: (z,w) ED: x Ch} = Dy ¢ UX. 
Hence, by Proposition 3.47, we have 
Dy, x Cy € Uy @ No. 
Since 2(C2) = 0, we have 
pw(Qy x Cz) =0 and D,x Cy C 21x Cy. 


This shows that pz is not complete on (Qy x Q2, 41 ® Ug) (see Defini- 
tion 3.23). 


Solution of Problem 3.65 
First assume that f is a positive simple function. Then 


fw) = dlarxe, ), 
k=1 
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with a, > 0, Ch € X,. By Definition 3.23, we can find A, € 4%, 
A; C Cy such that 
pu(Cy \ Ax) = 0 Vke {1,...,m}. 

We set 

m 

Na) = s. AkX 4, (W): 

k=1 

Evidently h > 0, h is %-measurable and 
h(w) = f(w) p-almost everywhere on 22. 


Next suppose that f is an arbitrary positive U,,-measurable func- 
tion. Then by Theorem 3.68(a), we can find sp, > 0, n > 1, a sequence 
of &,,-simple functions such that 


Sn(w) ZA f(w) Ywen. 


From the first part of the proof, we know that we can replace {sn},51 
by a sequence {rp},,51 of positive, ¥-simple functions such that 


Tr(w) A f(w) p-almost everywhere on 2. 


Let 
h(w) = lim. 7, (a) = supra) Vwen. 


n—-+00 n>1 
Then h > 0, is %-measurable and 
h(w) = f(w) p-almost everywhere on 2. 


Finally for any arbitrary %,-measurable function f, we write f = 
ft —f~. Both f* and f~ are ¥,,-measurable, positive functions. 
We apply the previous part of the solution and obtain two positive, 
y-measurable functions h* and h~ such that 


ht(w) = ft(w) and h-(w) = f~(w) pralmost everywhere on 2. 


We set h = ht — h~ and then this is a “-measurable function such 
that 


la(w)| < |f(w)| and Aw) = flo 
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Solution of Problem 3.66 
Let E C [0,1] be a nonmeasurable set (it exists if we assume the axiom 
of choice; see Theorem 3.37). Let f: [0,1] —> R be defined by 


a if «eb, 
f(z) = { —x if «€(0,1)\E. 
Then f~'(R,) = E and so f is nonmeasurable (see Definition 3.53). 
On the other hand 
Ifl(@) = 2 
and so |f| is measurable and for every c € R, the set f~'({c}) is a 
singleton or empty, hence a measurable set (in fact closed). 


Solution of Problem 3.67 
Note that A is the set of points « € Q at which {f,(x)} 
Cauchy sequence (see Definition 1.7). So, we can write 


noi © Risa 


A= {wEQ: Wn z1IN>Z1VmkSN: |fm(2) — f(x)| < +}. 


Let us set 
A(n,N,m,k) = {reQ: |fm(") — fr(x)| < 2}. 


Since fm — fe: Q — R is measurable, it follows that 
A(n, N,m,k) € & (see Definition 3.53) and 


A= () U () A(n, N,m, k) 


n>1N>1m,k>N 


and so A € & (see Remark 3.3). 


Solution of Problem 3.68 
For every integers m,k > 1, we set 


AN k = {cEQ: f(x) > k for alln > m}. 


Note that 
AL = [422 RaSh, 


n>=m 
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sO AN k € ¥ (since each f,, is U-measurable; see Definition 3.53). Also, 


we have 
At = () U An k 


k>1m21 


and so we conclude that At € Y (see Remark 3.3). 
Similarly, we set 


AU, = {c€EQ: fn(x) < —k for alln > m} 


and we have Bn € » and 


soA~ Ed. 


Solution of Problem 3.69 
“+”: ‘This follows from Proposition 3.56, since y is Borel measur- 
able. 


“<=”: Let U C Y be an open set and let hy € C(Y) be defined 
by 
_ Jj dist(y,U°) if UY, 

wi = {4 if U=Y 

(see Definition 1.6) Note that 
U = {yeY: hu(y) > 0}. 
Then, by hypothesis, we have 
flWU) = {xeQ: (hyo f\(z)>0} € = 


Since open sets generate B(Y) (see Definition 3.6), from Proposi- 
tion 3.54, we conclude that f is -measurable. 
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Solution of Problem 3.70 
Let 
Ce = {re Or Te — z+} Vn2>1. 


If u(C,) > 0 for some n > 1, then a = on satisfies 


u({zeQ: 0< f(x) <1-a}) > 0 


Otherwise 
UChr) = 0 ¥rue2i 
Note that 
Cn 7A{x EQ: 0< f(z) <1}, 
so 


u({eeQ: O0< f(z) <1}) = 


(continuity from below; see Theorem 3.19(b)). Therefore f = y,, 
where A = f~+({1}) € © (see Definition 3.53). 


Solution of Problem 3.71 
“(a) ==> (b), (c)”: For notational simplicity we assume that 


fn(x) —> 0 almost everywhere on (0, 1]. 


Invoking the Egorov theorem (see Theorem 3.76), we can find an in- 
creasing sequence of sets {Cx },5, C BUI), where I = [0,1] such that 


MI\ Ck) < % 


and 
fe = 0 onC,. 


So, we can find an increasing sequence {nz}, such that 


= Uc 
k>1 


Let 
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Then A(I \ C) = 0. We set 


fo ei if nAn,x for all k > 1, 


1 if n=n, for some k > 1. 


We have 


SS Pala) — beac Vael= (0, 1.] 


n>1 k>1 
Note that for all x € C, we have 


lfn(@)| < & Vk>bo, 


with ko such that x € C;,,. Evidently then (b) and (c) hold. 


“(b) ==> (a)”: Since 
limsup|G,n| > 9, 


n—- +00 


we can find € > 0 and a subsequence tent ets C {Bn} ns, Such that 
By hypothesis 


Se PBnfn(z) converges for almost all x € I. 


n>1 


Hence 
Bn,zFnj,(£) —> 0 for almost all x € J, 


which necessarily implies that 
fn, (x) —> 0 for almost all x € J. 
“(c) =< (a)”: Let 


h(x) = 5° |Bnfn(2)|. 


ne1 
By hypothesis 


h(a) < +00 for almost all z € J. 
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Let 
=Agrelo ha) <k}-es 


LJ Ce ed. 


n>1 


Note that A(I \ C) = 0. We have 


ioe tal f Mil <k 


n>1 


and 


Since by hypothesis 


Y= |Be| = 


k>1 


we must have 


So, we can find a subsequence ies. bass C {frtns1 Such that 


[Milde <p Vk21. 


For every integer m > 1, we have 


R21 


since Cy, C Cy for all k > m. So, for almost all 7 € C,,, we have 


Ss | fn(z)| < +00 


k>1 


and so 
fn,(x) —> 0 for almost all c € Cm. 


Since m > 1 was arbitrary and A(J \ C) = 0, we conclude that 


fn,(2) —> 0 for almsot all x € I. 
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Solution of Problem 3.72 

We do the proof for the lower semicontinuous case, the proof being 
similar for the upper semicontinuous case (see Definition 2.46). For 
every 7 € R and every n > 1, we have 


(fla) Cm, +o0)) is open in An, 


so 
(fla) ((n, +00)) = AnQUn with Up CR being open 
and thus ; 
(fls.) (™+00)) € DB Vn>1. 
Also 


(fla) ((m,+00)) © Ao 


and due to the y-completeness of © (see Definition 3.23), we have 


(flay) (Cn, +oo)) € DU and is p-null. 


Therefore, since 


X = Ay U (LJ An), 


n>1 


we have 


f((n,+00)) = U (fla,) (a, +00)) € &, 


n>0 


and so f is X-measurable (see Proposition 3.63). 


Solution of Problem 3.73 
We know that f has at most a countable number of jump discontinu- 
ities (see Theorem 4.98). Let {cn},5, be the increasing sequence of 
discontinuity points. For every n > 1, f eee is continuous, hence 


Borel measurable. Similarly for f| ar Finally for every n > 1, 


R\ U [en,e 
nol ae 


we have 


[u,Cn] for some u < Cp, 


{xER: f(x) = f(er)} = one 


[Cn y] for some y > Cp, 
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so 
{zER: f(x) =f(en)} € BR) 
and thus 
f liiaeie des is Borel measurable. 
Since 


R = {Cn}n>1 U ( U (Guia) U (R \ U ens euea hs 


n>1 nel 


from Proposition 3.78, we conclude that f is Borel measurable. 


Solution of Problem 3.74 
Let E C R be a nonmeasurable set and let Y be the family of all 
finite subsets of #. Then Y is uncountable. We consider the family 


eure We have 


SUP X4 = XE 
y 


which is not measurable. 


Solution of Problem 3.75 
Let r € Q and consider the open interval 


Lon = (r— 5, r+). 


Then for every x € Q and every n > 1, we can find r € Q such that 
f(x) € Inn. Hence 


(a, f(z) € f Una) x Tp: 


Conversely, if for every n > 1, we can find r € Q such that 


(x,y) € f Ge) x Lens 
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then f(x), y € Irn and so 
|f(z)-y| < 3 


and thus y = f(z). 
Therefore we conclude that Gr f € U@B(R) (see Definition 3.44). 


Solution of Problem 3.76 
We know that X is second countable (see Proposition 1.24). Let 
{Un}ns1 be a base for X. We have 


cAeéf(w) <= An21: f(w)cU, anda ZUy. 


Therefore, 


Solution of Problem 3.77 


We have 
 f Ghee < MOA < +0, 


n219 nel 


for some M > 0, so 


Hence f is p-almost everywhere finite and so we conclude that 


t fn —> 0 p-almost everywhere on Q. 


Solution of Problem 3.78 
Let fr = om for n > 1 and let 
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Then 
YalCn) = f tau > f fay > ku(Ds) 
Q 


n>1 


(see Definition 3.84 and Proposition 3.86) 


Solution of Problem 3.79 
We know that f > 0 is S-measurable (see Corollary 3.69). From the 
Fatou lemma (see Theorem 3.95), we have 


n—-+00 
Q 


[toa = [imine 2) a0 < limint [ fu(x) do = th 
fe) Q 


But { f(a) dx > 0. Hence 
fe) 


Let 


and 
Ay = {ve 0x fia) >>} Vr 1 


We see that A, 7 A and 


Lu(dn) < f fle)ax < f fe)de = 0 n>), 


Ay Q 
so 
(An) = 0 YVno1 
and thus 
lim H(An) = MCA) = 0, 
1.€., 


f(x) = 0 p-almost everywhere on 2. 


3.3. Solutions 551 


Alternative Solution 

Arguing by contradiction, suppose that we can find A € &, with 
w(A) > 0 such that f(x) > 0 for all e € A. Then we can find 6 > 0 
and a set C € &, with 0 < u(C) < +oo (since yp is semifinite; see 
Definition 3.17(c)) such that f(x) > 6 for all x € C. By the Egorov 
theorem (see Theorem 3.76), we can find EF € ©, HE CC such that 


p(E) > and fp 3 f on LE. 


But then 


n— +00 


lim [i dx > im. jinjde +0, 
Q E 


a contradiction to the hypothesis. 


Solution of Problem 3.80 
First assume that yu is finite. Let 


A, = {xeEQ: f(x) > g(x) +2, |g(z)| <n} Vn 2 1. 
Then A, € © (see Definition 3.53) and we have 
[sau > [tau > [sd 2uAn) 
An An An 
(see Proposition 3.90(c)). Note that 


| f oan < [isin < np(An) < +00 
An An 


(see Proposition 3.90(d)) and so from the above inequality, we obtain 


1u(An) < 0 Vn>1, 


sO 
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and thus 
u({zeQ: f(x) > g(x) and g(z) €E R}) = 0. 
So, we have proved that 
f < g_ almost everywhere on {x EQ: g(x) € R}. 
Clearly f < g also on (a: ED: g(x) = +oo}. Finally, let 


Ch = {wEQ: g(x) =-co, f(z) z—n} ed Vn2>1. 


Then 
=com(Cn) = fgdu > f fdu > -nu(Cn), 
Ch Cn 
hence 
W(Cn) = 0 
and so 
HL Cn) = 0 
n>1 
Thus 
u({xeQ: f(x) > g(x), g(x) =—co}) = 0, 
L.e., 


f <.g  p-almost everywhere on 12 ED: g(x)= —oo}. 


Next, let pw be o-finite. Then 


with 
pW(Qn) < +o Val, 


Then by the first part of the solution, we have 


f(x) < g(x) p-almost everywhere on 2, for all n > 1, 
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hence 


Solution of Problem 3.81 
No. To see this let 


f(x) = Xioay ®) and h(a) = X fo} V«aceER. 


Evidently f,h: R —> R are two Lebesgue integrable functions with 
compact supports (see Definition 2.146), but foh=1¢ L*(R). 


Solution of Problem 3.82 

Let Q” C RN be the set of all vectors in R® with rational coordinates. 
This set is countable and dense in R%. We introduce the set function 
u: BIR’) —> R, = [0, +00], defined by 


WA) = Dox) Vv Ae BR), 
xrEQN 


Evidently y being the countable sum of measures is itself a measure. 
Note that any Borel set with a nonempty interior contains infinitely 
many points in Q%. So, its measure is +oo. Therefore, if f € 
C(RY)\ {0}, then f is bounded away from zero on an open set and so 


Solution of Problem 3.83 

Let Q be the set of all ordinals less than the first uncountable ordinal. 
The continuum hypothesis implies that Q is equipotent to [0,1] (i-e., 
it has the cardinality of the continuum). Let h: [0,1] —>+ 2 bea 
bijection. Using h we define a set A C [0,1] x [0,1] as follows 


(z,y)E€A <= Ahly) < A(z). 
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For x € [0,1], the set Az is countable since it is the set of all y € [0, 1] 
such that h(y) < h(a) and by the continuum hypothesis there are 
finitely or countable many such y’s. Similarly, we infer that for every 
y € [0,1], the set A, is co-countable. 

Let €: [0,1] x [0, 1] —— [0, 1] be defined by € = x,. Then the func- 
tions x +> €(x,y) and y +> E&(x,y) are both Lebesgue measurable, 
since both are almost everywhere constant. But 


1 
[sewar = 1 and [son = 0. 
0 


So, the Fubini-Tonelli theorem (see Theorem 3.115) does not hold and 
so A cannot be Lebesgue measurable. 


Solution of Problem 3.84 
Suppose that (b) does not hold. Then 


[tan < fray VAEX. 
A A 

Since, by hypothesis de fdp= ta hdp, it follows that 
[tana fray VAEX. 
A A 


For a given ¢ > 0, let 


A; = (EQ: A(z) +e 
Ay = (EQ: f(z) < A(z) +6). 


Evidently A ,, Az € © and so we have 


[ta — [rau and [ta — [rdw 
Al Al A2 A2 
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It follows that 4(A1) = u(A2) = 0. Since ¢ > 0 was arbitrary, we infer 
that 


w({f#A}) = w(U {lf-Al > ah) = 0 


nel 


and so (a) holds. 


Solution of Problem 3.85 

From Proposition 3.35, we know that C' is compact and nowhere dense. 
Hence y, is continuous on [0,1] \ C and discontinuous on C’. Because 
C is Lebesgue-null (see Proposition 3.35(c)), from elementary calculus, 
we infer that y, is Riemann integrable on [0,1]. Since y, = 0 almost 
everywhere on [0, 1], it follows that 


Solution of Problem 3.86 
Note that 


00 = (Utar<f<a)uti<s}, 
n>1 


sO 


SoA < f <4) HAC < fH) = 


nel 


So, we can find m > 1 such that 


Sd Sares) =e 


n>m 


Consider a Lebesgue measurable set A C [0,1] with A(A) > 6. Let 


Ay = An{f>s} and Ay = A\ Aj. 
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Then A(A2) < 3 and so A(A) > g. Hence 


Solution of Problem 3.87 
First we show that f*g € C(RY). Let h € RX. Then for C = suppg, 
we have 


\(f * g)(«@ +h) — (f *9)(2)| 


/\ 
—_ 
— 
S 
+ 
Pl 
| 
SS 
| 
8 
| 

end 
= 
= 
= 
i 
ed 


I 
ec 
— 
2 
8 
> 
< 
A 


f(« —y)||9(y)| dy. 


For fixed x € R, the set c— C = {x—y: ye ch is compact and f 
is uniformly continuous over it. Therefore, for a given ¢ > 0, we can 
find 6 > 0 such that 


|f(@th-y)-f(@-y| <2 Vial<6 


So, we have 


(f+ ge +h) —(f*g)(a)| < [elowlay < ellalli, 
C 


so f *g is continuous. 
Let e, = {o:¢ 404) where 6; , being the Kronecker symbol defined 


by 
ee 1 if i=k 
ik 10 if if#k * 
Then 
af *9)(@) = lim (fro) (wt Aen) (Sa) (a) 
= lim} | (f(@+Aen—y) — fle@—y)) 9) dy 


C 
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with 0 < ys < 1 (by the Lebesgue dominated convergence theorem; see 
Theorem 3.94). Therefore f * g € C®(RY). 


Solution of Problem 3.88 
Let C = supp f + By (where B, = {x ER: |[z|| <r} for all r > 0). 
Let u € Ce (RY), u > 0 such that 


RN 
for example, we can take 


u(x) = exp (qqpaz) if [lel <1, 
y if |[x|| > 1. 


Let un = nNu(nx) and define fp, = un * f. From Problem 3.87, we 
know that fn, € C~(R%). Moreover, 


supp fn © suppf+Bi C suppf+B, = C C RX Vn2>1. 


Since f is uniformly continuous on C, for a given € > 0, we can find 
6 = 0(€) > 0 such that 


lf(e—y) —f(x)| < 


E 
Let us choose no > 1 such that 1 <e for all n > no. Then 


jun(x) — f(x)| < | |f@ =) = Foun) ay 
Bi 


VreEG, llyll <6. 


SO Un = f on C. 
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Solution of Problem 3.89 
First we assume that the measures w and m are finite. Let 


f(w,y) if [fy] <n, 
fn(wy) = 4 mn if f(w,y)2n, 


Then for every n > 1, the function f, is 4 x m-measurable and 
bounded, hence it is integrable. By the Fubini theorem, for every 
n > 1, the function 


23 —+ Une) = f falwe.y)dm(y) 
Y 


is p-measurable. Since f, —> f pointwise and 
lfnl < [fl Vn, 


from the Lebesgue dominated convergence theorem (see Theo- 
rem 3.94), we have 


Un(w) —> v(w) for p-almost all w € 2. 


Hence w is u-measurable. 

In the general case (i.e., when js and m are o-finite) we can find a se- 
quence {Qn x Yn},51 of subsets of Q x Y with finite measure and px m 
is concentrated on their union. Then from the first part of the solution, 
we have that functions 2 3 w —> wp,(w) = f fr(w,y) dm(y) are Hlo,- 


Y 
measurable. We extend by zero on all of Q. Note that w,(w) —> v(w) 
for p-almost all w € 2 (by the Lebesgue dominated convergence theo- 
rem). Hence ~ is jz-measurable. 


Solution of Problem 3.90 
Let I be the family of all finite subsets of [0,1] ordered by inclusion. 
Clearly I is a directed set. We consider the net {x re Acr Evidently 


Xa, > IL. 
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However, 


Solution of Problem 3.91 
Let (A) = x, (0) for all A € B(R) (see Definition 3.6). Then for every 


f € C.(R), we have f f du = f(0). 
R 
For the second part of the problem the answer is no. Arguing 
indirectly, suppose that we could find such a Borel measure m. Let 


f €C?(R), f > 0 with f\-1a,; = 1. We have 
[ fe@eFam = (&s@eF)_, = Flay = B 


On the other hand from the Lebesgue dominated convergence theorem 
(see Theorem 3.94), we have 


n—- +00 


lm | f(xjendm = | f(x)dm > 0, 
ae 


a contradiction. 


Solution of Problem 3.92 
Let 
Agile) = fing) Vn2>1, cE Ry. 


Then for all x € (0,a], we have 
hn(x) —> 0 asn—--+oo. 


Since by hypothesis lim f(x) = 6, we can find M > 0 such that 
w—>+00 


\f(z)| < jQj\+1 Va>M. 
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On the other hand, due to the continuity of f, there is € > 0 such that 
lf(z)|) < € Ware [0,M). 
Let €* = max {€, || + 1}. Then we have 
lf(@| << e  WreRy. 


Hence 
|hn(x)| = | f(nz)| <= 6" Va € (0,al. 


Invoking the Lebesgue dominated convergence theorem (see Theo- 
rem 3.94), we have 


Solution of Problem 3.93 
(a) Let 7 > 0 and let us set fy = X4),)5,,,/- Note that 


lfn| < f and |f,|—>0 almost everywhere on RY, as n> +00. 


So, by the Lebesgue dominated convergence theorem (see Theo- 
rem 3.94), we have 


lim, [Molde =e / |fldz = 0. 
RN 


{llzll>n} 


Let 
€ = sup{|lul|: we K} < +00 


(since K C RN is compact). We have 
a+K = {at+u:uek}¢ {zeR: llzl| > Ilzl| — €} 


(triangle inequality), so, by the first part, we have 


/ |f(z)| dz = / |f(z)| dz — 0. as ||x|| > +00. 
a+K {llzl|>ll2ll-€} 
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(b) We argue by contradiction. So, suppose that f(z) ~> 0 as 
||z|| + +oo. Then, we can find a sequence {%n}n51 © RY ande > 0 
such that 


|f(tn)| 2 € Vn 21 and |lz_|| +00 asn— tov. 
By the uniform continuity of f, we can find 6 = d(¢) > 0 such that 
\f(z)-—f(x)| < § Vze2+B;(0) 
(recall that Bs = {u€ RX : |lul] < 6}). Hence 
\f()| > § Vzeant+Bs(0) Vn. 
It follows that 
/ lf(2)[Paz > (§)?AX(B,(0)) > 0 
tn+B;5(0) 


(see Proposition 3.90), so 


lim / |f(z) |? dz > 0, 


n—-+00 
%n+B;5(0) 


which contradicts part (a) of the problem. 


Solution of Problem 3.94 

We proceed by contradiction. So, suppose that the conclusion of the 
problem is not true. Then we can find a sequence {2n},51 RN and 
€ > 0 such that 


|r n| — +oo and |f(@n)| 2 E, 
By the uniform continuity of f, we can find 6 = 6(€) > 0 such that 
|f(z)- f(w| < § Vuex+B;(0), 


so 
£ < |f(u)| < [flo Vue an + Ba(0). 
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From the hypothesis on €, we have 
min {&(y): 5 <|¥l]<|lfllo} = m > 0, 
so 
| &t@) ax > max B50). 
tn+B;(0) 


Since € (f(-)) e€ L'(R%), this last inequality contradicts Prob- 
lem 3.93(a). 


Solution of Problem 3.95 
False. Consider the function f: R —> R,, defined by 
1 
n if xe€l,= [n,n+-5], n> 2, 
n 


PUB) 8 ye x¢\|J In. 


n>1 
Then we have 


[toa = Sindy = Soa < +00, 


R n>2 n>2 


so f € L'(R) (see Definition 3.96), but clearly f(r) A> 0 as 
|x| —> +00. 


Solution of Problem 3.96 
(a) Let 

At = {reEQ: f(x) >0} € &. 
Then by hypothesis 


Fiza: = 0. 
At 
Since f|,, > 0, as in the solution of Problem 3.79, we infer that 
p(At) = 0. Using the same argument on —f, we show that y(A~) = 0, 
where 
A’ = {220% f(s) <0}: 


Therefore f = 0 p-almost everywhere on 2. 
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(b) Let {S,},,5, be a sequence of simple functions such that 
Sn(z) —> f(a) p-almost everywhere on 2 
and 
|Sr| < |f| p-almost everywhere on 2 and for all n > 1. 


Let 
Da = {ee Or Sua) ZU} 


Then for every n > 1, the set D, € & has a finite y-measure. Let 


A=D\|\JD€ 


n>1 


and let CC A, Ce X. We have 


0 = lim [snau = [ta 
n—++00 
Cc C 
(see Remark 3.85), so 
f = 0 almost everywhere on A 
(see part (a)). By the definition of D, we see that (A) = 0. Then 
DC (UP )UA 
nel 
and so D is o-finite. 


Alternative Solution 
(b) For every 7 > 0, we have 


m({ee Os [fe >n}) < f iflaw < fisldp < +00. 
{|fl>n} 2 


Then 
ees Fa) F4Uy = LU {a e2: |f(@)| > 4}, 


nel 


so the set D is o-finite (see Definition 3.17). 
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Solution of Problem 3.97 
Let tn —> x and set 


fn = Ne Seanid - 
Then 
lfnl < |f] Vne1 
and 
fn(t) — (ere (t) f(t) VteR. 


Invoking the Lebesgue dominated convergence theorem (see Theo- 
rem 3.94), we have 


Flom) = f se@at= f trae fx aflddt= f Fd = FCO), 
—oo R R —oo 


so F’ is continuous. 


Solution of Problem 3.98 
Let 


Since by hypothesis 
hn —> 0 p-almost everywhere on Q, 
we have that 
hi, h> —+ 0 p-almost everywhere on Q. 


Because 
O=< he = Vn21 


n 


and | f dj < +00, by the dominated convergence theorem (see Theo- 


Q 
rem 3.94), we have 


/ ht du — 0. 
Q 
By hypothesis [ hp, dj —> 0. Therefore 
Q 


[rca = [itm=his) = [rman fr dy — 0 asn—--+0o 
Q Q Q Q 
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and so finally 


fleefolan =f iintdu = frig dur [rede — 0 asm — +00. 
fo) fo) 


Q 


+e) 


Solution of Problem 3.99 
Note that only |f| appears in the statement of the problem. Therefore 
without any loss of generality, we may assume that f > 0. We define 


Ag = {fre R’: F(a) =0}, 
A, = {a € RN : 2 < f(z) <n}, 
A = fre R: f(z) = +00}. 


Evidently Ag, A, and A, are Lebesgue measurable sets, the sequence 
{An}ns1 is increasing and 


(LJ An)® = () Ag = AoU Aco. 


nel n>1 


Because f € L'(R%), AN(Ax) = 0 and by the Lebesgue monotone 
convergence theorem (see Theorem 3.92), we have 


Hence, for a given ¢ > 0, we can find an integer no > 1 such that 


/ fdr’ <6, fl,,, is bounded and (Ang) < +00, 
Af 


since 
1)N (Ano) < y fadr® < +00. 
Ans 
Therefore the above argument shows that for a given ¢ > 0, we can 
find a Lebesgue measurable set A C RN , with finite measure such that 
f|, is bounded and 


fisia sce 
Ac 
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Now let A C R% be such a set corresponding to 5 and set M =supf. 
A 
If C CR is a Lebesgue measurable set with A‘ (C) < 357, we have 
pee a Le / fd < §4+55M =e, 


CNA 


sO 


lim fe = 0. 


AN (C)+00 


Solution of Problem 3.100 
Note that for p € [pi, p2], we have 


Lee a Were if |f| > 1, 
FP < [FP if |f| <1. 


Therefore, it follows that 
FPS FP |e: 
But by hypothesis | f|?", | f|?2 ¢ L1(Q). Hence 
feLPQ) VV pe [pi, pa]. 
Suppose that {Pn}n>1 C [pi, p2] and p, — p € [p1, p2]. Then 
er? eae Ler 


and because 
FP <P +l Van21 


form the Lebesgue dominated convergence theorem (see Theo- 
rem 3.94), we conclude that ||f|lp,, — ||f||p, which proves the conti- 
nuity of the function p+— ||f||p on [p1, pa]. 


Solution of Problem 3.101 
Note that 


\(fg)()| < max {Ja|, |b|}|f(x)| p-almost everywhere on 2. 
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Hence fg € L'(Q). Moreover, we have 


afta < [toa < bf fay 
Q Q Q 


Therefore, we can find c € [0,b] such that 


Solution of Problem 3.102 
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Let 
iia) = erry Va € (0,1). 
First we show that f € L'([0,1]). Indeed, for every n > 1, we have 
1 
fate a 1-H — 1 asn—>-+o, 


1 


n 


sO 
CEES. € L*((0, 1). 


On the other hand, if 1 < p < +00, then we can find € > 0 such that 


: >£ VeeQ@O] 


xP(1—In x)?2P 


and 
1 
fre xr — +o00 asn—- +o, 
1 
hence f ¢ L?((0,1]) for all 1 <p < +00. 
Finally, since 


1 
x(1—Inz)? 2 x V@E (0, 1], 


we conclude that f ¢ L°°((0,1)). 
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Solution of Problem 3.103 
For f(x) = Ina, we have 


Solution of Problem 3.104 
First we show that 


- 
Iflloo < lim lp 


We may assume that ||f||.. > 0 (otherwise the inequality is clearly 
true). Then for every € € (0, ||f|loo), the set 


Ae = {xz EQ: | f(x)| >£} 
has positive y-measure and for all p > po, we have 


eu(Ae)? < |lflly- 


Since : 
U(Ag)? —>+ 1 as p— +on, 


we obtain 
< ] 
E< Peet II fllp- 


Because € € (0, || ||.) was arbitrary, we conclude that 
Ifllao < Hm I fly 
Next assuming that f € L°°(Q), we will show that 


lim sup ||fllp < I flloo- 
p—+oo 
We may assume that ||f||,.. > 0 or otherwise for all p > 1, we have 


|| f||p = 0 and so we are done. Invoking the interpolation inequality 
(see Theorem 3.106), we have 


PO 4-20 
IIfll> < Wfllpo Iflloo ” 
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sO 
limsup ||fllp < |lflloo 
p—+oo 


PO 
(since || f||g, —> 1 as p > +00). 
Finally, if f € L°(Q), then from the above two cases, we infer that 


[flo = lim IM 

If f g L~(Q), then by the first inequality, we have 
lim sup ||f||p = -+oo 
p—+oo 


and all the sequences extracted from {|| fl, } also converge to 


p€[po,+00) 
+oo. Indeed, let p, —>+ +00 with pp € [po, +oo) and suppose that 


fll, < Mo Vn], 


for some M > 0. Then from the interpolation inequality (see Theo- 
rem 3.106) for p € [pn,Pn+i], we have 


lFlpe< 1? = 0, 


t 
Pntl 


where t € [0, 1] satisfies ; = — + and so 


Ilfllb < Mo Vp>po, 


a contradiction. 


Solution of Problem 3.105 

(a) and (b) From the solution of Problem 3.99, we know that for a 
given « > 0, we can find a Lebesgue measurable set A C R of finite 
Lebesgue measure such that 


| f(x)| < M VaeEA and | lflae < &. 
Ac 


Hence f € L'(R). By the Egorov theorem (see Theorem 3.76), we can 
find a Lebesgue measurable set CC A such that 


MA\C) < av 


570 Chapter 3. Measure, Integral and Martingales 


(recall that \ denotes the Lebesgue measure on R) and 
fn 3 f ond. 


So, we can find an integer no > 1 such that for all n > no, we have 


|fn(x) — f(x)| < no Vrec 


and 


ALM 


| [Un = Dla) ae < 
R 


Then for n > no, we have 


jf taael < | f farl+| f sar] +| fte—Nael+] fUn— fee 
i 


< mM@M+it+itr»Onag@ = & 


Moreover, if 


Then 
| fn(x)| x. A) YrEC, nen. 


AO) Sd if Beals 
0 if «¢ [0,1 
Then 
i, 2IA(R). VnS2 
and 


fn — Xow almost everywhere on R. 


IfC= [5 1], then 


|fn(z)| < 1 Vee, n>Q, 


3.3. Solutions 571 


sO 


—, 
= 
Q 
8 
II 
j=) 
ov) 
=] 
Q 
— _, 
=" 
Q 
8 
| 
Nile 
<x 
~ 
W 
bo 


Solution of Problem 3.106 
Using the Fatou lemma (see Theorem 3.95(a)), we have 


[plac = 2; 
Ac 


On the other hand, by the Lebesgue dominated convergence theorem 
(see Theorem 3.94), we have 


[lin- flaz — 0 asn—-+oo. 
A 


Then, from the inequality 


[ilfe—flax < flto-slacs f ipflae+ f \falae, 
R A Ac Ac 


we infer that 
limsup f | fa ~ fldz < Qe 
n—- +00 
R 


and since € > 0 was arbitrary, we conclude that 
f= f me). 


The condition is not necessary. Indeed, for n > 1, let 


lewd sei efi il 
fie) = -eul if @ [an +], 
0 otherwise. 


Evidently 
fn — 0 and [foes — 0. 
R 


572 Chapter 3. Measure, Integral and Martingales 


Suppose that the condition is satisfied by the sequence {fn},51,- Then 
it is also satisfied by the sequence {| fn|},,5, and so 


n—-+00 
n 


2n 
. | sin 2| -_ : = 
lim dt = lim f \fal de =) 
R 


(see Problem 3.105). But 


a contradiction. 


Solution of Problem 3.107 
“+”: This implication is the Lebesgue monotone convergence theo- 
rem (see Theorem 3.92 and Remark 3.93). 


“<—": Let fn \ f p-almost everywhere. Then f > 0 and f € L!(Q). 
Hence 

[ta = 0 

Q 


(see Theorem 3.92). Since f > 0, we conclude that f = 0 p-almost 
everywhere. Hence f,, \, 0 p-almost everywhere on 2. 


Solution of Problem 3.108 

(a) We argue by contradiction. So, suppose that g 4 0. Then since 
the measure space is o-finite, we can find « > 0 and C € © with 
0 < p(C) < +00 such that 


SE 
Cc 


l9| 


and 


| s(s8n.9)xe dp = | islxe du > eu(C) > 0, 
Q Q 
a contradiction to the hypothesis. 
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(b) Note that fng —> fg y-almost everywhere on 2 and 


lfng| < higl € L'(Q) 


(by hypothesis). Applying the Lebesgue dominated convergence theo- 
rem (see Theorem 3.94), we conclude that 


fng —> fg in L1(O) asn— +00. 


Solution of Problem 3.109 
“+”: We have 


dH({F > }) 


n>0 


“<—”: We have 


[tu 7 


so f € L(Q). 


= ull < f<m4y}) 
n>0men 
= dL ul{m< f<mti}) 
m>0 n=0 
= (m+ dal{m< f<m+i}) 
m>0 
= S>mn({m< f<m+}) 
m>0 
+50 p({m< f<m+1}) 
m>0 
< S> / f da + p(Q) 
m20m< f<m+1} 
= [ifr aan < +00. 
Q 
S- fdu < So(m+ ul{m< f <m+1}) 
m0 <f<m+l} m20 
S"u({f 2 n}) < +00, 
n>0 


574 Chapter 3. Measure, Integral and Martingales 


Solution of Problem 3.110 
We have 


(f —m(1)) dz = (m(1) — f) dx 
A(I) I\A(J) 
Then, we have 

[lt-m(|az = J \f-malac+ ‘i | f — m(1)| da 
I A(L) I\A(J) 

= / (f — m(1)) dx + i (m(I) — f) dx 

A(I) I\A(D) 
=: 2 (f — m(J)) dx 
A(D) 


Solution of Problem 3.111 
For every a,b > 0, we have 


b b 
[ioe = [te jar~ | ye 


Since every open set is the countable union of disjoint open intervals, 
it follows that 


[t@ dz = 0 YU CR, U being open. 


Then from Problem 3.22, we conclude that 


[t@ dc -= 0 VY ACR, A being Lebesgue measurable. 
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Invoking Problem 3.96(a), we conclude that f(x) = 0 almost every- 
where on R+. 


Solution of Problem 3.112 
Since fg > 1 almost everywhere on A, it follows that f > 0, g > 0 
almost everywhere on A and so 


[ta >o and [gar > 0. 


A A 
We may assume that [ f dz < +00 (or otherwise the inequality is 
A 


clearly true). Let 


p(x) = 2 ¥ o>, 


Clearly y is a convex function. Applying the Jensen inequality (see 
Theorem 3.99), we have 


1 1 
A A 


(since fg > 1 almost everywhere on A), so 


Solution of Problem 3.113 

Let f = Xg. Then since u(Q) < +00, f € L"(Q) for all 1 < r < +00. 
There exists r > 1 such that 4 = ; + 4 Invoking the generalized 
Holder inequality (see Theorem 3.105), for every h € L4(Q), we have 


i_l 
Allp = Whfllp < WAllallflle S< [hllqH(2)? 2 < +00, 


hence h € L?(Q) and so L4(Q) C LP(Q). 
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If 4(Q) is not finite, the result fails. For example, h = y, € L™(Q), 
but h ¢ L?(Q) for all 1 < p < +oo. Also, if f(x) = x73, then 
f ¢ L?(R) abut f ¢ L(R). 


Solution of Problem 3.114 

The answer is no. Consider the Cantor function g: [0,1] —> [0,1] 
introduced in Remark 3.83. We know that g is continuous, nonde- 
creasing, g(0) = 0, g(1) = 1 and g'(x) = 0 for almost all x € [0,1]. 


Therefore ; 


1 
[oa =o<1= fay. 
0 0 


Remark. As we will see in Chap. 4, the reason that the equality fails 
for g is that the Cantor function g is not absolutely continuous (see 
Definition 4.120). 


Solution of Problem 3.115 
Let 


D = {geQ> f(a) gC} = {eens dist(f(@),C) >}. 


We need to show that u(D) = 0. So suppose that u(D) > 0. Of 
course, the set D is open. Since R% is a separable, locally compact 


metric space (see Definitions 2.9 and 2.92), we can find a sequence of 
closed balls 


{B,,,(Gn) = {u ER: Iu — un|| < Tat bast 


such that 
RY \C = |] Bp, (tia). 
n>1 
Let D, = {x €Q: ||f(x) — unll < rn}. Then D C U Dy, and so 


n>1 
as (D) > 0, from the countable subadditivity of uw, we can find an 
integer n > 1 such that p(D,) > 0. Let A = D,. Then 
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a contradiction. 


Solution of Problem 3.116 

Let $(Q) be the linear space of /-simple functions. From Proposi- 
tion 3.110, we know that S(Q)N L?(Q) is dense in L?(Q). Let S(Q, Y) 
denote the linear space generated by indicator functions of elements of 
Y. It suffices to show that S(Q,V) M L?(Q) is dense in S(Q) N L?(Q) 
for the || - ||)>-norm. To this end, let f € S(Q) 9 L?(Q). Then 


N 
f = GkX a,» 
k=] 


with a, € R, Ax, € & disjoint (standard representation). Evidently 
p(Ax) < +00 for all & € {1,...,N} (since f € S(Q)N L79(Q)). For a 
given ¢ > 0, we can find Cy € Y such that p(Ag A Cy) < €. Let us set 


N 
h = Soarxe, € S(2,Y)N P(O). 
k=1 
We have 


N 
|f(e) —h@)| < So arxasc,(@) Vred, 
k=1 


sO 


N 
1 
If —Pllp < ©? So axl, 
k=1 


with 1 < p < +oo. This proves the density of S(Q,Y) 9 L?(Q) in 
S(Q) N L?(Q) for the || - ||p>-norm. Hence $(Q, VY) M L?(Q) is dense in 
L?(Q) too. But S(Q,¥) has a countable dense subset (take az, € Q). 
Therefore L?(Q) (1 < p < +00) is separable for all 1 < p < +00 (see 
Definition 2.9). 
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Solution of Problem 3.117 
Using the Lebesgue monotone convergence theorem (see Theo- 
rem 3.92), we show that 


[Sle = = > f fala < +00, 


n>1 n21o9 
so )> fn € L*(Q). Therefore > f, is -almost everywhere finite 


n>1 n>1 
and so it converges pi-almost everywhere to a ¥i-measurable function 


h: 2 —> R. Let us set 
n 
— So fi Vn21. 


Then m 
lanl < Solfel € LQ) Vn>1 


and hn, —> hasn— +00. So, by the dominated convergence theorem 


(see Theorem 3.94), we have 
finan — frau, so f tod =a fa) dy 
Q Q n219 nel 


Solution of Problem 3.118 
Using the Cauchy—Schwarz—Bunyakowski inequality (see Theorem 
3.103 and Remark 3.104), we have 


|FIR = [if serasPan < [fran foes a 
0 0 0 0 0 


1 
< felriBex = Ape < IIB, 


0 
So ||F'll2 < |Iflla- 
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Solution of Problem 3.119 
We have 


ap f Solfo. faldt < Si(qhye +b) < +0, 
k>1 


so 
Ss | fr+1—fk| < +oo almost everywhere on R. 
k>1 


Therefore for all « € R\ N with A(V) = 0, we have 


n 


Fn(z) = filz)+ > (fe — fr—1)(2) 


k=2 


and so the sequence { Jn @ toss converges on R \ N to f(x) (recall 
that fr —> f in L1(R)). 


Solution of Problem 3.120 
Note that 
FS Hay. S TXag 


so, using Cauchy—Schwarz—Bunyakowski inequality (see Theo- 
rem 3.103 and Remark 3.104), we have 


1 


0 < t=7 < [tacmn - [eau 
0 


0 


< fr da < |iflleA(An)? = ACAy)?. 


Solution of Problem 3.121 
Since S> Bnfn(x) converges for j-almost all « € Q, we have 


Bnfn(x) —> 0 for p-almost all x € 2. 
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Choose 5 > 0 such that M26 < 1. By the Egorov theorem (see Theo- 
rem 3.76), we can find A € » such that 


w(Q\ A) < 6 
and 
— sup |Bnfn(x)| — 0 asn—-+oo. 
ZEA 


Hence we have 


B= [(Gnfn)? de = f(Botn)?de+ f (Bnfn)? dx < en()+52M%, 
Q A Q\A 


sO 


Solution of Problem 3.122 
(a) Since f € L1(Q)N L?(Q), we may assume that f(x) € R for all 
«ER. Let A= {|f| > 1} and consider the function 


_ f f@yP if ze, 
ea { |f(x)| if reEQ\A, 


ie, h=x,f? + Xoal fl. It follows that h € I+(Q). For p € (1,2), we 
have 
f(a)? < Ala), 
so f € L?(Q). 
(b) Let {pn}n51 C [0,1] be a sequence such that p, —> 1+. Then 
[flP?> — [fl] on Q 
and from part (a), we have 
lf(x)/?" < A(z) Vaen. 


So, we can apply the Lebesgue dominated convergence theorem (see 
Theorem 3.94) and obtain ||f||p,, —> ||f\l1. Therefore lim, Fle = 
p- 


I|f|l1- 
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Solution of Problem 3.123 
Let g(x) = V14+ 27, x ER. Note that 


e = i >0 V2«eER 
yp (2) (1422)3 x ’ 


hence y is convex. If, h is integrable, then by the Jensen inequality 
(see Theorem 3.99), we have 


V1+A42 < [Vit an. 
A 


If A = +00, then since h < V1 + h?, equality holds. 
Finally, note that 


Vil+h? < 1h 


and so we obtain 
[viva < 1+A. 
Q 


Next, suppose that Q = [0,1], © is the o-algebra of Lebesgue measur- 
able sets, w= A andh= f' with f € C1((0, 1]). Consider the figure 


Then A = f(1) — f(0) and fis V1 + f2dz is the length of the arc MP. 
From the inequalities provided above, we have 


MP < MP < MN+NP. 


Therefore, the first inequality is an equality provided f(x) = ax +b 
(with b,a+b6 € [0,1]), while the second inequality is in fact an equality 
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if f is a constant. So, we conjecture that the first inequality is an 
equality if h = constant and the second inequality is an equality if 
h = 0. Let us prove these. So, first we assume that 


Vite = [Vit an. 
Q 


Note that 
(1+ Ah)? < (14 A704 A), 


sO 


2 1 A(h—A) ae 2 
But the integrals over 2 of the two sides of this inequality are equal. 
Therefore 


2, A(h-A) _ |/ 2 
1+ A?+4+ as 1+h?, 
sO 
2Ah = A?+h?, 


i.c., h = A and so h is a constant function. 
Next assume that 


[viva = 1+A, 


Q 


[vive = [a+na. 


Q 


sO 


But V1+h? <1+h and so it follows that /1+ h?2 = 1+ h, hence 
h=0. 


Solution of Problem 3.124 

Let g = ; and let h = f?, u = g?. Since f,g € L*(Q), it follows 
that h,u € LY(Q), 1 < gq. Using the Minkowski inequality (see Theo- 
rem 3.101), we have 
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ES 
[lest an = f(h+ujtdu = ||h+ullf < (WAllg + llulla)” 


Q 


[ 
( 


Solution of Problem 3.125 F 
(a) The answer is negative. To see this, let fn = ae 1) for n > 1. 


Then 
fr(x) — 0 Vee [0,1]. 


On the other hand 
fn — f lp = Il frllp =1 Vn21 
(b) By the Fatou lemma (see Theorem 3.95), we have 


In = Cf sP ar)? < timint ( f [falae)? < 
R R 


Solution of Problem 3.126 
Note that for every x > 0: 


iflta*<e’, then In(1+27) <z. 


Hence 
nin (1 ele =) < |f (x )| VaeER. 


Also recall that 
nin (1 + fe Lf@r) < nlf) = rey’ > 0 for almost all x € 2. 


n 


Therefore by the Lebesgue dominated convergence theorem (see Theo- 
rem 3.94), we have 
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Solution of Problem 3.127 
(a) Let 2 = [0,1], let © be the Lebesgue o-algebra of [0,1] and let 
jt = » be the Lebesgue measure on [0,1]. Let 


— X10,4) and h = Xa’ 


Then f,g € L((0,1]), p € (0,1). We have 


1 1 1 
IIfllp + llAllp = (G)P+ (a)? = 20>? < 1 = If +All 


So, || - ||, is not a norm since the triangle inequality fails. 


(b) Clearly d(f,h) > 0, if f Ah and d(f, f) =0. Also 
d(f,h) = d(h,f) Vf,Re LQ). 
Finally, if f,h € L?(Q), then we have 


ipanra 2 [li-g+o-—nP ay < [Wits +lg—my? an 
Q Q 


Q 


< | (ita? +lo—aP) du = d(f,9) + d(g,h). 
Q 


This proves that d is a metric on L?(Q). 

Next we check the completeness of (L?(Q),d). To this end, let 
{ Subnet be a d-Cauchy sequence. By passing to a suitable subsequence 
if necessary, we may assume that 


anita dad = | lfnsa = fal? di < a Vn2>1. 
Q 


Let g; = 0 and 
In = fil + |fo—- fal +--- + | fn - fr-1| Vn 2 2. 


Then g, > 0 and { In}n>1 is an increasing sequence. We have 


foes fined [ite taPdn < f\nPrauer < +0. 
fe) n—2G fe) 


Q 
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So, we can find g € L?(Q) such that gy, 7 g. Note that 


n+k n+k 
|fn+k — fn = | > (fx — fr—1)| < S> fe — fr—1| = QGQntk— Jn; 
k=n+1 k=n+1 


SO 
fn —> f  w-almost everywhere on Q, 


with f: Q —> R &-measurable. 
Observe that 


nm 
fol = |fi+2Ufe—fe1)| < gn < g  pealmost everywhere on Q, 
k=2 


Se) 
|f| < g  pralmost everywhere on Q 


and thus f € L?(Q). 


Since 
lfn —f| < 2g p-almost everywhere on 2 


and 
lfn —f\? —> 0 p-almost everywhere on 2, 


by the Lebesgue dominated convergence theorem (see Theorem 3.94), 
we have 


Ofori tf) = [ife-sP dy — 0 asn—-+oo, 
Q 


so (LP (Q), d) is a complete metric space. 


Solution of Problem 3.128 
Let {dn}n51 be an enumeration of the rationals and for every n > N, 
we set 


1 
if x € (dn, dn + 1), 
filt) = 4 Jem ae) 
0 otherwise. 


Then we define 
fle) = So wfn(2). 


n>1 
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We have 
[toa = Sk f fale) de = x — ee 
R ne1 R n>1 

so f € L(R). 


Ifa,b€ R,a< band M > 0, then we can find a rational q € (a,b) 
and an open interval (q,7) C (a,b) such that 


f(z) > M VareE (qr). 
Therefore, the set 
(a,b) {z@eER: f(z) >M} 


has positive measure. 


Solution of Problem 3.129 
Let h: R —> R be defined by 


A(z) = X(0,1) (x). 
Then 


Also, let {dn}n51 be an enumeration of the rationals and let {8n},.51 
be a sequence of positive real numbers such that 


SOPs < +00. 


n>1 


We introduce f: R —> R, defined by 


fay= > bhe=a). 


n>1 


Clearly f € L1(R). Let a,b € R, a <b and consider the open interval 
(a,b). We can find a rational gq, € (a,b). Then 


b b b 
[Pu > [Pa S BR f (x — ay)? ae = £2 / idx = +00. 
a dk qk 0 
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Remark. The function f produced in the above solution is not 
bounded over any neighbourhood of any point. 


Solution of Problem 3.130 
Evidently fn € LQ). So, using the Holder inequality (see Theo- 
rem 3.103), we have 


|| rfc 
Q 


I 
— 

= 
ox 
> 
3 
er 
= 

Q 
=. 


< (f (rra,)P au) ( f #8 du)? 


Solution of Problem 3.131 
The answer is negative. Let f € L®(IR) be such that f ¢ L1(IR) and 


jroo) = © 
(for example, consider the function f(x) = ep for « € R). Let 
fn = Xtnmf> Then {frtnsi © T+(R) and 
in = f. 


Solution of Problem 3.132 

First we show that S is closed. So, let {fn},51, C S be a sequence such 
that f, —> f in L’(Z). Then by passing to a suitable subsequence, 
we may assume that 


fn — f. almost everywhere on I 


(see Theorem 3.98). Since fn < h almost everywhere on J, we infer 
that f < h almost everywhere on J and so f € S. This proves that 
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S C L?(Q) is closed. Next we show that int S = @ proving that S is 
nowhere dense in L?(I) (see Definition 1.25). So, let f € S,¢ > 0 and 
choose a subinterval T C I with A(J \ T) > 0 such that 


[inea- spac < &P. 
T 


Let us set h(e) +41. if 7 
~ xa) + if weg, 
f(z) = { f(x) it eel \ TF. 


Then f € L?(I) and f ¢ S. Moreover, 
i 
IF —lp = (fh+1-sP dz)? < «, 
7 


Since ¢ > 0 was arbitrary, we conclude that int S = 0, hence S is 
nowhere dense in L?(I). 


Solution of Problem 3.133 
Let 7 = iE f(t) dt. Then 


b 
ae < [fone dt < meal 


Since the map s +—> 7h(s) is continuous, by Bolzano theorem, we can 
find so € [a,b] such that 


Solution of Problem 3.134 
If fect (R) and z, —> z, then 


\rlen) THA) =f [fet n) — fle + 2) de — 0. 
RN 
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Cc} (R) such that fn —> f in L?(R%) (see Proposition 3.112). For 
every z € R%, we have 


|Z, (2) — T;(z)||P = / | fn(e + 2) — f(a +2)|? dx 
RN 


For the general f € L?(R%), we can find a sequence {fn}ns1 C 


/ \Fa(ae) — fe)? de = If — FIP, 
RN 


sO 

Tf, = hs 
From the first part of the proof, we know that 7’, is continuous. There- 
fore, Ty is continuous too (see Proposition 1.62). 


Solution of Problem 3.135 

Let ¢ > O be given. We can find 6 > 0 such that, if A € © with 
w(A) <6, then f,hdu <e. Let \ = $||h||1. Then using the Markov 
inequality (see Proposition 3.90(f)), we have 


w({t>a) <$ f tars fo haw < dle = 6, 
{f>A} {f>A} 
so 
fy < ff hdy <e 
{f>A} {f>A} 
and thus ¥ is uniformly integrable (see Definition 3.124). 


Solution of Problem 3.136 
Let 


y= te Q —> {0,1}: fg, is constant for every n > 1}. 


Then card Y = card {0,1} and so Y is not countable. If u,v € Y, 
u # v, then ||u — v||.. = 1. Therefore Y is not separable (see Defini- 
tion 2.9). But Y C L°(Q). Hence L°(Q) cannot be separable. 
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Solution of Problem 3.137 
We know that 


f = G-h withghe LQ), 7,h>0 


(see Remark 3.72). We know that we can find an increasing sequence 
{Sn}n>1 of positive simple functions such that 


[snd — [id 


Q Q 


Hence we can find no > 1 such that 
[= sna) du < €. 
a 


Then we choose g = g — Sn. and h = is Sn) > 0. Evidently g-—h= 
g-h=f. 


Solution of Problem 3.138 
By the Fatou lemma (see Theorem 3.95), we have 


lullp < Timing |junllp < +00, 


so u € LP(Q). Note that 


t+1|P—|t|P—1 
e+IP—lP—1 og 


lim ra 


|t| +00 


From this, it follows that for a given ¢ > 0, we can find c(eé) > 0 such 
that 


a + b|P — JalP — [BP] < elaf? + e(e)|d)? Va,beER. 
Using this inequality with a = u,(w) — u(w) and b = u(w), we have 
||eun (2) [P — [tun (wr) — u(w) ? — Jeu(w) P| <_ etn (w) —ue(w) |? +(e) u(w)|?. 
Setting 


Un(w) = |un(w)|? — [un(w) — u(w)|? — Ju(w)|? 
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we have 
Jun (w)| _ €|Un (w) _ u(w)|? < c(e)|u(w) |’. 


By the Lebesgue dominated convergence theorem (see Theorem 3.94), 
we have 


im (lun| — lun — ul?) du = 0. 
Q 
But 
Plenldn =f (eal — lun uP) dja + elfun — ul, 
Q Q 
SO 


[lenin <= J en —elun — ul?) dut+eM Yn2 1, 
Q Q 


for some M > 0 and thus 


n—-+00 


limsup f |on| dy < eM. 
Q 


Since € > 0 was arbitrary, we conclude that 


llenllp — lum — ullp —> |lellp. 


Solution of Problem 3.139 
From hypothesis (a), we have that 


sup |ltinllp < +00. 
n>1 


Using Problem 3.138, we have 


[[unllp — [lun — ullp —> [lull 


so, using also hypothesis (a), we have 


l|un — Ullp —> 0. 


592 Chapter 3. Measure, Integral and Martingales 


Solution of Problem 3.140 


(a) Let h = max{f,g} and 1 < p<-+too. Then 


[ine au - jf lepdu+ / InP? dy 


a {f<g} {f>9} 
= f lords f lpPdn < Wglg+Islp < +00, 
{f<g} {f>gt 
so h € LP(Q). 


When p = +oo the result is clear. 


(b) Let hy, = max{fn, gn} and let h = max{f,g}. From part (a), we 
know that h € L?(Q) and {hn},5, © L?(Q) (for 1 < p < +00). Note 
that 


Therefore h, —> h in L?(Q) (with 1 < p < +00 


Solution of Problem 3.141 
Let M = sup||gn|lo. < +oo. Evidently ||g|l. < M. Note that fg € 
nel 


TPP(Q) and {fndn}nsi G L?(Q). We have 
/ fngn — fg du < 2-3 / fngn — Gn? du + 2? / on = Folds 
Q Q Q 
< 2-1 MP i lin — FP du + 2°72 / FPlon — gl? dy. 
Q Q 


By hypothesis, we have 2P-1 MP \fn — f\P du —> 0. Also, we have 
Q 


lf !?lgn — g|? —+ 0 almost everywhere in 2 


and |f|?lgn — gl? < 2M?|f\?, with 2M|f(-)|’ € L'(Q). 
So, by the Lebesgue dominated convergence theorem (see Theo- 
rem 3.94), we have 


2 L1FIPlgn — od — 0. 
Q 
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Therefore, finally 


| hinge — fol? du =} 0, 
Q 


sO 


Solution of Problem 3.142 
Clearly 


f(w) < h(w) < g(w) p-almost everywhere on Q 
and so h € L'(Q). We also have 
|h(w)| < |f(w)|+|gw)| p-almost everywhere on Q 
and so by the Fatou lemma (see Theorem 3.95), we have 


[ran [5 - J lip fn a 


Q 


< imiat fi —fridu = os du — fie 


n+ +00 
1e7 
[rau < timint [hn dy 


Q 1e7 


sO 


Similarly, using gn, we have 


limsup hn du < [rdw 


n—-+00 


Therefore, finally we have 
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Solution of Problem 3.143 
Note that 


0< |fx—fl < lfel +l 


and apply Problem 3.142, to conclude that 


fn — fll, = [lin fldu 2%; 
Q 


Solution of Problem 3.144 
Let 


C = {weQ: |f@)| >Allfll} 
and set h = x,|f|. Then 


(frau)? < way frau < wey f \AP ay. 
Q 


Q Q 


Since (1 — A)|| fla < ||A]|1, we have 


(1— ASIF < w(CPNFIL, 


Solution of Problem 3.145 
By Proposition 3.110, it suffices to show that for any A € B(X), we 
can find a sequence {Un},51 © Cpy(X) such that 


Un —> x, in L?(X). 


First we assume that A is closed. We set 


Gx 1—ndist(x,A) if dist(z,A)< 
oo 0 if dist(x, A) > 


SIRS le 
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Evidently un € Cy(X), 0 < un < 1 for all n > 1 and 
Un(%) —> x,(2) Vane X. 


The Lebesgue dominated convergence theorem (see Theorem 3.94) im- 
plies that 
Un —> x, in [(X). 


Next, let C be the L?-closure of C;,(X) and let us set 
D = {AEB(X): x, € Ch. 


Then, we can easily check that D is a Dynkin class with generating 7- 
class the closed sets. Hence by the Dynkin theorem (see Theorem 3.9), 
we conclude that D = B(X). 


Solution of Problem 3.146 
Note that 


So, we have 


[w= unl a = 2 [ (w= un) dy 
Q 


Q 
Since by hypothesis 


liminfun(w) > u(w) p-almost everywhere on 2, 
n—- +00 


we infer that 
(u—Un)*(w) —+ 0 pralmost everywhere in 2. 


Moreover 


(u—Un)*(w) < ut(w) p-almost everywhere in ©. 


So, by the Lebesgue dominated convergence theorem (see 
Theorem 3.94), we obtain 


[eum uny* — 0, 
Q 
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sO 


Solution of Problem 3.147 
First, suppose that 


Gn(w) —> g(w) p-almost everywhere on 22. 


From the Fatou lemma (see Theorem 3.95), we have 


timint [ (f+ gn) dt > J (imint tn +9) du, 


n—- +00 
Q Q 


a fot font > Pimint tran [gd 
nN—->+00 
Q 


n—- +00 
Q 


and thus 
beiat | f du > [imint fn du 
Q 


(since g, —> g in se. 
Now the general case. Let {fn,},5, be a subsequence of the se- 
quence {fn},5, Such that 
k—+00 


tim f fy de = liming ff dy 
Q 


Then, let {fnx, } 
that 


jp1 be a subsequence of the sequence {fra tes Such 


Fine, (w) —> lim inf fn(w) p-almost everywhere on 2. 


_ or seen 
tmnt f fad = tim. f fg a> fin faye = fim rc 
Q Q Q 
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Solution of Problem 3.148 
By the Fatou lemma (see Theorem 3.95), we have 


ae Pin Aes 
[tae < Primint frau < timint ff dy, 
Q Q Q 


Xe) 
on = f fou a= f fap. 
fo) Q 
Let 
gai and m= Vn2>1. 
We have 
[ood = fod = 1 Vne2il. 
Q Q 


So, we can use Problem 3.146 and infer that g, —> g in L1(Q). Since 
Un —> 0, we conclude that f, —> f in L'(Q). 


Solution of Problem 3.149 
(a) “=>”: Let h: RY x Ry —> R be the function defined by 
h(a,n) = f(x) —n. 


The Borel measurability of f implies that h is Borel measurable. Hence 
the set 
S(f) = {(a,n) € RY xR: h(x,n) > 0} 


is Borel. 
“<—": For every 2 € RY, we have 
S(f)x = {nER,: (x,n) € S(f)} € B(R,) 
(see Proposition 3.47) and 
MS(f)x) = f(a) 


with A being the Lebesgue measure on R. Therefore f is Borel mea- 
surable. 
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(b) Using the Fubini—Tonelli theorem (see Theorem 3.115), we have 


[fore = r| / n’ +dndx = i : dx dn 
RN RN 0 0 {f>n} 


rf (E7 > n}) dn. 


0 
(c) Reasoning as in part (a), we can show that 
U(f) = {(@@,n) ERY xR: 0<n< f(z)} 


is Borel. 
Moreover, using part (b) with r = 1, we obtain 


[f@ae = [aX (siPe) de = (5) = YUL), 
RN RN 


where by \%+! we denote the Lebesgue measure on RN+! = RN x R. 
Therefore 


Grf = S(f)\U(f) is Lebesgue-null. 


Solution of Problem 3.150 
Note that 


S(f) = {@,n)EQxR: 0<n< fw)} 


is 4 ® A-measurable. Also, we have 


A(S(f)w) = fw) 


(see also the solution of Problem 3.149). Therefore, by Theorem 3.114, 
we have 


fdu = (u@d)({w,n): 0<n < f)). 
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Solution of Problem 3.151 
We may assume that f € L?(C) (otherwise the inequality is clearly 
true). Let 


ig, = Tn Ti, i} Vn2>1. 
Then 
{in >a} oS 4h>n} Yuol 
and 
{hn>n} =0 Vanen. 
Using Problem 3.149(b) (with R% replaced by C) and our hypothesis, 
we have 


n n 


[rae = pf NY {in > m}) a < pf 7 f dx dn 
C ) 0 {h>n} 
min{h(a),n} 


< vft i 2 dndx = ef fh de. 
C 0 C 


If 1 < p' < +o, rks a = 1, then by the Holder inequality (see 
Theorem 3.103), we have 


sO 


Passing to the limit as n — +00 and using the Lebesgue monotone 
convergence theorem (see Theorem 3.92), we obtain 
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Solution of Problem 3.152 
“(a) = > (b)”: Clear. 


“(b) => (c)”: Use f = x,. 


“(c) => (a)”: Fix 7 > 0. Then, if f(x) > 7, we have 
Fue) > aH Vn2> 1 large. 


Hence 
{f>n} ¢ limint {fr >a} = Uf) tha >n}- 
k>1n>k 


Let us set 


Ck = () {fn >n} Ee k. 


nok 
Evidently {Ck},5, C & is an increasing sequence of sets and for every 


k > 1, we have 
Ge ote Waek 


Therefore, since (c) holds, we have 


u({f>n}) < ,jim (Ce) < lim liminf p,(C) 


k—++o0 N—-+00 


< lim inf pin ({ fn > n}). 


n—- +00 


Performing a change of variable and using Problem 3.149(b) (with 
Q = RY), we have 


Ry Ry 


(see Theorem 3.118). Then using the Fatou lemma (see Theorem 3.95) 
and once again Problem 3.149(b) (with Q = RY), we obtain 


[tau < Priming un({fe>n}) an < timint [un ({ fn > n}) a 
Q 


+ 
Q Q 


— tim int [fn din 
nN—>+00 
Q 
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Solution of Problem 3.153 
(a) Let 
éy(,s) = 1|f(w@+s)-f(@)|  V (a,8) Rx [Oy]. 


Clearly €, is measurable. Then by the Fubini-Tonelli theorem (see 
Theorem 3.115), we have that h, is Lebesgue measurable. Also note 
that by the translation invariance of the Lebesgue measure (see Theo- 
rem 3.31), we have 


J ety-1 2)|dx < [\ses|tet fe Nar = 2 f [re )| de, 


[roar =f bles) der (e,5) < 2h. 


R Rx (0,y] 


(b) First we show that the function R 5 s+ > f, € L*(R), where 
fs(z) = f(x +s) is continuous. Note that for every Lebesgue set 
A CR with finite Lebesgue measure and s,t € R, we have 


Xal@+s) = x4_,(2) 
and 
es (e+) —y, (e+ t)| = X(a—s)a(A-t) (x). 
Then 
Ix (x +8) = X4 (a + t)| = Xa-s (x) + Xigl*) ae oe (t)x4_,(2), 


so, using the translation invariance of A, we have 


[hulers — x,(x +2)| dz = 2(A) — 2A((A — 8) N(A—2)). 


Similarly, as in Problem 3.44, we establish the continuity of the func- 
tion y +> (AN (A+y)). So, if y= s—t, then 


[heat 9)- xe +d ]ae — 0 ass—t—0, 
R 


and so the function R 5 y+> ay € L+(R) is continuous. 
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This result is then true for all simple functions in L1(R) and by their 
density in L'(IR) (see Proposition 3.110), we infer that the function 
R>st-+ f, € L'(R), where f(x) = f(x+s) is continuous. Therefore 


[lfle+9)-F@|a0 — 0 ass0t.” 
R 


Hence, for a given € > 0, we can find 6 > 0 such that 


[lt@+9-f@lae <e VsE (0,4), 
R 


Solution of Problem 3.154 
(a) Let 


A= {@y)eQxY: e>y} and C = {@y)eOxY: o<y}. 
Note that 
A= L fla, 8] x fe, dj : a,b,c,d€QN [0,1], a> d}. 


this union is countable and each rectangle belongs in © ® Y (see Defi- 
nition 3.44). Hence A € © @ Y. Similarly, we show that 


Ce x@y 
(in this case a < d). Since 
AS (Oey (AWE 


we infer that AC U@Y. 
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(b) We have 


[ [senew - 


1 
X¢y) (2) dA(x)) dv(y) = foay) =0 
0 


(c) If x, was A x v-integrable, then by the Fubini-Tonelli theorem 
(see Theorem 3.115), the two iterated integrals in (b) would have been 
equal, a contradiction. 


Solution of Problem 3.155 
The inequality is valid. To show this, we may assume without any loss 
of generality that f In f € L'(Q) (otherwise the inequality is obvious). 
Recall that 

Inz < xlnz Va>0. 


So, we have 
O0<hf < flnf 
and also («) 
€ if f(r) <e, 
< 
f(z) < { fine) He FG). 
So, we infer that f,In f € L1(Q), f > 0, nf > 0 (since f has values 
in [1,+00)). We have 
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(f tan)( fimpau)— f fn f) ay 


/ (F(x)(n f(y) + f(y) Qn f(x) du(a) duly) 


Nie 


Solution of Problem 3.156 
Note that € and 7 are monotone functions. So, their Borel measura- 
bility follows from Problem 3.73. The function 


(x, x) — X(0,-+00) (f(a) _ ny) 
is © @ B(R)-measurable (see Definition 3.44) and 


[i (J Korn |fl() — A) dys = ft J xonn@a yt) dr 
0 


Q 


= [i ({If|> ah) a Tas an. 
0 0 


On the other hand 
| f(x) 


[front (I/le2) - am ff ae ardu =f Ifl(e)du = If. 
0 0 rat 


So, finally the Fubini-Tonelli theorem (see Theorem 3.115) implies 
that 


co 


Iviln =f (0) +00) a. 
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Solution of Problem 3.157 
By hypothesis and the Fubini-Tonelli theorem (see Theorem 3.115), 
we have 


1 

/ f(a)h(y) dedy = / f(a)h(y) dd2(x,y) 

0 [0,1] x [0,1] 

f(a)h(y) dX? (a, y) + 7 f(a)h(y) aX? (ce, y) 
{(x,y):0<a=y<1} 


+ f (x)h(y) dd? (x, y) 


| 
i) 
= 
ae 
= 
= 
Q 
~ 
i) 
8 
= 


Solution of Problem 3.158 


We have 
i. 1 
2 2 — 
| [ ere = [wel 
0 0 0 
1 
if 1 Tw 
= [dee = arctanz|, = 7. 
0 
Similarly 


1 2 1 
72 2 =, r=1 
| | dx dy = [elie SS] 
0 0 0 


Next we show that f ¢ L'({0,1] x [0,1]). To this end, we have 
/ |f(a,y)|dedy > / |f (a, y)| da dy 


[0,1] x [0,1] {(x,y):@,y20,a?+y? <1} 


1 1 5 1 
_ | cos 20| cos 20 —_ i dr __ 
=> // or dr dv > ae dr dv = 9 poo +00, 
0 0 0 0 
SX OF yl FY Sas x 
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Solution of Problem 3.159 
By hypothesis, for every n > 1 we can find an open set U, C R™ such 
that AV (U,) < + and F hares, is continuous. Let 

fn = Xan \Un fe 


Then f, is measurable and for any ¢ > 0, we have 


AN (far € RN: | n(x) — £(@)| > €}) < AN(Un) < 2 


n? 


so 
\N 
ee | 
(see Definition 3.126) and thus f is measurable (see Proposi- 
tion 3.70). 


Solution of Problem 3.160 

By Proposition 3.131, the only possible limit (for the convergence in pu- 
measure; see Definition 3.126) is fg. Then arguing indirectly, suppose 
that 


fn9n f° fg in p-measure 


(see Definition 3.126). Then we can find ¢,€ > 0 and a subsequence 
dein bisa G {fn9ntn>1 such that 


p({xeQ: | fag(2)Gn,(e) — f(z)g(@)| 2 e}) > € VkEL 


But by Proposition 3.131, we can find a further subsequence 
{fn 9mx, bisa S Ln Gna fys1 Such that 


Sing, (©) 9ny,(@) —> f(x)g(x) pralmost everywhere on Q. 
Then Proposition 3.130 implies that 
nx, Inx; =a fg asi—+oo 
(see Definition 3.126), a contradiction. This proves that 


fn9n chy fg asn— +00. 
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The result fails if 4 is not finite. Indeed, let Q = Ry, © = B(Q) and 
pi. = X. Consider the sequence 


Solution of Problem 3.161 
First suppose that 6 € (0,1]. Then we have 


0 


|fn(x)® — f(z)*| < \(fr—-f(@)l’ Vee. 


Then for every ¢ > 0, we have 
u({fA-F} ee) < w({lf-Ffl? Se}) 4 0 asn +00, 
so 


Fa = f? asn—- +00 


(see Definition 3.126), where @ € (0, 1]. 
Next assume that @ > 1. From the mean value theorem, we have 


fe-f91 < Ofm—flinv fy" 
where f, V f = max{f,, f}. Let ¢ > 0 and M > 0. We have 
u({lfn — F712 eh) < w{lfa- fl > ange eae M}). 
If fr V f > M, then f > “ or |f, — f| > & or otherwise 
fn = f+(in-f) < a = M. 
So, we have 


u({|f2 — f?| > e}) 


wl in f| 2 suet }) w({| fr - 
Vn21 


NIE 


}) tet f > Fh) 
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so 
limsup u({IF8 — #°1>}) < w({F > 4) 


(since fn +, f asn— +00). Recall that M > 0 was arbitrary and 


yim HUE 2 Fh) = 0. 


Therefore 
lim w({lf2— f>e}) = 0, 


n— +00 


ie, 2 mast f? as n — +00. 


Solution of Problem 3.162 

“+”: We assume that the sequence { fabnsi is Cauchy in -measure 
(see Definition 3.126(a)). By Proposition 3.131, it suffices to show that 
we can find a subsequence of {fn}, 5, Which converges in p-measure. 
So, we choose a subsequence {hn },51 Of {fa}ns, such that 


u({|hn —hm| > az}) < oe Vm>n 


(this can be done since the sequence { fabnst is by hypothesis Cauchy 
in ji-measure). 


Let 
An = {lhn-tmuil2 a}, Cn = LAr Vn21 
k>n 

and 

C = limsupA, = () LJ Ar 
1-00 nelk>n 
Note that 
Cy) S > (Ax) < — — 0 asn>+o, 

k>n 

so u(C) = 0. 


If  € C° = Q\ C, then we can find an integer k, > 1 such that 
x € Cy for all n > k,. Therefore for n > kz, we have 


x 


|Pn+m (x) _ hn (a)| < > |Pnti(a) -_ hn(a)| 
i=1 
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so for all x € C° = 2.\ C, the sequence cay ee C R is Cauchy for 
all x € C°, with u(C) = 0. 
So, we can find a -measurable function f: Q— R such that 


hn(z) — f(z) Varec. 


Ifn >k and « ¢ Ch, then 


| Peace (2) — hn+1(2)| < De |Pn+i(x) ~~ hn+1(2)| < oan 


sO 


and thus 
{|f — An4il > x} Cc Vk>n. 


Finally note that for n > k, we have 


{|f - hn | > Z Ok— seo} {|Rnti — In | > xe} U{|f— hnyi| 2 xe} 
Ch, 


A, UG, = 


IN IA 


so 
in es fo asn—>-+0o 


(see Definition 3.126). 


“<=”: Assume that fin as f. Then for every ¢ > 0 and all m,n > 1, 
we have 


{|4m— fil = 2e} C {lfm-flzeh}U {lf —-fl ze}, 


so the sequence {fn}, 51 is Cauchy in y-measure. 


Solution of Problem 3.163 

From Problem 3.98, we know that f, —> f in L'(Q). Then from 
the Vitali Sr (see Theorem 3.128), we have that the sequence 
{fal } C L'(Q) is uniformly integrable. Let A € ©. Note that 


nel = 


Valia= 7 | < lfnl + IF Vne>1 
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and 
Xadn —* xX,f  p-almost everywhere on 22. 


Therefore invoking once again the Vitali theorem (see Theorem 3.128), 


[ foe =* [ie 


we conclude that 


Solution of Problem 3.164 
For every 6 > 0 and every n > 6, we have 


A(8,n) = {xeO: |fala)| > 8} = {eo}. 


/ dn dbz, — n | dx = n, 
A(8,n) 


{xo} 


Hence 


sO 
nel 


sup if Fogg. = 20S; 
(B,n) 


which means that the sequence { fn},51 is not 6z,-uniformly integrable 
(see Definition 3.124). 


Solution of Problem 3.165 
“——”: From the Markov inequality (see Proposition 3.90(f)), we have 
that 

fn FP > 0. 


Invoking Problem 3.161, we infer that f, > f and then f? > f?. 
Note that 

fa < P| fra — fh + Pf? 
and from the Vitali theorem (see Theorem 3.128), we have that the 
sequence {|f, — f|? ta is uniformly integrable. Therefore a new ap- 
plication of the Vitali theorem (see Theorem 3.128) implies that 


[fz — FPlla — 0. 


3.3. Solutions 611 
“<—": Since ff —> f? in L1(R), it follows that 


Ilfnllp — [If llp 


and 

fh f, 
hence 

ae 


(see Problem 3.161). Invoking the Vitali theorem (see Theorem 3.128), 
we conclude that 


Solution of Problem 3.166 

(a) Suppose that f,, —> f in L?(Q). Then from the Markov inequality 
(see Theorem 3.107), Proposition 3.136 and by passing to a suitable 
subsequence if necessary, we may assume that 


fn(z) —> f(x) p-almost everywhere on 2. 
Hence 
Linton) —> |f(a)|" pi-almost everywhere on ). 


Note that 


P 
r 


Ifa)" —|F@)I |" < 27-7" fa(@)P + IF @)P). 


But from the Vitali theorem (see Theorem 3.128), we know that the 


sequence {| fn|? eA C L'(Q) is uniformly integrable. So, a new appli- 


cation of the Vitali theorem implies that 
filter = ler 
Q 


K(fn) —> K(f) in Lr(Q) asn— +00 


Pp 
rd —> 0 asn>+o, 


SO 


and thus K is continuous. 
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(b) As above, we have (at least for a subsequence), that 
lfnlP ” —> |f|P-" and |h,|” —> |A|" p-almost everywhere on 2, 
so 
lfnlP "|An|" —> |f\/P-"|A|"  p-almost everywhere on 2. 
Since L?(Q) is a Banach lattice (see Remark 3.97), we have that 
dn = max{|fal; hal} + g = max{|f|,[Al} in Z°(0), 


so the sequence {ohh ot C L'(Q) is uniformly integrable (see the Vitali 
theorem; Theorem 3.128). 
Note that 
lfn|P"|an|” < gh Vangel. 
So, an application of the Vitali theorem (see Theorem 3.128) implies 
that 


/ Fal?" |Pinl” die — / FPO |AI dy. 
Q Q 


Remark. Using the notion of the dual of a Banach space and the Riesz 
representation theorem (see Chap.5), we have that Li (Q) is the 
dual of Lr(Q) and using this fact, the proof of (b) above is simplified 
considerably. 


Solution of Problem 3.167 
We show that f, —> f p-almost everywhere and then appeal to Propo- 
sition 3.130. For every k > 1, we can find A, € © with (Ag) < ; 
such that f, = f on Ag. Let 


C=(JA& €. 


k>1 
Then for w € C, we have fn(w) —> f(w). Also, 
Co = () 4 
k>1 


and so 
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Hence p(C°) = 0. Therefore f,, —> f y-almost everywhere and so by 
Proposition 3.130, we have that fy, sy f (see Definition 3.126). 


Solution of Problem 3.168 
Since V is closed, (V, || - ||1) is a Banach space. For every n > 1, we 
introduce the set 


Va = {weVAL Y=): |lulliza <n}. 


We claim that V, C V is closed. So, let {ug },51 C Vn be a sequence 
such that uz —> u in L1(Q). Then by passing to a suitable subse- 
quence if necessary, we may assume that u,(w) —> u(w) p-almost 
everywhere in ( (see Propositions 3.132 and 3.131). By the Fatou 
lemma (see Theorem 3.95), we have 


ela < lim inf |[wall 142 <n, 


so u € V,, which proves the closedness of V,, in V. 
Next, we show that 
VS. 


n>1 
To see this, let u € V. By hypothesis, there exists g > 1 such that 
u € L1(Q). Then Theorem 3.106 implies that for n > 1 large so that 


1+4 <q, we have ue L+5(Q) and 


leg < Melle ell, 
1 ar tts 
140g 
we will have ||ul],, 1 <n, hence v € Vp. 
n 


where +ty. So, by choosing n > 1 even bigger if necessary, 


Since V is a Banach space, from the Baire category theorem (see 
Theorem 1.26), we can find no > 1 such that int V,,, 4 0, therefore 


VEL (0). 


Solution of Problem 3.169 
For every A € %, we define 


n|(A 
m(A) = Do serial: 
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Clearly m is a measure on © and pp, < m for all n > 1 (see Def- 
inition 3.150). If {Cy},5; C & are mutually disjoint, then by the 
Vitali-Hahn-Saks theorem (see Theorem 3.151), we have 


lim sup | Ln ( U Cy) | = 0. 


m—-+oo n>1 


k>m 
Then 
mC) = timo Ce) = tte tie om Ue) +0 Ce) 
k>1 k>1 k=1 k>m+1 


jg Ca lim lim un( U Cx) 


m—>+oo n—+00 k>m+1 
k>1 


hence js is o-additive and so p is a signed measure. 


Solution of Problem 3.170 
“=>”: Suppose that the implication is not true. Then we can find 
€ > 0 such that for every integer k > 1, there is Ay, € » satisfying 


We have 


and 


Therefore, if 
A = limsupA, = () LU Ae, 


MEFS nelk>n 


then 
(A) = 0 and v(A) 2 e, 


which contradicts the hypothesis that v < jz (see Definition 3.150). 


3.3. Solutions 615 


“<—”": Let A € © be such that (A) = 0. Then p(A) < 6 for every 
6 > 0 and so v(A) < « for every ¢ > 0, hence v(A) = 0 and this proves 
that v < wp. 


Solution of Problem 3.171 

From Problem 3.170, we know that if v is finite, then “(b) <= (a)”. 
In fact from the solution of Problem 3.170, we see that in proving “(b) 
=> (a)” we did not use the finiteness of v. So, the implication is true 
in general. 

To show that the converse implication does not hold, we will pro- 
duce a counterexample. So, let 2 = R and © = L(R) (the Lebesgue 
o-algebra on R; see Theorem 3.31). Consider 4 = A (the Lebesgue 
measure) and let 


v(A) = SondA(An[n,n+1]) VAEL(R). 
nel 


Clearly v < X (see Definition 3.150) and so (a) is satisfied. Moreover, 
y is o-finite but not finite and for every k > 1, we have 


A([2°,2° + 5e]) = a 


and 
(PAI + dl) = ate = 1 


which implies that (b) is not satisfied. 


Solution of Problem 3.172 
Let 


Then m is a finite measure on (Q, ©) and m < p (see Definition 3.150). 
So, 
fr(z) — f(x) m-almost everywhere on 2. 


Invoking the Egorov theorem (see Theorem 3.76), for the finite measure 
space (Q,2,m), for a given €¢ > 0, we can find a set A € ©, with 
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m(A°) < € such that f, = f on A. By Problem 3.170, we can find 
6 = 0(€) > 0 such that p(A°) < 6. 


Solution of Problem 3.173 

Let 2 = [0,1], © = B([0,1]) (see Definition 3.6) and yy = X (the 
Lebesgue measure on [0,1]). Also, let v be the counting measure on 
[0,1]. Evidently » = A < v. Assume that there is a Borel function 
f: [0,1] —> R such that 


v(A) = fra VA € B((0, 1). 
A 


Since 
Atte) = 0 end v(fe}) = 4 Va e (0,1), 
we infer that 
fay = 0 Va € (0,1). 
This implies that 
v(A) = 0 VAEB((O,1]), 


a contradiction. So, the Radon—Nikodym theorem without the as- 
sumption on the o-finiteness of the measure does not hold. 


Solution of Problem 3.174 
We have v < yw. The set { f> M,.} is p-null, hence v-null too. 
Therefore M, < M,,. Suppose that the inequality is strict. Let 


A= {p> MepMay, 


Then A is v-null and so 


[tau = »(A) = 0. 
A 


Since f > 0, f 4 0, it follows that u(A) = 0 and so Mut My aM. 
hence M, > M,,, a contradiction. 
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Solution of Problem 3.175 
(a) By Problem 3.170, for a given ¢ > 0, we can find 6 > 0 such that 


if \(A) < 6, then [grec < 2 
A 


(A being the Lebesgue measure on R). 
Let h € (0, 6] and assume that 1 < p < +00. Then using the Hdlder 
inequality (see Theorem 3.103), we have 


ath ath 
|F(a +h) — F(x)| = | f fas < nef |f[Pas)? Sai 


If p = 1, then p’ = oo and we have 


(b) Since 


from (a) above, it follows that f is uniformly continuous. Hence Prob- 
lem 3.93(b) implies that f(x) —> 0 as |x| > +00. 


Solution of Problem 3.176 
Because m and v are probability measures, we have 


[tae = frau =. 
@] 


Q 


Then for any A € %, we have 


0 = fif-man = fir- mat [F-Adu, 
A 


Q AC 


sO 


[r-man = - fir- ray, 


A Ac 
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thus 
2} f(f— maul = | fr maul+| f= maul < fp Md 
A A Ac ro) 
so finally 
zim — ve < f \f=Aldu = [lf —hlh. 
Q 
On the other hand 


[lf-hldu < fo G-mau- / (f—h)du < 2Ilm—vll. 
Q {f—h>0} { f-h<0} 


(see Theorem 3.152). Therefore finally we have 


zim — ve = f Uf ld 
Q 


Solution of Problem 3.177 
Let 
v= Dike 
n>1 


Evidently v is a probability measure on (Q, ©) andv < pp for alln > 1 
(see Definition 3.150). So, applying the Radon—Nikodym theorem (see 
Theorem 3.152), we can find a sequence { fn},,5, € L1(Q) such that 


inlA) = [tow VAEXM, nel. 
A 


Solution of Problem 3.178 
No. Suppose that 2 = [0,1], © = B(Q), wis the counting measure and 
v = dis the Lebesgue measure. Then v < yu (since the only j-null set 
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is the empty set). However there is no function f: [0,1] —> [0,+co], 
satisfying 


vV(A) = | fdu VA BO). 
! 


Indeed, f is y-integrable and so it can be nonzero only on a set which 
is at most countable. 


Solution of Problem 3.179 
Since by hypothesis € | v, we can find a v-null set A € © on which € 
is concentrated (i.e., €(Q \ A) = 0). Then, for all C € X, we have 


&(C) = (CNA) < WICNA)+U(CNA) = W(CNA) < HC), 


so € <p. 


Solution of Problem 3.180 
We have \W (B,(2)) = érN, where € = \V (Bi (0)). Also, if r > ro 
and x, — Zo, then 


N 
Xx,(0) —? Xaipq(2) R” \ OB,, (x0). 


Since \ (OB (xo)) = 0, we have x,, ej es almost everywhere 
rile roe 
on RN and 
1 1 
ow < Xe leo) Vr<atg ay |e — 20 <5: 


So, by the Lebesgue dominated convergence theorem (see Theo- 
rem 3.94), we have that the function 


ura) = / |f(y)|dy is continuous 
B,(a) 


and so the function (r, u) +> eyrulr, x) is continuous. Note that 


(f*)~*(a, +00) — LU ur, -)~*(a, +00), 


r>0 
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which is open for all a € R and this proves the measurability of the 
Hardy—Littlewood maximal function f*. 


Solution of Problem 3.181 
Let f € Li, (R) (see Definition 3.157). Suppose that 


| iflae < sO. 
0 


Then f is integrable (see Proposition 3.88). Also, if f, = Meals 
then |fn| < |f| and fn — Xp f almost everywhere on R. So, by 
the Lebesgue dominated convergence theorem (see Theorem 3.94), we 


have 7 7 
[foc = [tu — [tae 
R 0 0 


a contradiction to the assumption that the sequence { fr f dx} 
does not have a limit in R. So, we have 


| \flae = +00. 
0 


The converse is not true, namely it can happen that 


nel 


| \flae = +oo and lim [te exists. 
n—>-+00 
0 0 


Solution of Problem 3.182 


We argue by contradiction. So, suppose we can find ¢ > 0 such that 
for every n > 1, there exists C,, € 4, with u(C,) < m such that 


[isin — 
Cn 
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Let 
En = U Cr Vn > 1. 
k>n 


Then 


and so by hypothesis f[ | f| dj < +00. 


En 
Also 
e< fifiay VS 1; 
En 


The sequence {En}ns1 C %¥ is decreasing and so, by the Lebesgue 
monotone convergence theorem (see Theorem 3.92), we have 


j= / ae te [isla Se 
n—>+o00 
0 En En 


n>1 


(since 4( () En) = 0), a contradiction. 


Solution of Problem 3.183 
Let ¢ > 0 and let us set 


ge) = sur{ f Ifldu: A€d, wld) <a, fe K}. 
A 


Let { fatnsi C K be a sequence and suppose that f, — f p-almost 
everywhere on 2. By the Fatou lemma (see Theorem 3.95), for all 
A€ with u(A) < e, we have 


gle) > timing [fuldu > [flaw 
A A 


sO 
&(e) > sup { f hl dy: Aeéd, p(A) <e and he k*} 
‘A 


and thus A™* is uniformly integrable (see Theorem 3.184). 
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Solution of Problem 3.184 


(a) We have 

ron ead Yow 
and 

{ren} = Vien 
Hence, if 

Se =o a), 
nel 

then 


a {A € Yoo : A € Dp for every n > k} = () =n = MK 


(b) Let n € No. We have 

{min{r,o} <n} = {r<n}Ufo<n} € XL, 
(since T,o are stopping times). Similarly, we have 

{max{r,o} <n} = {r<n}n{o<n} € Up. 
Finally, note that 

n 
{roan} = U {r<m}n{o<n—m} € XY. 
m=0 


From the above we conclude that min{r,7}, max{r,o} and 7 +0 are 
stopping times for {©n},51 (see Definition 3.169). 


(c) Let AG }, and n > 0. We have AN{r < n} € Un. Also because 
T <0, we have {0 <n} C {7 < n}. Therefore 
An{a<n} = An{r<n}n{o<n} € &, 


since {0 < n} € X,. Hence A € U, and we have proved that ©, C Uo. 


(d) From (b) and (c), we have 


} C Xu, and inte) C Xe, 


Ymin{r,6 


sO 


> ese eo 


min{T,o 
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Let AE HNN, C Naq. Recall that 
{min{r,o} <n} = {r<n}Uf{o<n}. 
Hence 


An {min {t,o} <n} 


AN {{r<n}Uf{o<n}} 
(An{r<n})U(AN{o<n}) € 
(since A € U,M Uz), hence A € Uminfro}- So, we conclude that 
Ymin{r,o} =U, Xe. 


(e) Let n € No. We have 


{r<o}n{r<n} = LU {r=mj}n{o>m}. 


m=0 
But for every m € {0,1,...,n}, we have 
{r=m} = {r<embnir<m-1} € BE, C XE, 
and 
{a>m} ={o<cm}’ € By, © En: 
Therefore, it follows that 
{r<o}n{r<n} € YX, 


hence {tT < o} € X,. Similarly, since 


n 


{fF <6} N4o <n} = U {o=m}N{r<m} 


m=0 
and for m € {0,1,...,n}, we have 
{a=m} = {a<m}N{o<gm—-1}© € Um C Up 

and 

{r<m} = {r<m-—1} € Em-1 C Xp, 
we infer that 

{r<o}ni{e<n} € En, 

hence {7 < o} € X, and so {7 <a} © U,MN,. Finally note that 

{r=c} = {r<e}nie<r} € Enz, 


(from what was proved earlier). 
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Solution of Problem 3.185 
Since 7 is a stopping time (see Definition 3.169), we have 


{r>nt+1} = {r<n}° © Up. 
Therefore 


EB» (a _ 7) = a (fn+i = Fi) Nesom) 
= Xtrzn41} Bf _ Fn) = 0. 


Similarly for submartingale (with > at the end) and supermartingale 
(with < at the end). 


Solution of Problem 3.186 
From Problem 3.185, we know that { Finlay a ee is a submartin- 
gale. Hence, we have 


Efo = E fmin{r,0} < Ef mint 7k} = Ef,. 


For every m € {0,1,...,k}, we have 


Oya) = OO) > Blokes) = ee) 


so, summing in m, we get 


Solution of Problem 3.187 


(a) Since {fn,Un}nso is a supermartingale, we have 
Bree aa < Fn Vn20 
(see Definition 3.167), so 


iy = fe E fie SO Vn St 
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Note that 


[ina 
Q 


[tedue f BP fo du 
Q Q 


J tran f tardy = e-c = 0 Vn20. 
Q Q 


Therefore 
hyn = 0 p-almost everywhere on 2 


and so 
E™fiir = fn Vn20, 


hence { fn; Un}nso is a martingale. 
(b) “= >”: This follows from the stopping time theorem (see Theorem 
3.173). 


“<—”": Let A € U, and define 7: 22 —> No by 


ae n if weEA, 
TM) ) nt if weA 


anda =n-+1. We claim that 7 is a stopping time for {Z;p},59- To 
see this let m € No. Then 


0 if m<n-l, 
{rem} = At m= 
Q if men+l, 


so {7 <m} € }m and thus 7 is a stopping time for {Xi}, as claimed. 
Then 
Sr = fata faites 


and by hypothesis, we have 


[fen du = [ 0 
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Hence 
ftndus f forrdy = f fede = f foan = f fusrdn 
A Ac Q Q Q 
= [fondu f fondu, 
A Ac 
so 
[tea — | tosvdu VAEX,, 
A A 
thus 


fn = fia a 


(see Definition 3.161) and so finally we get that { fn, Un},s9 is a mar- 
tingale. 


Solution of Problem 3.188 


Note that 
|hn| < lfnl + lanl YVnol 
and so 
ae Sg (S09) Ma ee 
We have 
Qnt. = Gr > fr = fn41 p-almost everywhere on {r =n+1}. 
Hence 
An+1 — Int+1X ~rp1<r} T Fnt+1X te<en41} 
< Int+1X ~rpi<r} TT Int+1X tn4i=7} + IeHXees 
= In+1X ner} oF Inti X preny* 
Note that 


{n<7} = {ren} € dE, and {r<n} € Ey. 
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mn Dn 
SX ner 9nd + Xpreny fat 
SIX ners + fnXreny = hn pralmost everywhere on 2, 


80 {hn, Un},s9 18 a supermartingale. 
The same argument applies in the case of martingales, with < 
replaced by =. 


Solution of Problem 3.189 
First let us show that {hn, Xntnso is a martingale. We have 


yey ae) = hat aa EB” (fnta — fn) = Rigs 
so {hy, Untnso is a martingale. Next, we have 


n 


i, = Sula hays? S| A= ba Fa): 


k=1 l<i<j<n 
But 
/ (ip ite eae = / B=)"(f; — fy-1) (fi — fin) dq 
Q Q 
- [GH BBP ada = 0 
Q 
Therefore 


[ide = DRE? < AP < $00, 
Q k=1 


k>1 


rem 3.187, we conclude that 


so the sequence {hn},5, GC L?(Q) is bounded. Invoking Theo- 


hn —>* h p-almost everywhere on Q and in L?(Q), 


for some h € L?(Q). 
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Solution of Problem 3.190 
(a) Let AE h, C U,41. We have 


mA) = f fodu = f frsrdy 
A A 


sO 
BP fii = in 


and thus { fn, Un}yso is a martingale. 


(b) Since {fn,;¥n}pso is a positive martingale, by Corollary 3.179, 
there exists f € L'(Q,¥.) such that f, —> f p-almost everywhere 
on Q. 


(c) “=”: Since m K po = Hy (see Definition 3.150), by 


the Radon—Nikodym theorem (see Theorem 3.152), there exists f € 
E1(Q, Xoo), f = 0 such that 


m(A) = | fdu V AE Xoo. 
| 


If A € Xp, then 


sO 
EX"f = f, Vn>1 


and thus { fn, Unbnso is a regular martingale (see Definition 3.185). 
Invoking Theorem 3.184, we have 


fn —> f in L'(Q) and pralmost everywhere on Q 


(see part (a)). We need to show that f = i. For every A € Up, 
n > 1, we have 


[tau = fetau = f tein > f tap. 
A A A A 
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Since m(A) = J, fn dy, it follows that 
m(A) = f fay YVAEUn, nZO0 
A 


and so 


n>0 


mA) = f fay VAE [LJ En. 
A 
By the monotone class theorem (see Theorem 3.12), it follows that 


m(A) = | fdu VWAEXo. 
| 


Since f is Ugo-measurable, we conclude that f = en. 


Solution of Problem 3.191 
(a) Because tT < +00 and |f,-| < +oo p-almost everywhere on 2, we 
have 


or paced — 0 p-almost everywhere on 2. 


Also 
fahowe < | f-| and fr Se L*(Q) 


(by hypothesis). Therefore, we can apply the Lebesgue dominated 
convergence theorem (see Theorem 3.94) and conclude that 


[lorbieom de = fh Mfelde — 0. 
Q 


{r>n} 


(b) By hypotheses and part (a), we have 


JV sintssny — fel = J loa Febkeesny du 
Q Q 


< | ltabeom aut f lfebxesn du — 0. 
Q Q 
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(c) Since min{t,n} is a bounded stopping time (see Prob- 
lem 3.184(b)), from the stopping time theorem (see Theorem 3.173), 


we have 
/ Smin{r,n} du = / fo du. 
Q Q 


| f fedu— f fod 


Then 


Lf fe du— f fninteny de 
Q Q 


[fe = fosinteay | te — 90, 
Q 


x 


SO 
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Chapter 4 


Measures and Topology 


4.1 Introduction 


4.1.1 Borel and Baire o-Algebras 


In the previous chapter, we considered measures defined on abstract 
o-algebras of sets. However, in most cases the underlying measure 
space has a natural topological structure. When we combine the mea- 
sure theoretic and topological structures, we get a richer theory which 
we outline in this chapter. 


Definition 4.1 
Let (X,7) be a topological space. The Borel o-algebra of X , denoted 
by B(X), ts the o-algebra generated by T (i.e., by the open sets, B(X) = 


o(T)). 


Definition 4.2 
Let (X,T) be a topological space and let 


C(x) = 
The Baire o-algebra of X, denoted by Ba(X), is the smallest 
a-algebra of subsets of X, which makes each function in C.(X) 
measurable. 


Fe X —R: fis T-continuous and has compact support}. 


Remark 4.3 

Therefore Ba(X) is the o-algebra generated by the sets {a EX: 
f(x) > A} with f € C.(X), XE R. Evidently {f > A} can be replaced 
by {f <A} or {f > A} or {f < A}. 
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The Baire o-algebra is most interesting when X is locally compact. 


Theorem 4.4 
If X is a locally compact topological space (see Definition 2.92), 
then Ba(X) is the o-algebra generated by the compact G5-sets. 


The next theorem compares the two o-algebras B(X) and Ba(X). 


Theorem 4.5 

If X is a topological space, then 

(a) Ba(X) C B(X). 

(b) When X is locally compact, C is compact, U is open andC CU, 
then there exist V, K € Ba(X) such that V is o-compact open and kK 
is compact G5 such that CCV CK CU. 

(c) When X is locally compact separable and metrizable, then B(X) = 
Ba(X). 


We consider the Borel and Baire o-algebras for products of topo- 
logical spaces. 


Theorem 4.6 

If X and Y are topological spaces, then 

(a) B(X) @B(Y) CB(X x Y). 

(b) When X and Y are both second countable (see Definition 2.24), 
then B(X x Y) = B(X) @ B(Y). 

(c) When X and Y are both second countable and locally compact, 
then Ba(X x Y) = Ba(X) @ Ba(Y). 


Definition 4.7 

Let X be a topological space and let f: X —>R be a function. 

(a) We say that f is Borel measurable (or a Borel function) if it 
is measurable when X is endowed with the Borel o-algebra B(X) (on 
R as always we consider the Borel o-algebra). 

(b) We say that f is Baire measurable (or a Baire function) if 
it is measurable when X is endowed with the Baire o-algebra Ba(X). 


Remark 4.8 
Evidently the elements of C.(X) are Baire functions and every Baire 
function is Borel. 
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4.1.2 Regular and Radon Measures 


Definition 4.9 

Let X be a topological space, let % be aa-algebra and let uw be a measure 
defined on &. 

(a) We say that is outer regular if for all Ac X, we have 


w(A) = inf {w(U): Ue, U is open and ACU}. 
(b) We say that p is inner regular if for all Ac X, we have 
u(A) = sup{pu(C): CE, C is closed and C C A}. 


(c) We say that p is regular if it is both outer and inner regular. 
(d) We say that p is inner regular with respect to compact sets 
if for all AG X, we have 


(A) = sup{u(K): K €x, K is compact and K C A}. 


(e) We say that pw is Radon (or tight), if w(K) < +00 for all compact 
sets K CX, pis regular and inner regular with respect to compact sets. 


Remark 4.10 

If © contains B(X), then in the above definitions the requirements that 
Uex,C €X and K € & are of course redundant. The notions of 
regularity and Radoness will be applied usually on o-algebras © that 
contain at least Ba(X). Finally, if w is a signed measure, then ju is 
regular (respectively, Radon) if and only if |y| is regular (respectively, 
Radon). 


Theorem 4.11 

If X is a metrizable space, 

then every finite Borel measure (i.e., a measure defined on B(X)) is 
regular. 


In Polish spaces, we can improve this theorem. 


Theorem 4.12 
If X is a Polish space (see Definition 2.150), 
then every finite Borel measure is Radon. 


636 Chapter 4. Measures and Topology 


Definition 4.13 

Let X be a topological space and let w: B(X) —> R* = RU {too} be 
a signed measure. The support of wu, denoted by supp p, is a closed 
set in X such that 

(a) |u|((supp #)°) = 0; and 

(b) if U is an open set such that UM supp uw 4 0, then 


|u|(U supp p) > 0. 


Remark 4.14 

The support of yw need not exist. If it exists, it is unique. According to 
the above definition, the support of is the smallest closed set whose 
complement has |1|-measure zero. 


Theorem 4.15 

If X is a topological space and w: B(X) —> [0,+co] is a measure, 
then if either X is second countable (see Definition 2.24) or is Radon, 
then supp pt exists. 


Definition 4.16 
For any set X anda € X, bz denotes the Dirac measure at x, which 
is the probability measure on 2* having all its mass at x, that is 


def J 1 af ®EA, 
aA) = . if cA. 


Proposition 4.17 
If X is a topological space, then d, is a Radon measure. 


Concerning image measures, we have the following result. 


Theorem 4.18 

If X and Y are topological spaces, X is compact, f: X —> Y is a 
continuous function, p is a finite tight Borel measure on X and pf ~! 
is its image measure by f on Y (i.e., (uf—')(A) = u(f-1(A)) for all 
Ae BIY)), 


then uf + is a finite Radon measure on B(Y). 
4.1.3 Riesz Representation Theorem for Continuous 
Functions 


Definition 4.19 
Let X be a locally compact topological space (see Definition 2.92). 
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We introduce the following vector spaces of continuous functions 
f:X —R: 


e C.(X) is the space of continuous functions f: X —>+ R which have 
compact supports. 


e Co(X) is the space of continuous functions f: X —>+ R which vanish 
at infinity, i.e., for every « > 0, there exists a compact set K C X 
such that |f(x)| <e fora ¢é K. 


e C,(X)is the space of bounded continuous functions f: X —>R. 
Clearly we have 


IN 


Cy(X). 
Moreover, if X is compact, then 
CX) = Go(X) = CA(X): 


If X is not compact, then each of the inclusions is strict. On C,(X) 
we introduce the supremum norm || - ||c,, defined by 


lIfllo, © sup | f(z). 
rex 


This norm is restricted on Co(X) and C.(X). Note that on them the 
supremum in the above definition is a maximum. We denote these 
restrictions by ||- \|cy and || - ||c., respectively. 


Proposition 4.20 

If X is a locally compact topological space, 

then (Cy(X),|| - |lc,) is complete and Co(X) is a closed subset of it. 
Finally C.(X) is dense in Co(X). 


For locally compact spaces X, we can introduce their Alexandrov 
one-point compactification X* (see Remark 2.97 and Theorem 2.98). 
We have the following result. 


Proposition 4.21 

If X is a locally compact topological space and X* is its Alexandrov 
one-point compactification (see Remark 2.97), Y = {f € C(xX*) : 
{(co)= o} and for every f EY, f= Te 

then f -> a is a linear isometry of Y onto Co(X). 
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Definition 4.22 

Let X be a locally compact topological space. By M,(X) we denote 
the space of signed Radon (tight) Borel measures yu (i.e., || is Radon; 
see Remark 4.10) and bounded (i.e., |u|(X) < +00). We equip My(X) 
with the norm ||| = |u|(X) and then (My(X), ||-||) becomes a Banach 
space. The elements of Mp(X) are also known as bounded signed 
Radon measures. 


The following theorem relates the Banach space M,(X) with the 
dual of Co(X) (ie., the space of continuous linear functionals on 
Co(X), denoted by Co(X)*; see Chap. 5). 


Theorem 4.23 (Riesz Representation Theorem) 
For every continuous linear functional | on Co(X), there exists a 
unique . € M,(X) such that 


- [tu Vf €Co(X). 
xX 


Moreover, we have |\il|x = sup {|U(f)| + [flloo < 1} = [lull = |u|(X)- 


Remark 4.24 

Using the terminology of Chap.5, the above theorem says that 
Co(X)* = M,(X) (ie., the two Banach spaces Co(X)* and M;(X) 
are isometrically isomorphic). If | is positive (ie., I(f) > 0 for all 
f > 0), then p > 0. 


4.1.4 Space of Probability Measures: Prohorov 
Theorem 


Definition 4.25 

Let X be a metric space and let Mi (X) consist of all probability 
measures on B(X). For every f € Cy(X) consider the functional 
0¢: Mi (X) — R, defined by 


= [tou 
»¢ 


Then the weak topology on M;*(X) is defined to be the topology 
w({Or} pec,(x)) (see Definition 2.62). 
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In the next theorem, we state several equivalent useful definitions 
of this topology. 


Theorem 4.26 (Portmanteau Theorem) 

Let X be a metric space and let {Uataes © Mi(X) be a net. The 
following statements are equivalent: 

(4) bo > Bs; 

(b) for every f ¢ UCy(X) where 


def 


UC,(X) ae X —R: f is bounded and uniformly continuous}, 


[fae [tan 
Q Q 


(c) for every closed set C C X, we have limsup Ua(C) < u(C); 
acd 


we have 


E 
(d) for every open set U C X, we have u(U) < liminf Ha(U); 

(e) for every A € B(X) such that u(OA) = 0, we have lim [a(A) = 
L(A). 


It is interesting to know when this weak topology on Mj'(X) is 
metrizable, in which case we can use sequences. The next theorem 
provides conditions for the metrizability of the weak topology. 


Theorem 4.27 
The space (M;'(X),w) is separable metrizable if and only if X is a 
separable metric space. 


In the next theorem, we indicate a concrete countable dense subsets 
of (M;(X),w). 


Theorem 4.28 

If X is a separable metric space, 

then the set of all convex combinations of Dirac measures (see Defini- 
tion 4.16) is dense in (Mj (X),w). 


Theorem 4.29 
The space (Mj (X), w) is compact metrizable if and only if X is a 
compact metric space. 
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Theorem 4.30 
The space (M7 (X),w) is Polish if and only if X is a Polish space. 


In the case of Polish spaces, we can have a nice description of the 
compact subsets of (Mj'(X), w). 


Theorem 4.31 (Prohorov Theorem) 

If X is a Polish space and C C M;'(X), 

then C” is w-compact if and only if C is uniformly tight (i.e., for every 
€ > 0, we can find a compact set K, C X such that u(K-) > 1-—e for 
all we C). 


Theorem 4.32 
If X is a separable metric space and {Mn}ns, © Mj (X) is a sequence, 
then [mn —> pu if and only if 


lim sup| f fdjin— f fay = 0 
xX 


n—+oo fEec 
Q 


for every equicontinuous and uniformly bounded family C C Cy(X) 
(see Definition 1.83). 


Proposition 4.33 

If X and Y are locally compact, second countable topological spaces 
(see Definitions 2.92 and 2.24) and and v are Radon measures on 
X and Y, respectively, 

then pu x v is a Radon measure on X XY. 


4.1.5 Polish, Souslin and Borel Spaces 


In Definitions 2.150 and 2.156 we introduced the notions of Polish and 
Souslin spaces, respectively. In the sequel, we will relate these notions 
to the Borel sets. We start with an interesting property of Souslin 
spaces known as the “separation property”. 


Theorem 4.34 (Separation Property) 

If X is a topological space and {An}n>t is a sequence of pairwise 
disjoint Souslin subspaces of X, 

then there exists a sequence {Cr}n>1 of pairwise disjoint Borel subsets 
of X such that An C Cy, for alln > 1. 
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Corollary 4.35 

If X is a topological space, X = LJ An, with {An}, 51 being pairwise 
n>1 

disjoint Souslin subsets of X, 

then A, € B(X) for every n > 1. 

In particular, if two complementary subsets of X are Souslin, then both 

are Borel sets. 


Corollary 4.36 
If 7% and 72 are two comparable Souslin topologies on a set X, 
then B(X,,) = B(X,,). 


Proposition 4.37 

If X and Y are two topological spaces, f: X —> Y is a function and 
Gr f= { (x,y) EXxY: y= f(x)} is a Souslin subspace of X x Y, 
then f is a Borel function (i.e., the inverse image of every Borel set 
of Y is a Borel set of X). 


Corollary 4.38 

If X and Y are Souslin spaces, 

then f: X —>Y is a Borel function if and only if Gr f C X x Y is 
Souslin if and only if Gr f C X x Y is Borel. Also direct and inverse 
images by f of Souslin sets are Souslin sets. 


Definition 4.39 

Let (X,%) and (Y,Y) be measurable spaces. A bijection function 
f: X —> Y is an isomorphism if f is (©, Y)-measurable and f~! 
is (VY, X)-measurable. Then we say that spaces X and Y are isomor- 
phic. If E C X and F CY, then we say that E and F are tso- 
morphic if (E, B(X) al E) and (F, B(Y) a F) are isomorphic. If X 
and Y are separable metrizable and % = B(X), Y = B(Y) (the Borel 
a-algebras), then we use the term Borel isomorphic. 


Definition 4.40 

A topological space X is said to be a Borel space if there exists a 
Polish space Y and A € B(Y) such that X is homeomorphic to A. 
The empty set is by definition a Borel space. 


Proposition 4.41 
Every Borel space is metrizable and separable. 
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Theorem 4.42 
Let X and Y be Borel spaces. Then X and Y are Borel isomorphic if 
and only if they have the same cardinality. 


Corollary 4.43 

Every uncountable Borel space is Borel isomorphic to every other un- 
countable Borel space. In particular, every uncountable Borel space is 
isomorphic to [0,1] and has the cardinality of the continuum. 


Theorem 4.44 (Kuratowski Theorem) 

If X is a Borel space, Y is a separable metrizable space and 
f: X —Y is an injective Borel function, 

then f(X) € B(Y) and f~' is a Borel set. In particular, if Y is a Borel 
space, then X and f(X) are Borel isomorphic (see Definition 4.39). 


Definition 4.45 
Let (X,%) be a measurable space, let 41 be a probability measure on X 
and let %,, be the u-completion of % (see Definition 3.23). Then 


n 


y & () {Zn : pis a probability measure on =} 
is called the universal completion of %. 


Proposition 4.46 

(a) Every probability measure 4 on % can be extended uniquely to a 
probability measure ji on ¥ and the function pp —> [i is a bijection 
from the set of probability measures on % onto the set of probability 
measures on S. 

(b) If (X,%) and (Y,Y) are measurable spaces and f: X —> Y is a 
(1, Y)-measurable function, then f is also (5, ¥) -measurable. 


Definition 4.47 

Let X be a topological space and let B(X) be its Borel c-algebra. The 
universal completion of B(X) is denoted by B,(X) and it is called the 
universal co-algebra of X. If X and Y are two topological spaces 
and f: X —> Y is a function, then we say that f is universally 
measurable if and only if f is (B.,(X), Bu(Y))-measurable. 


Proposition 4.48 

If X is a Borel space, 

then every Souslin subset of X (see Definition 2.156) is universally 
measurable. 
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4.1.6 Measurable Multifunctions: Selection Theorems 


Next we will present a few basic things about measurable multifunc- 
tions, culminating to the main selection theorem. So, let (2,4) bea 
measurable space and let (X,d,) be a separable metric space. Addi- 
tional hypotheses will be introduced as needed. 


Definition 4.49 

Let F: Q —+ 2* be a multifunction. 

(a) We say that F is measurable if for every open set U C X, we 
have F~(U) = {weEQ: Fw)nNU FO} eX. 

(b) We say that F is graph measurable if Gr f = {(w,z) €Qx X: 
ré F(Ww)} € L@B(X). 


Remark 4.50 
It is customary to say that the domain of F’, denoted by dom F’, is 
the set 

dom F & {wEQ: Fw) £O}. 
It is clear from Definition 4.49(a), that dom F € © and so, when 
dealing with measurable multifunctions, it is not a loss generality to 
assume that their domain is all of 2. 


In what follows for a topological space X, we use the following 
notation: 


Py (Xx ) = {A CX: Ais nonempty and closed } 
Py (X ) ps {A CX: Ais nonempty and compact } 
P(X) & Py(X) U {0}. 


Moreover, if X is a normed space, then 


Py lx) ey {A € Py(X): A is convex} 
Pre (X) ed {A € Py (X) : Ais convex } 


PrvllX ) {A CX: Ais nonempty, w-compact and convex }. 


The next theorem summarizes some important properties and 
equivalent definitions of measurable multifunctions. 
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Theorem 4.51 

Let (Q,%) be a measurable space and let (X,d,) be a separable metric 
space. Consider a multifunction F: Q — P,(X) and the following 
properties: 

(1) For every A € B(X), we have 


F-(A)={weQ: Fw)NAFO} EX. 
(2) For every closed set C C X, we have 
F-(C)={weQ: Fw)nc Fo} ex. 


(3) F is measurable (see Definition 4.49(a)). 
(4) For every x € X, the R,-valued function 


wt d, (az, F(w)) = inf {d,(z,u): we F(w)} 


is S-measurable (where R4 = [0, +o0]). 
(5) F is graph measurable (see Definition 4.49(b)). 
Then we have the following relations between these properties: 
(a) (1) = (2) => (3) = (4) = (6). 
(b) If X is o-compact, then (2) <=> (3). 
(c) If = (see Definition 4.45) and X is complete (i.e., a Polish 
space), then all five properties are equivalent. 


Remark 4.52 : 
If (Q,%, 4) is a complete o-finite measure space, then © = &. 


In Theorem 2.170, we stated an important selection theorem, the 
celebrated Michael selection theorem. There the emphasis was topo- 
logical and so the selector produced was continuous. Here the empha- 
sis is measure theoretic and so we are looking for measurable selec- 
tors, i-e., a X-measurable single valued function f: 2 —>- X such that 
f(w) € F(w) for allw € 0. 


Theorem 4.53 (Kuratowski-Ryll Nardzewski Selection Theorem) 

If  (Q,5) is measurable space, X is a Polish space and 
Fs 1) —> Py (xX) is a measurable multifunction, 

then there exists a -measurable function f: Q — xX such that 
f(w) € F(w) for allw €Q. 
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Remark 4.54 
In fact the above selection theorem remains true, if we drop the com- 
pleteness hypothesis on X (i.e., X is only separable metrizable) and 


instead assume that for every w € 2, the set F'(w) is a complete subset 
of X. 


Theorem 4.53 can be strengthened as follows. 


Theorem 4.55 

If (Q,%) is a measurable space, X is a Polish space and 
BY Shee (Xx) is a multifunction, 

then the following two statements are equivalent: 

(a) F is measurable (see Definition 4.49(a)). 

(b) There exists a sequence {fn}ns, of “-measurable functions 
fn: Q— X,n 21 such that for allw € OQ, we have 


frw) € Fw) VWwed,n>1 


and 


P(e) = { fn) asd Vwe. 


This theorem leads to the following stronger version of 
Theorem 4.51. 


Theorem 4.56 

Let (Q,%) be a measurable space, let X be a separable metric space and 
let F: QO. —> Py (X) be a multifunction. We consider the following 
properties: 

(1) For every set A € B(X), we have F~(A) € X. 

(2) For every closed set C C X, we have F~(C) € &. 

(3) F is measurable (see Definition 4.49(a)). 

(4) For every « € X, the function w ++ dist(x,F(w)) is 
i-measurable. 

(5) There exists a sequence { fn: Q —+ X},,5, of U-measurable func- 
tions such that 


fr) € FO) YweEQ, n=1 


and 
F(w) = {fn(w) bast YVweo. 
(6) GrF € 3S @® B(X) (i.e, F is graph measurable; see 


Definition 4.49(b)). 
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Then we have the following relations between these properties: 
(0) = 2) > 8) = 4 = ©). 

(b) If X is complete (i.e., a Polish space), then (4) <=> (5). 

(c) If X is o-compact, then (2) <= > (3). 

(a) ff = . (see Definition 4.45) and X is complete (i.e., a Polish 
space), then all six properties are equivalent. 


In the second measurable selection theorem the hypotheses on the 
measurable space are stronger, but the conditions on the range space 
are weakened considerably. 


Theorem 4.57 (Yankov-von Neumann-Aumann Selection Theorem) 
If (Q,%) is a complete measurable space (i.e., & = Xi), X is a Souslin 
space and F: Q —+ 2* \ {0} is a multifunction such that GrF € 
D @ B(X), 

then there exists a i-measurable function f: Q —> X such that f(w) € 
F(w) for allw EQ. 


Remark 4.58 

If instead we assume that (Q,%,,) is a o-finite measurable space 
and the other hypotheses remain unchanged, then we can have a 
y-measurable function f: Q —> X such that f(w) € F(w) p-almost 
everywhere on 22. 


Again we can improve Theorem 4.57 and have a whole sequence of 
selectors which are dense in F’. 


Theorem 4.59 

If (Q,%) is a complete measurable space (i.e., © = ¥), X is a Souslin 
space and F: Q —+ 2* \ {0} is a multifunction such that GrF € 
E @ B(X), 

then there exists a sequence of i-measurable functions fp: Q — X, 
nm > 1 such that 


fr(w) € F(w) YwEQ, n>=1 


and 


F(w) C { fn) bas YVwem. 
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Remark 4.60 

Again, if instead we assume that (0, %, 14) is a o-finite measure space 
and the rest are the same, then we can find a sequence of -measurable 
functions f,: 2 — X,n > 1 such that 


fn(w) € F(w) p-almost everywhere on 2, for all n > 1 


and 


Fw) ¢ { Fh) 4 pi-almost everywhere on ). 


4.1.7 Projection Theorems 


The projection of a Borel set in R? on a coordinate axis need not 
be Borel. In fact this observation was the starting point for Souslin 
to develop his theory of Souslin (or analytic) sets. This raises two 
important questions: 

(a) When can we guarantee that the projection of a Borel set is still 
Borel? 

(b) More generally, can we characterize the projection of a measurable 
set? 


Proposition 4.61 

If X and Y are Polish spaces, C C B(X x Y) = B(X) ® B(Y) and 
for every x € X, we have C(x) = {y EY: (a, ye Ch is o-compact, 
then proj, C € B(X). 


There is another such projection result, for which we need to in- 
troduce the following class of spaces. 


Definition 4.62 
A topological space X is said to be of class oMK if X = \ Kn, 


nel 
where K,, is metrizable and compact for all n > 1. 


Remark 4.63 

Evidently a separable metrizable locally compact space is of class 

oMK. But aoMkK space need not be metrizable. Anticipating some 

material from the theory of Banach spaces (see Chap. 5), we can see 

that, if X* is the topological dual of a separable Banach space, then 

X* is a oMK-space, since X* = LU nBj, with By es {a* € X*: 
n>1 


lIz*Il+ < 1}. 
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Proposition 4.64 

If X is a Borel space, Y is a space of classoMK,C € B(X x Y) and 
for allx € X, the set C(x) = {y EY: (a, ye Cc} is closed, 

then proj, C € B(X). 


Now we are ready to answer the second question and characterize 
the projection of a measurable sets. 


Theorem 4.65 (Yankov-von Neumann-Aumann Projection 
Theorem) 

If (Q,%) is a measurable space, X is a Souslin space and C € 
E@ BX), 

then proj, C € 35 


Finally, concerning the Borel o-algebra of a Souslin space X, we 
have the following interesting property. 


Proposition 4.66 
If X is a Souslin space, then B(X) is separable (see Defini- 
tion 3.14(b)). 


4.1.8 Dual of L?(Q) for 1 <p<oo 


In Chap. 3 we introduced the Banach spaces L?(Q), 1 <p < +00. By 
L?(Q)* we denote the dual of the Banach space L?(Q), namely the 
linear space of all continuous, linear functionals €: L?(Q) —> R (see 
also Chap.5). Endowed with the norm 


lle = sup {]&(x)]: llullp <1}, 


the space L?(Q.)* becomes a Banach space. 
In the next theorem, we give a very convenient characterization of 
the dual space L?(Q)* for p € [1, +00). 


Theorem 4.67 (Riesz Representation Theorem) 

If (Q,%, 1) is a measure space and 1< p< +o, 

then € € L”(Q)* if and only if there exists a unique v € L (Q) (where 
a+ 7 = 1) such that 


gu) = fwvdp — ¥ we ZP(Q) and [le = lolly 
Q 
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Therefore, the Banach space v € L?’(Q) (where 5 + 7 = 1) and 
L?(Q)* are isometrically isomorphic. 


Remark 4.68 

The function L?(Q)* 3 € + v € L”’(Q) introduced above is a linear 
isometry which is surjective and permits the identification of L?(Q)* 
with L?’(Q) (where s + a = 1). In the sequel we will always use this 
identification, i.e., that 


LP(Q)* = LP(Q) V pé [1, +00), 
with ae = 1. We also say that p and p’ are conjugate exponents. 
Note that, if p = 1, then p’ = +00 and so L1()* = L®(Q). Then the 
dual of L°°(Q) contains L1(Q) and the inclusion is strict. 


To describe the elements of L™°(Q)*, we need the following defini- 
tion. 


Definition 4.69 

Let (Q,%, 4) be a o-finite measure space. 

(a) A function € € L°(Q)* is said to be absolutely continuous if 
there exists u € L'(Q) such that 


Ea) = [ewan Vue LX(Q). 
Q 


(b) A function € € L™®(Q)* is said to be singular if there exists a 
decreasing sequence {Cr},51 C & such that (Cr) \. 0 and 
E(v) = E(xo,2) Vn21, ve DM(Q). 


The next theorem characterizes the dual of L°°(Q). 


Theorem 4.70 (Yosida—Hewitt Theorem) 
Every € € L®(Q)* admits a unique decomposition € = 4 + &s, with &q 
absolutely continuous and Es singular. Moreover, ||E||x = ||€all«+||Es|l«- 


4.1.9 Sequences of Measures: Weak Convergence 
in L?(Q) 


Next we turn our attention to sequences of measures. We start by gen- 
eralizing the notion of uniform integrability of a sequence of functions 
(see Definition 3.124), to sequences of signed measures. 
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Definition 4.71 

Let (Q,%,v) be a measure space. 

(a) If Y C 2° and p is a set function on Y, we say that py is Vitali 
continuous if for every decreasing sequence {Cn} ns, G Y such that 
() Cr =9, we have u(C,) — 0. 

n>1 

(b) A sequence {px}ps, of Vitali continuous set functions pz, on Y 
is said to be Vitali equicontinuous if for every decreasing sequence 


{Cr}nsi © VY such that (| Cr = 9, we have that for every e > 0, we 
nel 
can find no = no(e) > 1 such that 


|ux(Cr)| < € Y he 1 2 Mp: 


(c) If YV = &, then a sequence {pux},51 of set functions on % is 
uniformly v-absolutely continuous provided that for a givene > 0, 
we can find 6 = 6(€) > 0 such that for all C € & with v(C) < 6, we 
have 

|x(C)| < € Vk>1. 


Now, for a given measurable space (Q, 4), by (=) we denote the 
linear space of bounded signed measures on 1. For pp € M(%), we set 


||| = variation of uw = |p|(Q) 


(the total variation norm on M(Q); see Definition 3.148). Then 
(M(x), || - ||) is a Banach space (see Proposition 3.149). Also let 


IIHlloo = sup {|u(C)]: C € Sf. 


This is another norm on M(%) equivalent to |] - ||, since 


I[tlloo < [Hl] < 4llullo = Vue M(X). 


Recall that, if uw € M(%X), then |u| € M(x). 


Theorem 4.72 (Nikodym Theorem) 

If (Q,%) is a measurable space, {Ln}ns, G M(X) and iim pAGy= 
u(C) for CE &, 

then wp € M(%) and {Un}ys, G M(%) is Vitali equicontinuous (see 
Definition 4.71(b)). 
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The next theorem is a slight improvement of the Vitali-Hahn—Saks 
theorem (see Theorem 3.151) and can be proved using the Nikodym 
theorem (see Theorem 4.72). 


Theorem 4.73 

If (Q,%) is a measurable space, v is a nonnegative element in M(x) 
and {Un}nsi G M(%) is a sequence such that 

(a) for all AEX, Un(A) — (A); and 

(b) bn <v for alln > 1, 

then the sequence {[{n},51 1s uniformly v-absolutely continuous, fb € 
M(X) andw<v. 


From Theorem 4.67, we know that L1(Q)* = L°(Q). So, we can 
speak about weak convergence of sequences in L°°(Q). 


Definition 4.74 
Let (Q,&, 4) be a measure space. We say that the sequence {Un}ns1 CS 


L'(Q) is weakly convergent to u € L1(Q) (denoted by un “> u in 
L+(Q)), if for every h € L°(Q), we have 


ing) = [usran — [onan = (ua) 
Q Q 


Similarly, we say that the sequence {Un} ns, © L?(Q) is weakly conver- 


gent to u € L?(Q), with 1 < p < +00 (denoted by un > u in L?(Q)), 


if for every h € L?’(Q) (where 5 + a = 1), we have 


[snap — [van 


Q Q 


The next theorem characterizes weak convergent sequences in 


AQ), 


Theorem 4.75 (Dunford—Pettis Theorem) 

Let (Q,%, 1) be a finite measure space. A sequence {un}ys, © L'(Q) 
admits a weakly convergent subsequence (converging to some u € 
L\(Q)) if and only if the sequence {Un}ns, SC L'(Q) is uniformly in- 
tegrable (see Definition 3.124). 
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By introducing topological structure on the space 2, we can have 
the following alternative version of Dunford—Pettis Theorem (see also 
Theorem 3.125). 


Theorem 4.76 

If Q is a locally compact topological space, (Q,%, 11) is a measure space 
with a tight measure fs (see Definition 4.9(e)) and (ibs GS UO 
is @ Sequence, 

then Un > u € L'(Q) if and only if 

(a) for every ¢ > 0 there exists 6 > 0 such that 


w(A)<d6 => [lula <e Vnel 
A 


(b) for every e > 0, there exists a compact set K C X such that 


[luoldu<e Vue i 
Ke 


(c) the sequence {un}, 51 is L'-bounded, i.e., there exists M > 0 such 
that ||un|l1 < M for alln > 1. 


4.1.10 Covering Theorems 


Now we turn out attention to the relation between Lebesgue integra- 
tion and differentiation of functions, leading to generalizations of the 
fundamental theorem of calculus. A first result in this direction was 
the Radon—Nikodym theorem (see Theorem 3.152). 

We start with some covering results. 


Definition 4.77 
(a) A collection F of closed balls in RN is a cover of A C RN if 


AC U B. 
BEF 
(b) A cover F is a Vitali or fine cover of AC RN if 


inf {diamB: xe B, BEF} = 0 Vaead. 
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Remark 4.78 

We could define Vitali covers using cubes instead of balls. The condi- 
tion for a cover to be a Vitali cover is equivalent to saying that “for 
every € > 0 and every x € A there exists B € F such that 7 € B and 
diam B < ”. 


Theorem 4.79 (Vitali Covering Theorem) 

If ACRYN is a Lebesgue measurable set with finite Lebesgue measure 
and F is a Vitali cover of A, 

then for every € > 0, we can find a sequence {Bn},5, C F of pairwise 
disjoint balls such that 


AN(A\ LJ Bn) = 0 and (LJ Br) < AXN(A) +e 


n>1 n>1 


(here by XN we denote the N-dimensional Lebesgue measure). 


Remark 4.80 


The above theorem does not claim that J) Bn covers A. The covering 
n>1 
is only in a measure theoretic sense. However, as a by-product of the 


proof, we obtain that 


Ac Bc UK, 


BEF nol 


where B,, denotes the concentric closed ball with radius 5 times the 
radius of B,. Theorem 4.79 remains valid if balls are replaced by cubes. 
Its proof relies on the structure of the Lebesgue measures \ and so 
it cannot be extended if \ is replaced by a general tight measure on 
RY (a Radon measure on R‘). The next covering theorem is more 
suitable for arbitrary Radon measures on RN, since it does not require 
enlargement of the balls (to pass from B to B). 


Theorem 4.81 (Besicovitch Covering Theorem) 
If F is a collection of closed balls in RY such that sup {diam B : Be 
F} <+oo, and A is the set of centres of balls in F, 
then there exist Fi,...,Fmun) CG F such that each Fe (k 
1,...,m(N)) is a countable family of disjoint balls in F, A 
m(N) 

U WU Band the number m(N) of these subcollections depends only 
k=1 BEF, 
on the dimension N of the space. 


IN Il 
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Remark 4.82 
Again the above theorem remains true if the balls are replaced by 
cubes. 


The next result is a consequence of Theorem 4.81 and can be viewed 
as a measure theoretic reformulation of it. It says that for any given 
open set, we can fill it up with a countable collection of disjoint balls 
in such a way that the remainder set has ju-measure zero. 


Proposition 4.83 

If ps is a Borel measure on RN, F is a collection of closed balls in 
RN, A is the set of centres he these balls, (A) < +00 ie for each 
aé A, we have inf {r: B,(a) € F} =0 (where B,(a f fy ER: 
Iz — all <r}), 

then for every open set U CRN, there exists a countable subcollection 
Fo CF of disjoint balls such that 


U CU and p((ANU)\ ( U B)) =0. 


BEéFo BEFo 


4.1.11 Lebesgue Differentiation Theorem 


Using the covering theorems presented above, we can study the differ- 
entiation of Radon measures on R% (recall that a Borel measure jz on 
RY is Radon if it is finite on compact sets, outer regular and for all 
A € B(RY), we have (A) = sup {u(K): K C A, F is compact}). 


Definition 4.84 
Let p,v be two Radon measures on RN. For every x € R%, we define 


Dyv(x) “ aah u(Br(a)) if u(B. r(x) > 0 for all r > 0, 
oe if u(B,(x)) =0 for some r > 0, 
. * v(B,(2)) 

i = 4 ey Ve) Cia 


+00 af u(B B,(z)) = 0 for some r > 0, 


If Duv(«) = D,v(x) < +00, then we say that v is differentiable 
with respect to y at x and we write 


Diva) = Dw(s) = D,v(2). 


We call D,v(x) the derivative of v with respect to ju at x. 
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Theorem 4.85 
If and v are Radon measures on RY, 


then Dyv exists and is finite -almost everywhere on RY, it is p- 
measurable and for every Borel set A CR, we have 


(A) = v6(A) + f Dura 
A 


with vs L up and Dyvs(x) = 0 p-almost everywhere on RN. Ifv < p, 
then vs = 0 and 
= [Pw dy. 
A 


As a consequence of Theorem 4.85, we have the following theorem. 


Theorem 4.86 (Lebesgue Differentiation Theorem on RN ) 
If is a Radon measure and u € L'(R%; 1), then 


. = 7 N 
ay a roy / udp = u(x) for p-almost all x € R”. 
B,(a) 


Corollary 4.87 
If wis a Radon measure, 1 < p< +00 andu € Th (RN; L), then 


a _ P _ N 
im, WB.) i Ju u(2)| du 0 for p-almost all x € R*. 
B,(a) 


In fact, if = % (the Lebesgue measure on R”), then we have a 
stronger version of the above corollary. 


Proposition 4.88 
If l\<p<-+o0 andue LR. (R Das then 


ae ; x*(B) y Ju — u(x)|? d\Y = 0 for *-almost all x € RN 


Br(x) 


(here the limit is taken over all closed balls B such that x € B and 
diam B —> 0; we emphasize that balls need not be centred at x). 
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Definition 4.89 
Let be a Radon measure on RN and let u: RY —> R be a 
u-measurable function. The set of points x9 € RN for which 


ey ee = = 
ae) / ju—uleo)|du = 0, 
B,(zo) 


is the Lebesgue set of u. The elements of this set are called the 
Lebesgue points of wu. 
Also the set of points x9 € R“ for which 


: 1 = 
hea) 7 Nae SU); 


Br(xo) 


is the differentiability set of u. 


Remark 4.90 

According to Corollary 4.87, if u € LY. (RY; p) (1 < p < +00), then 
p-almost all points 2 € R belong to the Lebesgue set of u. Moreover, 
the Lebesgue set of u is a subset of the differentiability set of wu and 


the inclusion can be strict. 


Another interesting consequence of Corollary 4.87 is the following 
result. 


Proposition 4.91 
AL RY is a Lebesgue measurable set, then 


_ eae = 1. for ’-almost all x € A and 
r re 
lim 22) g for AX -almost all 2 € RN \ A. 


rs+o+ AN (Br(2)) 


Definition 4.92 
Let ACR. A point x € RN is a point of density for A if 
wy AN(Br(a)NA) 

a ee) 
Remark 4.93 
According to Proposition 4.91, \’-almost all points of A are density 
points for A. We can think of the set of points of density for A as a 
kind of a measure theoretic interior for the set A. 
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We can generalize the Lebesgue differentiation theorem (see 
Theorem 4.86), by using the notion of a regular family. 


Definition 4.94 

Let js be a Radon measure on RN. For a given x € RX, a family F, of 
u-measurable subsets of R® is said to be regular at x if the following 
holds: 

(a) for every € > 0, there exists C € Fy, such that diamC < ¢€ 

(b) there exists a constant c > 1 such that for every C € Fr, we have 
u(Byr) < cu(C), where B, is the smallest closed ball with centre at x, 
which contains C. 


Remark 4.95 

In the above definition property (a) says that the sets in F, shrink to 
x, without requiring that x belongs in any of the sets of F,. Property 
(b) says that each set in F, is comparable to a ball centred at x. If 
u = XX, then regular families at the origin (and by translation to any 
other point in R) are the balls, cubes, ellipsoids or regular polygons 
centred at the origin. On the other hand, as we already mentioned, 
the sets of the regular family need not contain the origin, for example 
consider the collection of annuli 


= {x ER: 50 < |lz|| < e}, 


with o> 0. 


Proposition 4.96 

If js is a Radon measure on RY,ue Li. (R%; x), ce RY isa 
Lebesgue point of u (see Definition 4.89) and F, is a regular family at 
x, then 


aes f f(a)|du = 0. 


ee 


In particular, we have 


li du = : 
a8 0 u(C) / f v f(z) 
Ce Fa Cc 
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Remark 4.97 
In the particular case N = 1 (functions of one variable), Proposi- 
tion 4.96 implies that for every u € Li. (IR), we have 


loc 


ath 
lim 7 / fdd\ = f(x) for A-almost all x € R, 
h-0 


x 


with being the Lebesgue measure on R. 


4.1.12 Bounded Variation and Absolutely Continuous 
Functions 


Next we turn our attention to functions of bounded variation of one 
variable. Since, as we will see, every function of bounded variation can 
be written as the difference of two increasing functions, we start with 
a few basic facts about monotone functions. By monotone (respec- 
tively, strictly monotone), we mean increasing or decreasing (respec- 
tively, strictly increasing or strictly decreasing). A monotone function 
need not be continuous. Nevertheless, the discontinuity set of such a 
function has a precise description. 


Theorem 4.98 

If T CR its an interval and u: T — R is a monotone function, 
then u has at most countably many jump discontinuity points. 
Conversely, for a given countable set D, we can find a monotone func- 
tion u: R —> R with discontinuity set D. 


Remark 4.99 

If D = Q, then we see that there is a monotone function u: R — R 
which is continuous on the irrationals and discontinuous on the ratio- 
nals. 


Concerning the differentiability properties of a monotone function, 
we have the following theorem. 


Theorem 4.100 (Lebesgue Theorem on Monotone Functions) 
If T CR is an interval and u: T —> R is a monotone function, 
then u is differentiable almost everywhere on T. 


This theorem is sharp. 
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Theorem 4.101 

If D is a Lebesque-null set, 

then there exists a continuous monotone function which is not differ- 
entiable on D. 


The next theorem gives some consequences of the Lebesgue theo- 
rem on monotone functions (see Theorem 4.100). 


Theorem 4.102 
If T CR is an interval and u: T — R is a monotone function, 
then u’ is Lebesgue measurable and for every [0,b] C T, we have 


b 
[lol ae < Ju) wa), 


i.e, u € Li.(T). Moreover, if u is bounded the u' € L'(T) and for 
My, =supT, m, = inf T, we have 

[pole < | lim u(t)— lim u(t)| < supu— infu. 

tomt tom, T Le 

i 
Remark 4.103 
The Cantor function (see Remark 3.83) is a continuous increasing 
function such that u’ = 0 A-almost everywhere on [0,1] (A being the 
Lebesgue measure on R). Actually, we can find a continuous strictly 


increasing function u: [0,1] —> R such that u’ = 0 A-almost every- 
where on (0, 1]. 


For the differentiability of series of monotone functions, we have 
the following theorem. 


Theorem 4.104 (Fubini Theorem on Series of Monotone Functions) 
If T CR is an interval and { un: T — ae is a sequence of 
increasing functions such that >> un(t) converges pointwise to u(t) 


n>1 
for allt ET, 
then the convergence is uniform on compact subsets of T, u is A-almost 
everywhere differentiable and u'(t) = >> ul,(t) for almost allt € T. 
n>1 
The set of monotone functions is not a vector space (clearly the 
difference of two monotone functions need not be monotone). It is only 
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a cone. In order to characterize the smallest vector space of functions 
u: IT’ —>+ R which contains the cone of monotone functions, we are 
led to the notion of functions of bounded variation. In what follows, 
for a given interval T C R, by a partition of T, we mean a finite set 
P= {ipl ey SP such that ig < tp Se < ye 


Definition 4.105 
Let T CR be an interval and let u: T —> R be a function. The total 
variation of u on T, denoted by Var u, is defined by 


Varu sup { > |u(ty) — u(te—1)|: P= {ur}R_o}, 
= 


with P = {ug }R_o being a partition of T. We say that u is of bounded 
variation if Varu < +00. We denote the space of all functions 
u: T —>+ R of bounded variation, by BV(T). 


Remark 4.106 

It is easy to see that if T’ contains one of its endpoints a = inf T 
or b = sup7T, then we can always consider partitions with to = a 
(ifa € T) andt, = 6 (ifb € T). We will say that u: T — R is locally 
of bounded variation if u € BV{a,}| for all intervals [a,b] C T. 
The space of all functions u: T —> R locally of bounded variation is 
denoted by BV,,.(7'). In some occasions, in order to emphasize the 
dependence on the interval T, we write Var pu. Moreover, if U C R 


is open, then we know that U = U Th, where {T),},,51 are pairwise 
n>1 
disjoint open intervals. Then for a function u: U —> R, we define 


def 
Varyv = S° Varr,u 


n>1 


and we say that u is of bounded variation on U if Varyu < +00. 
The corresponding space is denoted by BV(U). Finally, if we have 
functions u: T —> RX, we can still consider the total variation of u 
and consequently speak of functions of bounded variation, if in Defi- 
nition 4.105, we replace |-| by ||- || (the norm of RY). Then the space 
are denoted by BV(T;R%) and BVo<(T; RY). 


A first natural question is whether a monotone function is of 
bounded variation. 
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Proposition 4.107 
aS RY is an interval and u: T —> R is a monotone function, 
then for every interval I C T, we have 


Varru = sup u — infu. 
I 


Consequently u € BVi.-(T). Moreover, u€ BV(T) if and only if u is 
bounded. 


In the study of functions of bounded variation, the following func- 
tion is important. 


Definition 4.108 
Let T CR be an interval, tp) € T and u € BY,.(T). The indefinite 
variation of u is the function 


def Var [to ,t]U if to Xt, 
vo) 7 { —Var [t,to] U if t < to. 


Sometimes, in order to emphasize the dependence on to (on (to, u)), 
we write Vi, (or Viou). IfinfT € T, then we define 


Voo(t) a Var TN(—oo,t]U VteT. 


Proposition 4.109 
If T CR is an interval and u € BVio<(T), 
then for allt,s © T with s <t, we have 


|u(t) — u(s)| < V(t)—V(s) = Varye4u 
and so the functions V and V + u are increasing. 


As a consequence of this proposition, we have the following 
theorem. 


Theorem 4.110 

If T CR its an interval, 

then the smallest vector space containing all monotone functions 
(respectively, all bounded monotone functions) is the space BVio-(T) 
(respectively, the space BV(T)). 
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Remark 4.111 

So, according to this theorem every u € BVjo-(T’) (respectively, every 
u € BV(T)) can be written as the difference of two increasing functions 
(respectively, of two bounded increasing functions). 


Proposition 4.112 

If T CR is an interval and u € BYV,,.(T), 

then u has at most countably many jump discontinuities, u is differ- 
entiable X-almost everywhere and for every [a,b] C T, we have 


b 
[ola < Var ja pju- 


Moreover, if u€ BV(T), then u is bounded, u’ € L'(T) and 


[iwiae < [iva < sup V — inf V = Var u. 
P 
FT T 


Now, let us look closer the spaces BVioc(T’) and BV(T). First we 
examine compositions with functions of bounded variation. 


Theorem 4.113 

If T CR its an interval and f: R— R, 

then fou € BVio(T) (respectively, fou € BV(T)) for allu € BVioc(T) 
(respectively, allu € BV(T)) if and only if f is locally Lipschitz. 


Remark 4.114 
The result is also true for the spaces BVio-(T;R), BV(T;RN) and 
f: RY — eR. 


So far we know that BV(T) is a vector space. Is it possible to 
equip BV(T) with a norm and make it a normed space or even better 
a Banach space? Note that 


Var (Au) = |A|Varu VAER 


and 
Var(u+v) < Varu+ Varv Vu,v € BV(T). 


However, Var u = 0 does not imply that u = 0, only that u is constant. 
So, a possible norm on BV(T) should involve more than Var u. 
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Proposition 4.115 

If T CR ts an interval, 

then for any fired tp € T, w+ > |lul| = |u(to)| + Varu is a norm on 
BV(T). Moreover, (BV(T),||- ||) is @ Banach space. 


The completeness part in the above proposition is based on the 
following theorem. 


Theorem 4.116 (Helly Selection Theorem; Helly First Theorem) 

If T CR is an interval and C C BV(T) is an infinite set such that 
there exist tp) € T and M > 0 for which, we have |u(to)| < M and 
Varu <M for allueC, 

then there exists a sequence {Un}ys,; GC C andu € BV(T) such that 
Un(t) —> u(t) for allt ET. 


Remark 4.117 
The Banach space (BV (T), || - ||) is not separable. 


Before moving to absolutely continuous functions, we will charac- 
terize those continuous functions which are of bounded variation. First 
a definition. 


Definition 4.118 
Let X and Y be two nonempty sets, let u: X —> Y be a function and 
let AC X. For everyy € Y, let 


Suly; A) {xe A: u(x) =y}. 
The function N,(-; A): Y —> No U {+00}, defined by 


; def f cardS,(y;A) if Su(y;A) is finite, 
Nulys A) = { +00 if Su(y;A) is infinite 


is called the Banach indicatria of u on A. If A= X, then we drop 
the dependence on A and we write Nu(-). 


def 


Theorem 4.119 
If T CR is an interval and u: T — R is continuous, 
then N,, is Borel measurable and 


ixo dy = Var u. 


Therefore u € BV(T) if and only if N, € L'(R). 
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The problem of reconstructing a function from its derivative (i.e., a 
fundamental theorem of calculus for Lebesgue integral) leads to the 
notion of absolutely continuous functions. Continuous monotone 
functions (which are A-almost everywhere differentiable; see Theo- 
rem 4.100) in general cannot be recovered from the integral of its 
derivative. The Cantor function wu: [0,1] —> R is continuous increas- 
ing and u’(t) = 0 for A-almost all t € [0, 1] (see Remark 3.83). However, 


we have 
1 


puw #=0 2 a0)—atoy< 4 
0 
So, we need to restrict ourselves to a subclass of BV (T). 


Definition 4.120 
Let T CR be an interval. A function u: T —> R is said to be abso- 
lutely continuous on T, if for every ¢ > 0 there exists a 6 > 0 such 
that for every finite family { (Seth) bp —4 of disjoint subintervals of T, 
we have 
n n 
S"(te- sn) < 6 => S°lulty) —ulsz)| < e. 


k=1 k=1 


The space of all absolutely continuous functions u: T —> R is denoted 
by AC(T). A function u: T —> R is locally absolutely continuous 
if it is absolutely continuous on every interval [a,b] C T. The space 
of all locally absolutely continuous functions u: T —>+ R is denoted 
by ACio-(T). If U CR is an open set, we can still define the notion 
of absolute continuity, provided that [s,,t,] GC U for allk =1,...,n. 
We denote the space of such functions by AC(U). Finally, we can 
define the notion of absolute continuity for functions u: T —> RN, 
if in the above definition we replace |-| by || - || the norm of RN. 
Then for the corresponding spaces, we use the notions AC(T;R) and 
ACioc(T; R®). 


Remark 4.121 

It is clear from the above that an absolutely continuous function 
u: T —>+ R is uniformly continuous (just take n = 1 in the defini- 
tion). The converse is not true. 


The next result gives a relation between spaces BV,,(7') and 


ACioc(T). 
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Proposition 4.122 

If T CR ts an interval, 

then AC\oc(T) © BVioc(T) and AC(T) C BV(T). 

In particular, ifu€ ACio-(T) (respectively, u€ AC(T)), then u’ exists 
A-almost everywhere on T and u' € Li,.(T) (respectively, u € L'(T)). 


loc 


Even if u € BV(T) NC(T), u need not be absolutely continuous 
(the Cantor function is such an example). What is missing is the so 
called Lusin N-property. 


Definition 4.123 

Let T CR be an interval and let u: T —> R be a function. We say 
that u satisfies the Lusin N-property if u maps Lebesgue-null subsets 
of T onto Lebesque-null subsets of R. 


Theorem 4.124 (Banach—Zaretsky Theorem) 

If T CR is an interval, then u€ ACioc(T) if and only if 

(a) u is continuous; and 

(b) u is differentiable \-almost everywhere on T with u! € Lj,.(T); 
and 

(c) u has the Lusin N-property. 


Corollary 4.125 

If T CR its an interval and u: T — R is a continuous function such 
that 

(i) u’ exists A-almost everywhere and wu’ € L?(T) for some 
1 <p< +oo; and 

(it) wu satisfies the Lusin N-property, 

then u € AC(T). 


Corollary 4.126 

If T CR is an interval, then u € ACio-(T) if and only if 
(a) u is continuous; and 

(b) we BVoc(T); and 

(c) u has the Lusin N-property. 


Now we can say that the functions in AC\,.(T) are precisely the 
functions which can be reproduced by their derivatives, i.e., the fun- 
damental theorem of the Lebesgue calculus holds. 
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Theorem 4.127 

If T CR is an interval, then u € ACi,-(T) if and only if 

(a) u is continuous; and 

(b) u is \-almost everywhere differentiable on T with u' € Lh.(T); 
and 

(c) for all t,tp € T, we have u(t) = u(to) + Si u'(s) ds. 


Corollary 4.128 
If T CR is an interval and u: T —> R is everywhere differentiable 
with u € Ly, (T), 


then for all t,to € T, we have u(t) = u(to) + ie u'(s) ds. 


Theorem 4.129 
If T CR is an interval, u € BVioc(T) (respectively, u € BV(T)) and 


[a,}] CT, 
then u€ AC ([a, bj) (respectively, u€ AC(T)) if and only if 


b 
u|dt = Variayu (respectively, u|dt = Varu). 
[2,6] 
a T 


Next we examine the validity of the chain rule and the change of 
variable formula for absolutely continuous functions. 


Theorem 4.130 (Chain Rule) 

If T CR is an interval, u € BV,.(T) and f: R —> R is locally 
Lipschitz, 

then fou: T —> R is differentiable \-almost everywhere on T and 


(fou)(t) = f*(u(t))u'(t) for A-almost allt € T, 


where f*: R —> R is any Borel function such that f* = f’ \-almost 
everywhere on R (recall that f being locally Lipschitz is differentiable 
A-almost everywhere on R). 


Remark 4.131 

If f: RN —> R is locally Lipschitz (N > 2) and u € AC{,.(T;R%), 
then fou € AC),-(T), but the chain rule of Theorem 4.130 may fail. 
For the chain rule which is formulated in Theorem 4.130, we need 
additional conditions on the set 


Sy = {a ER" : f is not differentiable at ae 


In Theorem 4.160 below we will give these conditions. 
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Theorem 4.132 (Change of Variables) 
If u: [a,b] — [c,d] is absolutely continuous and f: [c,d] —> R is 
bounded measurable, then 


u(b) b 
/ fly)dy = i f(u(t))u!(t) at 
u(a) a 


Theorem 4.133 (Area Formula) 

If T CR is an interval, f: T —>+ [0,+c0] is a Borel measurable 
function and u: T — R is differentiable \-almost everywhere on T 
and has the Lusin N-property, then 


/ Ss fed = [tolweolae 
R (y) 7 


xeut 


Remark 4.134 
By definition 


Ss" f(x) = sup { S- f(z): FCu ly) is finite}. 


xeu-*(u) Ler 


Theorem 4.135 (Integration by Parts Formula) 
If T CR is an interval and u,v € ACo<(T), 
then for all t,tp € T, we have 


t t 


MOC) CATCH me / ihe / nae 


to to 


Definition 4.136 

(a) Let T C R be an interval. A nonconstant function u: T —> R 
is said to be singular if it is differentiable X-almost everywhere and 
u'(t) =0 for \-almost all t € T. 

(b) Let T CR be an interval. An increasing function u: T —> R is 
a saltus function, if u(t) = >> un(t), where A CN and 


neA 
0 if t<Tn, 
1 (t):= Sn of t=Tn; 


Snttn if tT <t, 


668 Chapter 4. Measures and Topology 


for some sets {rn}nea C T and {8n}nea, {tn}nea C [0, +00] with sy + 
tn > 0 for alln € A. 


Remark 4.137 
The Cantor function is singular. Also, if wu: [a,b] —> R is increasing 
and for every t € (a,b), we have 


u,(t) = lim u(s) and u_(t) = lim u(s), 


then 
wl) = YL [u@-vO)+u)-i@ 
s € [a,b] 


is a saltus function. 


Theorem 4.138 

If T CR is an interval and u € BY,,.(T), 

then U = Uae + Ues + Us, where tae € ACioc(T), Ues is continuous 
singular and us is a saltus function. Moreover 


Varu = Var Uac + Var Ucs + Var us. 


Next we extend the notion of bounded variation to functions of 
several variables. 


Definition 4.139 
Let Q C RN be an open set and let u € Li,.(Q). We say that u is of 
bounded variation if 


sup { [ wai hae > he C2(2;R%), I|2(z)]| < 1for allz € OQ} < +00. 
Q 


We denote the space of functions of bounded variation by BV(Q). We 
say that wu € Li,.(Q) is of local bounded variation if for all open 
U CQ with U compact and U CQ, we have u € BV(U). We de- 
note the space of functions which are locally of bounded variation by 
BVoc(Q). A Lebesgue measurable set A C R has a finite perime- 
ter in Q, if x, € BV(Q). We say that the Lebesgue set AC RN has 
locally finite perimeter in Q, if x, € BVYioc(Q). 
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Remark 4.140 

So, according to the above definition u € Li.,.(Q) is of bounded vari- 
ation, if the distributional partial derivatives ge, i € {1,...,N} are 
bounded signed Radon measures (see Definition 4.22), i.e., for every 
i€ {1,...,N}, there exists a bounded signed measure p;: B(Q) —> R 


(B(Q) being the Borel o-algebra of 2) such that 


[ugha =— [ha Vie f{l,...,N},he cra). 
1o7 1e7 


The measures jp; are the distributional (or weak) derivatives of u with 
respect to z;, i € {1,...,N} and we denote them by D;u. Therefore, 
ifu € BV(Q), then Dju € M,(Q) for all i © {1,...,N} and Du = 
(Diu, ...,Dnu) € M,(2; RY) (Du being the gradient of u). So, we 
can define the total variation |Du| of the vector measure Du by 


|Du|(A) es sup {S_ ||Du(cy)| : {Cy }h_1 disjoint Borel 
k=1 


partition of A}. 


We know that |Du|(-) is a finite Radon measure. By Theorem 4.23, 
we have 


|Dul(Q) 


|| Dullar,(0,R%) 


— sup {> f had( Diu) 5 h E Co(O;RX), \| Aloo < 1} 
i=l Q 
< +00. 


This leads to the following definition. 
Definition 4.141 


Let Q CR be an open set and let u € Li.(Q). The variation of u 
in Q is defined by 


N 
V(u;a) & sup{ > f geude he CP(Q:RN), |[lloo <1}. 
i=1$ 
Proposition 4.142 
If Q CRY is an open set, 
then BV (Q) equipped with the norm ||ul| = ||u||;+|Du|(Q) is a Banach 
space. 
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Based on Remark 4.140, we have the following structure theorem 
for BVjoc(Q). 


Theorem 4.143 

If QCR is an open set and u€ BVYioc(Q), 

then there exists 1p € Mp(Q) and a p-measurable function €: Q —> RN 
such that ||§(z)|| <1 for p-almost all z € Q and 


[ vaiv hae = = [8x dis VheCcr(a; RY), 
Q 


the measure j is denoted by |Dul. 


Remark 4.144 
If A C R% is of locally finite perimeter in Q and u = x,, then u € 
BVjoc(Q) (see Definition 4.139) and then by Theorem 4.143, we have 


[avnae = = [0.8.n d|Dx,| VWheCxr(a;RY) 
A Q 


(see also Remark 4.148). 


From Remark 4.140, we have that | Du|(-) is the variational measure 
of u and |OA|(-) is the perimeter measure of A, with |OA|(Q) being the 
perimeter of A in 2. 


Theorem 4.145 

If QCR is an open set and u€ BV(Q), 

then there exists a sequence of functions {Un}p>, GC BV(Q) NC™(Q) 
such that U, —> u in L1(Q) and |Dun|(Q) — |Dul(Q). 


Remark 4.146 
Note that for u€ BV(Q) NC™(Q), we have 


[Dul(2) =f ||Dul az 
Q 


Definition 4.147 

Let AC RN be a set with locally finite perimeter in RN. The reduced 
boundary of A, denoted by 0*A C RN, is the set of all z € RN such 
that: 
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(a) |Dx4\(Br(z)) > 0; and 


(b) the limit va(z) = etd ma a exists in RN and 
T " 


Iva(2)I = 1. 


Remark 4.148 
The minus sign in the definition of v4 indicates that the normal vector 
is directed outward from the set A, i.e., in the direction opposite to 
the gradient of y,. Note that for all z € RN 
ys Dx 4 (Br(2)) 

na) = lim Dyan)" 
when this limit exists, is the Radon—Nikodym derivative of Dy, with 
respect to |Dy,| and so for all C € B(R’), we have 


Dx,(C) = / nd|Dx,l, 


Cc 
hence 
[aivnae = [Ors d\Dx,| Whe Cs (R®;RY) 
A RYN 
and thus ||n(z)|| = 1 |Dx,,|-almost everywhere and n = —€ in Theo- 
rem 4.143. 


Because |Dx,|(R% \ 0*A) = 0, we see that v4(-) is a multidi- 
mensional analogue of the Radon—Nikodym derivative of Dy ,(-) with 
respect to |Dx ,|(-). 


Next we generate the notion of boundary for a Lebesgue measur- 
able set. 


Definition 4.149 


(a) Let A C R™ be a Lebesgue measurable set. A unit vector n is 
a measure-theoretic outer normal of A at z, if the following two 
conditions hold: 


lim WAN (Bp(2) {2 ER : (— 27) vy <0, tg At) = 0 


r>0t+ 


and 


lim, sed" (Br(z) {w ER": (@—HM),y >0, ee A}) = 0. 


r—0+ 
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We denote by n(x,A), the measure-theoretic outer normal of A at 
zeR, 

(b) Let A C RN be a Lebesgue measurable set. The measure- 
theoretic boundary of A is the set 


def 


OA = ta ER: n(a, A) exists}. 


Remark 4.150 
If A C RN is aset with locally finite perimeter, then 0*.A C 0,A. Note 
that, if for a unit vector n € RY, we introduce the hyperplane 


def 


H(z) {x eR’: (x —2z,n) =0} 


and the corresponding two half-spaces 


H(z) < {re RN: (z— 2,2) > 0}, 
H_(z) « {re R: (x —2z,n) x < 0}, 


then n is a measure theoretic normal to A at z, if the following two 
conditions hold: 


AN ((Br(z)\A)NH-(z)) 0 
rN 


4.1.13 Hausdorff Measures: Change of Variables 


We will use the notions introduced in Definitions 4.147 and 4.149, to 
produce multidimensional generalizations of the fundamental theorem 
of calculus. But first we need to say a few basic things about Hausdorff 
measures. 

For s € [0, +00), let 


co 
we = NCES where I(t) = [srievas 
0 


is the Euler I-function. This constant coincides with the Lebesgue 
measure of the unit ball of RY if s = N. 
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Definition 4.151 
Let s € [0,+00) and A C RY. The s-dimensional Hausdorff 
measure of A is defined by 


Ss f 4. 8 
H(A) © lim H§(A), 


where H5 is defined by 
H3(A) & Sint { \7(diamc,)*: AC LJ Cy, diam Oy < 3}. 


2s 
k>1 k>1 


Remark 4.152 

In the above definition the covering sets are arbitrary. However, with- 
out any loss of generality, we may assume that they are open convex 
or closed convex. Also, we can replace the condition diam C; < 6, by 
the condition diam C;, < 6 without changing the value of H(A). If 
s = 0, then H® is the counting measure. 


Theorem 4.153 
For s € |0,+00), H® is a Borel measure. 


Remark 4.154 
However, H® is not a Radon measure, since for s € (0,N), R% is not 
o-finite with respect to H°*. 


The next theorem summarizes some basic properties of the 
Hausdorff measure. 


Theorem 4.155 

(a) BMS, 

(b) H® =0 on RN for alls >N. 

(c) For all s > 0, all A C R% and all X > 0, we have H*(\A) = 
\°H*(A). 

(d) For all s > 0, all A C R®% and every affine isometry 
L: RN —+RN, we have H*(L(A)) = H%(A). 

(e) Ifs >0, AC RN and é: A — R* is Lipschitz continuous with 
Lipschitz constant 7 > 0, then H*(€(A)) < 1°H(A). 

(f) Ifs>s'>0 and ACR, then 


[H*(4)>0 = H®(A) = +00] 
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and also 
[H* (A)<+00 = > H*(A)=0]. 


Definition 4.156 
The Hausdorff dimension of a set ACR is defined by 


H-dim(A) © inf {s>0: H*(A)=0} = sup{s>0: H*(A) > 0}. 


Remark 4.157 

Note that H-dim may be any number in [0,+00], not necessary an 
integer. Moreover, if d = H- dim(A), then H*(A) = 0 for all s > d and 
H*(A) = +00 for all s € (0,d). 


Proposition 4.158 
If A,C CRN and dist(A,C) = inf (|la— cl]: ae A, ce C) >0 
then H*®(AUC) = H*(A) + H°(A) for all s > 0. 


Definition 4.159 
(a) A set A C R% is said to be H'-rectifiable if there exists a 
sequence of Lipschitz continuous functions U,: R —> R such that 


H'(A\ U un(R)) =0. 

(b) A Ae CR is said to be purely H'-rectifiable if 
H'(Anu(R)) =0, 

for every Lipschitz continuous u: R — RN. 


Using these notions we can have the multidimensional version of 
the chain rule (see Theorem 4.130). 


Theorem 4.160 

If f: RN —> R is a locally Lipschitz function and T C R is an 
interval, 

then fou € ACoc(T) for every u € ACioc(T; RY). 

Moreover, if the set S¢ = {x ER : f is not differentiable at a is 
purely H'-rectifiable, then 


(fou) -> SE (ual u;(x) for almost all x € T, 


with gL (u(x)) ui(a) being zero whenever uj (x) = 0. 
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Using Hausdorff measures, we can extend Theorem 4.133, to func- 
tions of several variables. 


Theorem 4.161 (Area Formula) 
If N<k and f: RN —+ R¥ is a Lipschitz continuous function, 
then for every Lebesgue measurable set AC R, we have 


/ If(odz = ; H(AN f7*(y)) dH (y), 
A Rk 


with Jf(z) = [[det Df(z)]], where for linear L: RN —> R* (with 
N < k), we write L = OoS, with S: R® —> R*® symmetric and 
O: RN —+ R* orthogonal and [[L]] = | det S|. 


Theorem 4.162 (Change of Variable Formula) 
If N<k and f: RN —+ R* is a Lipschitz continuous function and 
u€ L'(RY), 
then 
[u@steae = J S> u(z)) dH" (y). 


RN pe zeur1(y) 


Theorem 4.163 (Isodiametric Inequality) 
For all sets A CR, we have XX (A) < aig (Sema) 

Finally, the area formula (see Theorem 4.161) has a dual version. 
Theorem 4.164 (Coarea Formula) 


If N2k and f: RN —>+ R* is a Lipschitz continuous function, 
then for every Lebesgue measurable set AC R, we have 


prow = peor) dy. 
A Rk 


4.1.14 Carathéodory Functions 


We conclude this chapter with three theorems that are very useful 
both in theory and applications. We start with a definition. 


Definition 4.165 

Let (Q,5) be a measurable space and let X and Y be two topological 
spaces. We say that f: Q x X —> Y is a Carathéodory func- 
tion if 
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(a) for every x € X, the function w +> f(w,x) is (x, B(Y))- 
measurable; 
(b) for every w € Q, the function x+—+ f(w,x) is continuous. 


Theorem 4.166 

If (Q,%) is a measurable space, X is a separable metric space, Y is a 
metric space and f: Q x X —+Y is a Carathéodory function, 

then f is jointly measurable. 


The next theorem is a parametric version of the Lusin theorem (see 
Theorem 3.77). 


Theorem 4.167 (Scorza—Dragoni Theorem) 

If T and X are two Polish spaces, Y is a separable metric space, | is a 
finite tight Borel measure on T and f: Tx X —>Y is a Carathéodory 
function, 

then for every « > 0 we can find a compact subset T. C T such that 
u(T\ Tz) <€ and f\,.,.x. is continuous. 


If Y = RU {+00}, then we can extend Theorem 4.167 as follows. 


Theorem 4.168 

If T and X are Polish spaces, ys is a finite tight Borel measure on 
T and f:Tx X RU {+00} is a Borel function such that for all 
f ET, f(t,-) is lower semicontinuous, 

then for every € > 0, we can find a compact set T; C T such that 
u(T\ T.) <€ and f\,.,.. is lower semicontinuous. 
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4.2 Problems 


Problem 4.1 ** 

Suppose that A C [0,1] is a Lebesgue measurable set and \(A) > 0 (A 
being the Lebesgue measure on R). Show that we can find z,u € A, 
x ~#usuch thatr—uEeQ 


Problem 4.2 ** 

Show that the Borel o-algebra of a topological space X is the smallest 
family of subsets of X which contains all open sets, all closed sets and 
which is closed under countable intersections and countable disjoint 
unions. 


Problem 4.3* 

Let X be a metrizable set. Show that the Borel o-algebra B(X) is the 
smallest family of subsets of X which includes the open sets and which 
is closed under countable intersections and under countable disjoint 
unions. 


Problem 4.4 ** 

Suppose that X is a locally compact topological space and let ¥ is 
a subbasis for the topology of X (see Definition 2.19(a)). Show that 
Ba(X) C o(&) C B(X). 


Problem 4.5 * _—- 
Suppose that X is a topological space, (X, B(X), 1) is a complete 


measure space (B(X) is the y-completion of the Borel o-algebra with 
respect to yu; see Definition 3.23) and u: X —> R is a function such 


—_——_ 


that: there exists a partition {Cy},., C B(X) of X for which Co is 
u-null and for all n > 1, ul, is lower semicontinuous (respectively, 


—_—_——_~ 


upper semicontinuous, continuous). Show that u is B(X )-measurable. 


Problem 4.6 ** 
Suppose that X is a locally compact topological space and U C X is 
a o-compact open set. Show that U € Ba(X). 


Problem 4.7 ** 

Suppose that X is a locally compact, o-compact topological space 
and X* is the Aleksandrov one-point compactification of X (see Re- 
mark 2.97). Show that B(X) = XN B(X*). 
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Problem 4.8 ** 

Suppose that (Q, ©) is a measurable space, X is a topological space and 
GéeX@B(X). Show that there exists Xo C H, a countably generated 
sub-o-algebra of © (see Definition 3.14(a)) such that G € Np ® B(X). 


Problem 4.9 * 
Let X be a locally compact topological space. Show that the open 
Baire sets form a basis for the topology of X. 


Problem 4.10 *** 

Let X be a topological space and let C C X be a nonempty closed set 
endowed with the subspace topology. Show that in general it is not 
true that B(C) C B(X). 


Problem 4.11 ** 

Let C € B((0,1]) with A(C) > 0 (A being the Lebesgue measure). 
Show that C has the cardinality of the continuum (do not use the 
continuum hypothesis). 


Problem 4.12 ** 
Suppose that X is a separable metric space, yw is a Borel measure on 
X and u: X —> R, = [0,+0«] is a Borel function. Show that 


+00 
[udu = fue EX: u(x) >n}) dn. 
xX 0 


Problem 4.13 *** 

Let A be the Lebesgue measure on R. Suppose that A C Risa 
Lebesgue measurable set and assume that A(ANM (a,b)) < 3(b—a) for 
all a,b € R such that a < b. Show that A(A) = 0. 


Problem 4.14 * 

Suppose that X is a metrizable space, B(X) is its Borel o-algebra and 
ju, vv are two finite measures on B(X). Show the following: 

(a) If w and v coincides on the open sets of X, then w= v. 

(b) If X is o-compact and p,v coincide on compact sets, then pp = v. 
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Problem 4.15 *** 

Suppose that X is a metrizable space and yw: B(X) —> Rx = (0, +00] 
is a o-finite measure. Show that every set A € 6(X) with finite p- 
measure is inner regular, i.e., for every ¢ > 0 there exists a closed 
set C, C A such that p(A \ Cz) < e. 


Problem 4.16 ** 

Suppose that X is a topological space and yw: B(X) —> Rx, = [0, +00] 
is a measure which is outer regular (see Definition 4.9), finite on com- 
pact sets and for every open set U C X, we have p(U) = sup {p(K) : 
K CU, K is compact}. Show that for every A € B(X) which is 
o-finite for 44, we have yu(A) = sup {u(D): DC A, D is compact}. 


Problem 4.17 ** 

Suppose that X is a locally compact topological space and let y,v be 
two Radon measures on 6(X) (see Definition 4.9(e)). Show that v < pw 
(i.e., for all A € B(X), v(A) < p(A)) if and only if 


uw < [ud YVueC(xX), uz 0. 
x x 


Problem 4.18 ** 

Suppose that X is a topological space, B(X) is its Borel o-algebra and 
u: B(X) —> Ry = [0, +00] is o-bounded measure, i-e., there exists a 
countable open cover {Un},5, of X with w(Un) < +00 for all n > 1. 
Show the following: 

(a) Every compact set in X has finite u-measure. 

(b) Suppose that X is a co-compact metric space. Then every set A € 
B(X) with u(A) < +00 is inner regular with respect to compact 
sets, i.c., u(A) = sup {yu(K): K CA, K is compact}. 


Problem 4.19 ** 

Suppose that X is a locally compact topological space, B(X) is its 
Borel g-algebra and py: B(X) —+ Ry = [0,+c0] is a o-finite measure 
which is outer regular, finite on all compact sets and inner regular with 
respect to compact sets on all open sets (i.e., for any open set U C X, 
we have (U) = sup{yu(K) : K CU, K is compact}). For every 
A € B(X), show that the following statements hold: 

(a) For a given ¢ > 0, we can find an open set U and a closed set C 
such that CC ACU and w(U\C) <e. 
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(b) There exist an G5-set D and an F,-set E such that FE C AC D 
and p(D \ E) = 0. 


Problem 4.20* 

Suppose that X is a topological space, B(X) is its Borel o-algebra and 
pu: B(X) —>+ Ry = [0, +00) is an additive set function. Show that 
(a) w is outer regular if and only if it is inner regular (see Defini- 
tion 4.9); 

(b) if u(A) = sup {u(K): K C A, K is compact} for all A € B(X), 
then yu is regular. 


Problem 4,21 ** 

Suppose that X is a locally compact topological space, B(X) is its 
Borel o-algebra and yw: B(X) —> R+ = [0,+00] is a measure. Suppose 
that u € C.(X), wu > 0 and assume that [udu = 0. Show that 

xX 

Ulsuppn = 0: 

Problem 4.22 ** 

Suppose that X is a locally compact topological space, B(X) is its 
Borel o-algebra and p is a signed Radon measure on B(X). Show that 


[udu = 0 Yue C(x), ul =(), 


supp [L 
x 


Problem 4.23 ** 

Suppose that X is a topological space, B(X) is its Borel o-algebra 
and yw: B(X) —> R+ = [0,+co)] is an additive set function, which is 
outer regular and inner regular with respect to the compact sets (i.e., 
u(A) = sup {w(K): K CA, K is compact} for all A € B(X)). Show 
that p is a measure. 


Problem 4.24 ** 

Let X be a metrizable space. Show that a finite Borel measure ju is 
Radon if and only if for each ¢ > 0, there exists a compact set K such 
that u(X) —e < p(k). 


Problem 4.25 ** 
Suppose that X is a topological space and yz is a Borel measure on 
X. Suppose that X is second countable or alternatively that py is 
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outer regular and also inner regular with respect to compact sets (see 
Definition 4.9). Show that 4 has a support (necessarily unique; see 
Remark 4.14). 


Problem 4.26 * 

Suppose that (X,») is a measurable space and ju,v are two finite 
measures on %. Is it true that the smallest measure on » not less than 
yor v is max {(A),v(A)}, A € X? Justify your answer. 


Problem 4.27 *** 

Suppose that X is a locally compact topological space, B(X) is its 
Borel o-algebra and y and m are two Radon measures on B(.X) with 
w. being o-finite. Show that o = min{y,m} (the largest measure less 
than or equal to 4s and m) is also a Radon measure on B(X). 


Problem 4.28 ** 
Show that the N-Lebesgue measure \% is Radon. 


Problem 4.29 ** 

Suppose that X is a locally compact topological space, B(X) is the 
Borel o-algebra and py is a Radon measure on 6(X). Show that C.(X) 
is dense in L?(X,) (1 < p < +00). 


Problem 4.30 * 
Find a bounded measurable function f: IR —> R for which there is no 
sequence { fn}ns, G C(R) such that || fn — flo — 0. 


Problem 4.31 * 
On B(R) we introduce the set function fio, defined by 


[o(A) = card{x: cE QnA}. 


Show that po is a measure which is o-finite but it is not regular. 


Problem 4.32 ** 

Suppose that X is a locally compact topological space, B(X) is its 
Borel o-algebra and 1: B(X) —> [0, +00) is a finite additive set func- 
tion with the following property 


u(A) = sup {u(K): K CA, K is compact} VA€B(X). 


Show that ju is a measure (i.e., 4 is countably additive). 
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Problem 4.33 * 
Consider the space 


ve {u € CS°(R) : [wae =0}. 
R 


Is V dense in L'(R)? Justify your answer. 


Problem 4.34 ** 

Let (X,d,) be a metric space. We say that two sets A,C C X are 
metrically separated if inf {d, (a,c): a€ A, c€ C} > 0, ie., the 
two sets are a positive distance apart. We say that an outer measure 
wis additive on metrically separated sets, if (AUC) = u(A) + 
u(C’), whenever A and C are metrically separated. Show that an outer 
measure which is additive on metrically separated sets is in fact a Borel 
measure, i.e., every Borel set of X is u-measurable. 


Problem 4.35 * 
Suppose that X is a locally compact metric space and {en}ns1 isa 
sequence of Radon measures such that 


[fain > ffde  ¥ fe cu(x) 
xX xX 


for some Radon measure ps. Show that: 
(a) for all compact sets K C X, we have limsup p,(K) < w(K); 


n—- +00 


(b) for all open sets U C X, we have p(U) < lim inf fig tlh ys 


Problem 4.36 ** 
Suppose that X is a metric space and yp is a finite Borel measure on 
X. We say that pis uniformly distributed if 


0 <-p(Ba)) = By) VQyvexr, ce. 


Suppose that yz and vy are two uniformly distributed finite Borel mea- 
sures on X. Show that uw = cv for some c > 0. 


Problem 4.37 ** 
Suppose that {fa}nsy © L+(0,1) is a sequence such that 
(a) | fr(x)| < h(x) almost everywhere on [0,1], with h € L+(0,1); and 
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(b) we have 


1 


J toga —+ 0 VgeEC((0,1)). 
0 


Show that for every Borel set A C [0,1], we have 


[ tnac — 0. 
A 


Problem 4.38 ** 
Suppose that X is a locally compact topological space and yu and vy 
are two tight measures on B(X). Suppose that 


[1 pi V f €C,(X). 


Show that =v. 


Problem 4.39 ** 

Suppose that (X,%) is a measurable space, Y is a metric space and 
f: X — Y isa function. Show that the following two statements are 
equivalent: 

(a) f is X-measurable; 

(b) for every continuous function gy: Y —> R, the function yo f is 
yi-measurable. 


Problem 4.40* 

Let (Q,%) be a measurable space, let X be a topological space and 
let f: Q — X be a function. Show that the following statements are 
equivalent: 

(a) f is (©, Ba(X))-measurable (see Definition 4.2). 

(b) For every continuous function y: X —> R, yo f is U-measurable. 
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Problem 4.41 *** 
Let A C R bea Lebesgue measurable set with A(A) < +00 (A being the 


Lebesgue measure on R) and consider the function f: R —> [0, +00), 
defined by 


Show that: 
(a) f is continuous; and 
(b) jim f(x) =0. (Compare with Problem 3.44.) 


Problem 4,42 *** 
Suppose that A C R is a Lebesgue measurable set with positive 
Lebesgue measure and let us set 


def 


y(o) = [xaltorxa (tat 


R 


Show that y is continuous at 9 = 1. 


Problem 4.43 ** 
Find a decreasing sequence of measures on B(R) (N > 1) such that 
the limit set function is not a measure. 


Problem 4.44** 

Suppose that X is a compact metric space and p is a finite Borel 
measure on X such that for every zx € X, we have u({z}) = 0. Show 
that for a given « > 0, we can find 6 = 6(¢) > 0 such that for all 
A € B(X) with diam A < 6 and we have p(A) <e. 


Problem 4.45 ** 
Suppose that X is a compact topological space and yu: B(X) —> 
[0, +00) is an additive set function such that 


w(A) = inf pw(U) = sup p(k) VAEB(X). 
U is open K is compact 
ACU KCA 


Show that yz is o-additive. 


Problem 4.46 *** 

Suppose that X is a compact metric space and yp is a finite nonatomic 
Borel measure on X. Show that there is a basis {Un},,5, for the metric 
topology of X such that “(0U,,) = 0 for all n > 1. 
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Problem 4.47 ** 

Suppose that X is a metric space and p is a Borel measure on X. We 
say that p is doubling if py is finite on bounded sets and there exists 
c > 0 such that 


1(Bo,(x)) < cu(B,(2)) VaeEX, r>0. 


Suppose that py is a doubling Borel measure on X. Show that there 
exist t,¢ > 0 such that 


MBE) > a5)’ Va,yeX, R>r>0, £€ Bry). 


Problem 4.48 * 

Suppose that X is a metric space, ju is a Borel measure on X, A € B(X) 
and u(A) < +00. Show that for a given ¢ > 0, we can find a closed 
set C C A such that u(A\C) <e. 


Problem 4.49 ** 

Let A CR be a Lebesgue measurable set such that AN (A) > 0 (AY 
being the Lebesgue measure on R”). Show that card_A = c. (Compare 
Problem 4.11). 


Problem 4.50* 

Suppose that {fans © C((0, 1) is a sequence of functions such that 
fn(x) — f(x) for almost all x € [0,1] and let J € (0,1). Show that 
there exists a compact set kK C [0,1] such that A() > ¥ and f]|, is 
continuous (A being the Lebesgue measure on R). 


Problem 4.51 ~* 
Show that in R, a compact set with positive Lebesgue measure may 
have empty interior. 


Problem 4.52 *** 
Let f: [0,1] —> R be a Lebesgue measurable function. Show that we 
can find a sequence of continuous functions h,,: [0,1] —+ R such that 


hn =n f (A being the Lebesgue measure on R). 
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Problem 4.53 * 
Let X and Y be two topological spaces such that 


def 
Ay = {(@yy): yEY} € BY) @B(Y) 
and let f: X —> Y bea Borel function. Show that 
Gr f € B(X) @ BY). 


Problem 4.54 * 

Let (Q, ©) and (Y, V) be two measurable spaces and assume that (Y, 
is countably separated (i.ec., there exists a sequence {Cr} noi Cc 
such that for any u,v € Y, we can find n > 1 such that x, (u) 
Xe, (v)). Suppose that f: Q2 —+ Y is measurable. Show that Gr f € 
“@y. 


y) 
y 
Zé 


Problem 4.55 * 
Let (Q,%, 11) be a o-finite measure space, let f € L1(Q) and suppose 
that 


[flea <a VAEX, p(A) < +00 
‘A 


for some A € R. Show that 


[ted <x 


Q 


Problem 4.56 * 
Let C C L?(0,1) (with 1 < p < +00) be a bounded set. Show that C 
is uniformly integrable. 


Problem 4.57 * 

Suppose that (Q,=) is a measurable space, X is a perfectly normal 
space and f: Q —+ X is a function. Show that f is (X,B(X))- 
measurable if and only if for every continuous function y: X —R , 
the function yo f is %-measurable. 


Problem 4.58 ** 

Let (Q,%) be a measurable space and let X be a separable metric 
space. Suppose that f: Q — X is =-measurable. Show that there 
exists a sequence of measurable functions f,: 92 —> X with at most 
countable values such that f, = f in X. 
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Problem 4.59 ** 

Let f,g: (0,1) —> [0,+co) be two measurable functions. We say 
that f and g are equimeasurable if for all 0} > O, we have 
A({f > V}) = A({g > V}) (A being the Lebesgue measure on R). Show 
the following: 

(a) If f and g are equimeasurable, then 


1 1 


[tu = [gae. 


0 0 


(b) If€: [0, +00) —> [0, +00) is a Borel function and f, g are equimea- 
surable, then € 0 f and € og are equimeasurable too. 


Problem 4.60 *** 

Let f: (0,1) —> [0,+00) be a measurable function. Show the 
following: 

(a) There exists a unique function f*: (0,1) —> [0,+00) which is 
decreasing, right continuous and the functions f and f* are equimea- 
surable (see Problem 4.59). 

(b) For every Lebesgue measurable set A C (0,1), we have 


(A) 
[re < [ fe 
A 0 


and if €: (0,1) —> [0,+00) is decreasing, then 
i i 

[sear sf reac, 
0 0 


Problem 4.61 *** 
Suppose that X is a locally compact topological space, B(X) is its 
Borel o-algebra, ju is a Radon measure on B(X) and u € L'(X, 1). We 
set 
v(A) = [udu VAEB(X). 
A 
Show that v € M,(X) (see Definition 4.22). 
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Problem 4.62 * 
Let X be a topological space and let 4 be a Radon measure on X. 
Show that, if v is a measure on X andy < p, then v is Radon too. 


Problem 4.63 * 
Suppose that X is a locally compact topological space, u € M,(X) 
and u € C.(X) are such that |u(x)| < € for all 2 € supp. Show that 


| f udu) < ell. 


Problem 4.64 ** 

Suppose that X is a locally compact topological space, B(X) is its 
Borel o-algebra and yu: B(X) —> [—co, +00] is a signed measure with 
compact support. Show that y is finite. 


Problem 4.65 *** 

Let X be a locally compact topological space in which every open set 
is o-compact (for example when X is strongly Lindel6ff, in particular 
when X is second countable; see Proposition 2.164). Show that every 
Borel measure which is finite on compact sets is Radon. 


Problem 4.66 ** 

Suppose that X is a locally compact topological space and { Ln}nvt is 
a sequence of Radon measures defined on the Borel o-algebra B(X). 
Suppose that 


[tain > ftdn vtec), 
xX xX 


for some Radon measure 41 defined on the Borel o-algebra B(X). Show 
that p(X) < lim inf Lin(X). 
n—->+Co 


Problem 4.67 ** 
Suppose that X is a locally compact topological space and {fin} y51 isa 
sequence of Borel measures on X. Suppose that € = sup [in(X) < +00 


n>1 
and 


[fain > ffdu  ¥ fe CQ). 
xX xX 
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[rain a [rau V h € Cp(X). 
xX xX 


Problem 4.68 ** 

Let X be a compact topological space. Show that a continuous linear 
functional y on C(X) is positive if and only if ||y||. = y(1) (1 is the 
constant function on X identically equal to 1). 


Problem 4.69 ** 
Suppose that X is an uncountable locally compact topological space. 
Show that Co(X)* = M,(X) is not separable. 


Problem 4.70 *** 
Suppose that X and Y are two compact metric spaces and f: X —> Y 
is a continuous surjection. Show that for every Radon measure J on 


Y, we can find a Radon measure pp on X such that pf~! = V0 (see 
Theorem 4.18). 


Problem 4.71 ** 
Suppose that X is a locally compact topological space and y € Co(X)*, 
y > 0. Show that the following two statements are equivalent: 


(a) p(max{f,h}) = max {y(f), (h)} for all f,h € Co(X); 
(b) y = cd, for some c > 0 and some x € X. 


Problem 4.72 *** 

Suppose that X is a locally compact topological space, yz is a Radon 
measure on X and ) is a family of lower semicontinuous functions from 
X into R, = [0, +00] which is upward directed (i.e., if hy, ho € Y, then 
there exists h € Y such that hy < h and ho < h). Let f = sup {h : 


he y}. Show that 
[tu = sup [hay 
hey 


xX xXx 


Problem 4.73 ** 

Suppose that X is a locally compact topological space, yw is a Radon 
measure on X and f: X —>+ Ry = [0,+00] is a Borel function. Show 
that: 
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(a) we have 


[ta = inf { [rau : h is lower semicontinuous on X, h > fh: 
Pa x 
(b) we have 


[tu = sup { [au : 1 is upper semicontinuous on X,0 <7 < ei 
x xX 


(recall that 7 is upper semicontinuous if and only if —7 is lower semi- 
continuous). 


Problem 4.74 * 

Suppose that X is a locally compact topological space and yp is a 
signed Borel measure on X satisfying that for every A € B(X) and 
every € > 0, we can find a compact set K C X and an open set U C X 
such that kK C ACU and 


Ju(B)] <e VBEBX), BCU\K. 


Show that « € M,(X) (see Definition 4.22). (Compare with Prob- 
lem 4.19.) 


Problem 4.75 *** 
Suppose that X and Y are two separable metric spaces and 
€: M}(X)@M}(Y) — Mf (X x Y) is the function defined by 


def 
E(m, pn) = mx p, 
where m X p is the product of the two measures m and py. Show that 


€ is continuous when M7*(X), Mj (Y) and M;*(X x Y) are furnished 
with their respective weak topologies (see Definition 4.25). 


Problem 4.76 ** 
Suppose that X is a metric space and f: X —> R* = RU 
{+00} is a lower semicontinuous, bounded below (respectively, up- 


per semicontinuous, bounded above) function. Show that the function 
€: (Mj (X),w) — R* (see Definition 4.25), defined by 


iu) = f fan 


xX 


is lower semicontinuous (respectively, upper semicontinuous). 
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Problem 4.77 ** 

Suppose that X is a metric space, U C X is an open set, CC X isa 
closed set and 7 € R. Show that: 

(a) The set D= {uw € M{(X): (VU) >} is weakly open. 

(b) The set E = {uw € Mi (X): “(C) > 7} is weakly closed. 


Problem 4.78 ** 
Suppose that X is a metric space, B(X) is its Borel o-algebra and 
for each A € B(X) we consider the function £4: Mj(X) — [0,1], 
defined by 

éa(u) S u(A). 
We furnish M;‘(X) with the weak topology (see Definition 4.25). Show 
that €4 is Borel measurable. 


Problem 4.79 * 

Let X be a metric space and consider the space C,(X) fur- 
nished with the sup-norm and the space Mj*(X) furnished with 
the weak topology (see Definition 4.25). Show that the function 
y: Cy(X) x Mj (X) — R, defined by 


def 
yu, ") = / udu 
xX 
is jointly continuous. 


Problem 4.80 *** 

Let X be a metrizable space. Show that X is homeomorphic to a 
sequentially closed subspace of My (X) with the weak topology (see 
Definition 4.25). 


Problem 4.81 *** 
Suppose that X and Y are two metrizable spaces and f: X —> Y is 
a homeomorphism into Y. Let 0: Mj"(X) —>+ Mj*(Y) be defined by 


vu)(A) S (f(A) Vue MiP(X), Ae BY). 


Show that 7? is a homeomorphism too. 


Problem 4.82 *** 
Let X be a locally compact metric space. A set A C X is said to be 
bounded if A C K for some compact set K C X. Let B(X) be the 
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Borel o-algebra of X, let {in}, 51 be a sequence of Radon measures 
of X. We say that the sequence {Un}n>1 converges vaguely toa 


Radon measure ps (denoted by pin —> 2), if 
[fain > ffdu  ¥ FEC). 
xX X 


Show that the following two statements are equivalent: 
(a) bn — ps 
(b) pn(A) — p(A) for all bounded set A € B(X) with (OA) = 0. 


Problem 4.83 *** 

Let X bea Polish space and let C C Mj" (X). Show that C is uniformly 
tight if and only if there exists a function y: X —> [0, +c] such that 
for every A > 0, the set {py < A} is compact in X (ie., y is inf- 
compact) and 


sup [ o(2) du < +00. 
UEC e 


Problem 4.84 ** 
Suppose that {Hn}ns1 is a sequence of probability measures defined 
on B(R) and 


fied > [ted v rece) 


for some probability measure jz defined on B(RY). 
Show that the set {un : n> 1} U {y} is uniformly tight and 


[in —> pp in Mf (RY). 


Problem 4.85 *** 

Suppose that X and Y are two separable metric spaces and 
{Oy: xX — sg is a sequence of Borel functions such that 3, —> 0 
uniformly on compact sets and ¥ is continuous. Let the sequence 
{En}ns1 © My (X) be uniformly tight and py, “> p. Show that 
[tnd | —> wd! in MT (Y). 
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Problem 4.86 * 

Suppose that XX ,,X_2 and Y are three separable metric spaces, 
0,: Y — X, and v2: Y —> Xp» are two continuous functions such 
that 0 = (01,02): Y —> X, x Xo is proper (i.e., the inverse image 
of a compact set is compact) and E C M;‘(Y) is such that the sets 
Ey = Evy’ C Mf (X1) and Ey = Evy" C Mj*(X2) are uniformly 
tight. Show that F is uniformly tight. 


Problem 4.87 ** 
Suppose that X is a metric space, u,v € Mj‘(X) and 


[te = | V f €UC;(X). 


Show that ps = v (see also Problem 4.38). 


Problem 4.88 ** 

Suppose that X and Y are two separable metric spaces, m: X x 
B(Y) —+ [0,1] is a function such that the function x +> m(z,-) 
is continuous from X into Mt (Y) furnished with the weak topology 
(see Definition 4.25) and f € Cy(X x Y). Show that the function 


ge> A(x) = | senna, dy) 
Y 


is continuous. 


Problem 4.89 * 
Suppose that X is a separable metric space and C C X is a nonempty 
closed set. Let 


Mi (C) S {we Mi(X): supp C Ch. 


Show that the set Mj"(C) is closed in Mj‘(X) when the latter is fur- 
nished with the weak topology (see Definition 4.25). 


Problem 4.90 ** 
Let X be a separable metric group. For any two measures [i,v € 
M;j*(X), the convolution pz * v is defined to be the set function 


(uxv)(A) & [ lar) dela) ¥ASBX). 
>< 
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Show that «: Mj(X) x Mj(X) —> M/(X) and it is continuous 
(Mj (X) is furnished with the weak topology; see Definition 4.25). 


Problem 4.91 *** 

Suppose that X is a separable metric space and Y C 2* is such that 
o(Y) = B(X) and Y is closed under finite intersections (for example 
Y can be the family of closed subsets of X). For every A € B(X), let 
na: Mj (X) — [0,1] be the function, defined by 


na(u) = w(A) Vee MY(X). 


Show that 
B(Mi(X)) = o( U m4" (B®) 


(M;*(X) is furnished with the weak topology; see Definition 4.25). 
1 


Problem 4.92 ** 
Suppose that (Q,%) is a measurable space, X is a Polish space and 
F: Q —+ 2* \ {0} is a graph measurable multifunction. Let 


Sw) © 


{we Mi (X): p(F(w)) =1} Vweo. 
Show that $:Q —+ 2MiC0 \ {0} is graph measurable (Mj*(X) is 
furnished with the weak topology; see Definition 4.25). 


Problem 4.93 ** 

Suppose that X and Y are separable metric spaces, Y C B(Y) is a 
family such that Y is closed under finite intersections and o(V) = B(X) 
and €: X —+ Mj'(X) is a function (spaces Mj*(X) and M/(Y) are 
furnished with the weak topologies; see Definition 4.25). Show that 
€ is Borel measurable if and only if for every A € JY, the function 
v4: X —> [0,1], defined by 


is Borel measurable. 


Problem 4.94 ** 

Suppose that X and Y are separable metric spaces, £: X —> Mj(Y) 
is a continuous function (M7 (Y) is furnished with the weak topology; 
see Definition 4.25). Show that for every function f: X x Y —> R* = 
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R U {+00}, which is lower semicontinuous and bounded below, the 
function 


Penis / flo, y)&(a, dy) 


is lower semicontinuous and bounded below. 


Problem 4.95 *** 
Let (X,%) be a separable measurable space. Show that there exists a 
subspace A of {0,1}% such that (X,¥) and (A, B(A)) are isomorphic. 


Problem 4.96 ** 

Let X and Y be two topological spaces and let f: X —> Y bea 
function such that Gr f is a Souslin subset of X x Y. Show that f is 
Borel function. 


Problem 4.97 ** 

Let X be a Borel space (see Definition 4.40). Show that Mj*(X) 
equipped with the weak topology (see Definition 4.25) is a Borel space 
too. 


Problem 4.98 ** 
Suppose that X is a Polish space and {Un},51 © My (X) is a sequence 


such that fn —> pu for some pu € Mj (X). Suppose that f: X — Ris 
a continuous function, g: X —+ (—oo, +00] is a lower semicontinuous 
function and 


lim sup / \f|dun = 0 and lim sup 7 Go i, = 0. 
> k>+00 n>1 


{| f|2k} {g->k} 
Show that 


slim ff din = [ta and timint [ gdjn > [aan id, 
xX xX xX xX 


Problem 4.99 ** 
Suppose that X is a Polish space and {fin},51 © M; (X) is a sequence 


such that ju, “> pw — some ps € Mj*(X). Suppose that f € C(X)N 
E+ (X, pn) for all n > 1, f > 0 and 


a [1 < +00. 


n— +00 
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Show that 


Problem 4.100* 

Suppose that X and Y are two Polish spaces, A € B(X), f: X —> Y is 
a Borel measurable, injective function, C = f(A) C Y and C € B(Y). 
Show that f~!: C —+ X is Borel measurable. 


Problem 4.101 ** 

Let (X,=) be a measurable space such that there exists a Polish space 
Z and a Souslin (analytic) set A C Z such that the measurable spaces 
(X,x) and (A,B(A)) are isomorphic (see Definition 4.39). Let Y 
be a Polish space and let f: X —> Y be a -measurable function. 
Show that for every C € %, the set f(C) is Souslin (analytic; see 
Remark 2.157). 


Problem 4.102 ** 

Suppose that X is a Borel space (see Definition 4.40) and f: X —> 
R* = RU {+co} is a Borel measurable function. We defined the 
function yp: Mj (X) —> R*, by 


vw) f fay. 
xX 


Show that this function is Borel measurable when . (X) is furnished 
with the weak topology (see Definition 4.25). 


Problem 4.103 ** 
Let f: RY —> R™ be a Borel measurable map and let D € B(RY). 
Show that f(D) is a Souslin set. 


Problem 4,104 ** 
Let X be a Souslin space which is completely regular (see Prob- 
lem 2.42). Show that X is perfectly normal. 


Problem 4.105 ** 
Let X be a topological space and A € Ba(X). Show that there exists 
a sequence {fz },5, C C(X) and a set B € B(R®) such that 


(x) A= {reEX: {fr(x): kel} e Bh. 
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In addition every set of the form (x) is Baire and we can take {fx }y51 © 


C(X). 


Problem 4.106 * 

Let X be a topological space and let be a Baire measure on X. Show 
that for every B € Ba(X) and every ¢ > 0, there exists a continuous 
function €: X —> [0,1] such that 


| f gd (B) ee 
xX 


Problem 4.107 ** 

Let (Q, 2) be a measurable space and let (X,d,) and (Y,d,.) be two 
metric spaces with X being separable. Suppose that D is a countable, 
dense subset of X and let f: Q x X —>+ Y be a map such that: 

(i) for every x € D, the function w ++ f(w,x) is measurable; 

(ii) for every w € Q, the function x +> f(w,x) is continuous. 

Show that f is jointly measurable. 


Problem 4.108 * 
Suppose that 2 is a set, A is a nonempty subset of 2”, X is a metric 
space and G: Q —>+ 2* \ {} is a multifunction such that 


G-(C) © {weQ: Gw)nCFO} € A VOCX, C closed. 


Suppose that A is closed under countable unions. Show that for every 
open set U C X, we have G-(U) € A. 


Problem 4.109 ** 

Suppose that (Q,X) is a measurable space, (X,d,.) is a metric space 
and { fn: Q AX Lael is a sequence of (x, B(X ))-measurable func- 
tions such that fn(w) —> f(w) for all w € Q. Show that f is 
(x, B(X))-measurable. 


Problem 4.110* 

Suppose that (X,¥,) is a o-finite measure space, X is a separable 
Banach space and let F: Q —+ 2* \ {0} is a graph measurable multi- 
function. For 1 < p < +00, let 


a a {f € L?(Q;X): f(w) € F(w) pralmost everywhere on Q}. 
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Show that S$? 4 @ if and only if 2 I|z|| = m(w) < h(w) p-almost 
rer (w 


everywhere, with some h € L?(Q). 


Problem 4,111 ** 

Suppose that (Q,%) is a complete measurable space (i.e., © = ¥; see 
Definition 4.45), X is a Souslin space, €: Q x X —> R* = RU {+00} 
is a jointly measurable function and F: Q —> 2* \ {0} is a graph 
measurable multifunction. Let us set 


m(w) “ a Vwen. 


Show that the function m: Q —> R = RU {+00} is }-measurable. 


Problem 4,112 * 

Let X and Y be two Souslin spaces and let f: X x Y —> R bea 
Borel measurable and bounded below function (respectively, bounded 
above). We set 


m(x) “cl inf f(x,y) (respectively, M(x) = sup f(z, y)). 
yey yeY 
Show that m (respectively, MM) is measurable with respect to every 
Borel measure on X. 


Problem 4.113 * 

Suppose that (Q, ©) is a measurable space, X is a Polish space, €: x 
X — R* = RU {+coo} is a jointly measurable function such that 
for all w € Q, the function x ++ €(w, x) is upper semicontinuous and 
F: QO) — P; eo ) is a measurable multifunction. Let us set 


mw) = ae YweQ, 


Show that the function m: Q —+ R = RU {+00} is }-measurable. 


Problem 4.114*** 

Suppose that (Q, 5, ) is a o-finite measure space, X is a separable 
Banach space, F: Q —>+ 2* \ {0} is a graph measurable multifunction, 
€:Qx X — R* = RU {+00} is a jointly measurable function, 


Ie(u) a [§eue)) dit 
Q 
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is well defined (maybe +00 or —oo) for all u € SR (1 < p < +00; 
see Problem 4.110) and there exists uo € S? such that I¢(ug) > —oo. 
Show that 


sup Ig(u) = / sup €(w,2) du. 
ues, é xe F(w) 


Problem 4.115 * 

Suppose that (Q, 5, ) is a o-finite measure space, X is a separable 
Banach space and F: 2 —+ 2* \ {0} is a graph measurable multi- 
function (see Definition 4.49). Show that the set S% C L?(Q; X) (see 
Problem 4.110) is bounded if and only if the function w +> |F(w)| 
belongs to L?(Q) (1 < p < +00). 


Problem 4.116 * 

Suppose that (Q,¥) is a measurable space, X is a o-compact metric 
space and F’: (1 —>+ Pr (X) is a multifunction such that for every 
compact set K C X, we have 


def 


F-(K) {weEQ: Fw)nK Ao} € &. 


Show that F is measurable (see Definition 4.49(a)). 


Problem 4,117 *** 

Suppose that (Q,%) is a complete measurable space, X is a Polish 
space, Y is a o-compact Polish space and fF: Q —+ Ps(X x Y) is 
a multifunction. Consider the multifunction G: 2 x X —> P;(Y), 
defined by 


G(w,Zz) es {yeY: (a,y) € F(w)}. 


Show that F’ is measurable if and only if G is measurable. 


Problem 4.118 ** 

Suppose that (Q, ©) is a measurable space, X is a Polish space and 
u: X —> Q is a function such that 

(a) for every w € 2, we have u~'(w) € P;(X); and 

(b) for every open set V C X, we have u(V) € &. 


Show that there exists a -measurable function f: Q— X such that 
u(f(w)) =w for allw € 0. 
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Problem 4,119 ** 

Suppose that (Q,5) is a measurable space, X is a Polish space, Y 
is a metric space, g: Q x X —> Y is a Carathéodory function, 
U2 Pe (Xx ) is a measurable multifunction, we set 


G(w) es g(w, U(w)) Ywend. 
Show that for all open sets V C Y, we have G-(V) € ©. 


Problem 4.120 * 

Suppose (2,2) is a complete measurable space, T is a Souslin space, 
X is a metric space, g: Q x T —>+ X is a jointly measurable function, 
U: Q —> 27 \ {0} is a multifunction such that GrU € © @ B(T) and 
h: Q —+ X is a X-measurable function such that h(w) € g(w,U(w)) 
for all w € Q. Show that there exists a (©, B(T))-measurable function 
u: Q —+ T such that u(w) € U(w) and h(w) = g(w,u(w)) for all 
weEQ. 


Problem 4,121 ** 

Suppose that (Q, ©) is a measurable space, X is a Polish space and 
F:Q —> 2* \ {0} is a multifunction such that for every x € X 
and every r > 0, we have F~(B,(x)) € & (here B,(x) = {2' € 
X : d(a’,xz) <r} with d being the metric of X). Show that F is 
measurable. 


Problem 4,122 ** 

Suppose that (Q,=) is a measurable space, X is a separable metric 
space, Y is a metric space, f: Q = X —> Y is a Carathéodory function 
and U CY is an open set and for every w € 2) there exists « € X such 
that f(w,x2) € U. Show that the multifunction F: Q —> 2* \ {6}, 


defined by F'(w ae {x EX: flwjxrye U} is graph measurable. 


Problem 4,123 ** 

Suppose that (Q,=%) is a measurable space, X is a separable metric 
space, Y is a topological space and f: 2x X —> Y is a Carathéodory 
function. Let U C Y be an open set and let us set 


F(w )S{rex: f(w,u) €U}. 


Show that for all closed sets C C X, we have that 


F-(C) © {weEQ: Fw)nCFAO} es. 
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Problem 4,124 ** 
Let (Q, ©) be a measurable space and let X be a Polish space. Suppose 
that f: Q x X — R is a Carathéodory function. Let 


E(w) © epi f(w,- ‘)={(@,A) EX xR: f(w,x) <r} 


for all w € Q. Show that for every open set U C X x R, we have 


\= 


E- {wEQ: Ew)nU4o} eX. 


Problem 4,125 *** 

Let (Q,%, 4) be a o-finite measure space and let X be a separable 
Banach space. Suppose that F: Q —> 2* \ {Q} is a graph mea- 
surable multifunction with open values. Suppose that iol # () (see 
Problem 4.110) and let 


pos w= {f flw)du: fe Sh}. 
Q 
Show that the set f F(w) dy is open in X. 
Q 


Problem 4.126 ** 

Let (©, %, ) be a finite measure space. Suppose that {fn},s1 C £?(Q) 
(with 1 < p < +00), ||fnllp < M for all n > 1 with some M > 0. 
Assume also that for all A € %, we have 


[tndn > f fay, 
A A 


for some f € L?(Q) such that ||f\|p < M. Show that f, “> f in 
LP(Q) (see Definition 4.74). 


Problem 4.127 *** 

Let (Q,%,) be a o-finite measure space and let f: Q —> R bea 
b-measurable function such that fg € L1(Q) for all g € L?(Q) (with 
1 <p <-+too). Show that f € L”’(Q) (where ; + rd = 1): 


Problem 4.128 ** 
Suppose that (X,%, 1) is a measure space and {fn}js1 C D(X) isa 
sequence such that the limit 


lim / fndp exists and is finite for all A € b. 


n—- +00 
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Show that for every ¢ > 0, we can find 6 = 6(€) > 0 such that 


if u(A) <6, then iia du <e for alln > 1. 
A 


Problem 4.129 *** 
Suppose that (X,%, 1) is a finite measure space and { fn},51 C L'(X) 
is a sequence such that 


(i) for all A € &, the limit iim / fn ds exists and is finite; and 
A 


(ii) sup lfalla = M4 < +00. 
> 
Show that there exists f © L'(X) such that f, “> f in L'(X). 


Problem 4.130 ** 

Let (X,&, 4) be a measure space and let {Un},,5, C M(%) be a Vitali 
equicontinuous sequence (see Definition 4.71) such that wu, < pu for 
all n > 1. Show that the sequence {un},51 is uniformly p-absolutely 
continuous. 


Problem 4.131 ** 

Suppose that (X, ©, jz) is a finite measure space and {fn},5, GC M(X) 
is a uniformly p-absolutely continuous sequence (see Definition 4.71). 
Show that the sequence {fin}, 51 is Vitali equicontinuous. 


Problem 4.132 ** 
Find a sequence of functions {fn},s; C L?(a,6) (with 1 < p < +00) 


such that f, —» 0 but f, “> 0 in L?(a,b) (see Definition 4.74). 


Problem 4.133 * 
Let (,%, 44) be a finite measure space and let {un},5, C L*(Q) be 


a uniformly integrable sequence such that un(w) —> u(w) p-almost 
everywhere in Q. Show that up, —“> u in L1(Q). 


Problem 4.134** 
Let f be a real valued function defined in a neighbourhood of a point 
xo ER. If there exists a set D C R such that 


dist(ap,D) = 0 and lim J(z) = f(a), 
xv Xo 
zeéD 
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then we say that f is an approximately continuous function at 
xo. If f is approximately continuous at all points of its domain, we 
say that f is an approximately continuous function. Show that 
a measurable, almost everywhere finite function is approximately con- 
tinuous at almost every point. 


Problem 4.135 ** 
Suppose that f € Z1(0,1) and for every x € (0,1) and every € > 0, we 
can find an open interval J, C (0,1) such that 


x € Ty, Aly) < €, and [ra = 


Show that for every open interval J C (0,1), we have f, f dA = 0. 


Problem 4.136 * 

Let ’ be the Lebesgue measure on R. Does there exist a Lebesgue 
measurable set A C R such that \(A MI) = 5A(Z) for every bounded 
interval I? Justify your answer. 


Problem 4,137 ** 
Let f € L*(0,1) and let Ly be the Lebesgue set of f (see Defini- 
tion 4.89). Show that Ly = S, where 


c= € (0, 1] ine t)—r|dt= )—r| for some r € Q}. 
- 


Problem 4.138 *** 
For any set B CR, any x € R (not necessarily in B), we introduce the 
following two quantities: 


(BND) 


lim sup “ae is the upper density of B at x 
(1)0 oe 

and 
liminf 28% is the lower density of B at x, 


MD30 AW) 


where lim sup and liminf are taken over all intervals J such that « € I 
(here \ denotes the Lebesgue measure on R). If these two quantities 
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are equal, then their common value is the density of B at the 
point x (cf. Definition 4.92). 

Let A,C C R be two nonempty sets which are metrically separated 
(see Problem 4.34). Show that the density of each of sets A and C' at 
almost all points of the other set is zero. 


Problem 4.139 ** 
Show that the set of points at which the density of a Lebesgue mea- 
surable set A C R exists but it is not equal to 0 or 1, is of measure 


zero and of first category. 
(see Problem 4.138). 


Problem 4.140* 

Suppose that A C [0,1] is a Lebesgue measurable set and that there 
exists 0 > 0 such that A(AN [a,6]) > 0(b—a) for alO<a<b<1(A 
being the Lebesgue measure on R). Show that (A) = 1. (Compare 
with Problem 4.13.) 


Problem 4.141 * 

Let ys be a finite Borel measure on [0, 1] which is absolutely continuous 
with respect to the Lebesgue measure \ on R. Show that 

y((0, 119 (aw — h,a +h) 

h+0 A([0, 1] N (a — h, x + h)) 


exists for A-almost all x € [0, 1]. 


Problem 4.142 * 
Does there exist a Lebesgue measurable set A C [0,1] such that 


b-a 


A(AN [a, B]) = VO0<a<b<l 


(A being the Lebesgue measure on R). 


Problem 4.143 * 

Let f: R — R be a Lipschitz continuous function and _ let 
g: [a,b] —+R be an absolutely continuous function. Show that 
fog: [a,b] — R is absolutely continuous. 


Problem 4.144* 


Let A C [0,1] be a Lebesgue measurable set and consider the following 
sequence 


ae 
tie = nf xq(o+ tat VreER, n>. 
0 
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Show that: 

(a) 0< fn <1 foralln >1; 

(b) fn € AC([0, 1]) for all n > 1; 

(c) fn — x, almost everywhere on (0, 1]; 
(d) fn — x, in L1(R). 


Problem 4,145 ** 

Suppose that A C R is a Lebesgue measurable set and gA = A for 
all ¢ € Q\ {0} (here gA = {qx : x € A}). Show that A or R\ A is 
Lebesgue-null. 


Problem 4.146 ** 

Let D C [0,1] be a Lebesgue-null set. Find an increasing and abso- 
lutely continuous function f: [0,1] —> R such that f’(2) = +o for 
alla € D. 


Problem 4,147 ** 
Show that the function f: [0,1] —> R, defined by 


#(2) def J O Th 0), 
7 x? cos 4 if O<a<l 
is everywhere differentiable but it is not of bounded variation. 


Problem 4,148 * 
Let f: [a,b] —> R be an absolutely continuous function. Show that f 
is constant if and only if f’(2) = 0 for almost all x € [a, d]. 


Problem 4.149 ** 
Let f: R — R be a Lipschitz continuous function and let D C R be 
a Lebesgue-null set. Show that f’(2) = 0 for almost all x € f~!(D). 


Problem 4.150 ** 

Assume that {un : [a,b] —> R},,5, is a sequence of functions such that 
Un(x) —> u(x) for all x € [a,b]. Show that Varu < lim inf Var Un. 
Problem 4.151 ** 

Let f: [a,b] —> R be a differentiable function. Show that f is abso- 
lutely continuous if and only if f is of bounded variation. 
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Problem 4.152 * 
Suppose that u: [a,b] —> R is a continuous function and J < Varu 
(Var u can be 0 or +00). Show that there exists 6 > 0 such that 


Ss |u(rx) - u(zp-1)| Se 


k=1 


for every partition a = % < % < ... < &, = 0 such that 
MaXi<k<n eae — Lp-1| <o. 


Problem 4.153 * 
Let u € BV([a,0]) N C((a, 6]). Show that the set 


A® {y ER: cardu!({y} = +o0) } 


is Lebesgue-null. 


Problem 4.154 ** 

Let {un: [0,1] — R},,5, be a sequence of absolutely continuous func- 
tions such that u,(t) —> u(t) for all t € [0,1] and {u,,},51 C E(0;1) 
is uniformly integrable. Show that u € AC((0, 1). 


Problem 4,155 * 
Suppose that f: [a,b] —> R is absolutely continuous and p > 1. Show 
that |f|?: [a,b] —> R is absolutely continuous too. 


Problem 4.156 ** 

Let A,C C R% be two Borel sets. Show that: 
(a) If AC C, then H-dimA < H-dimC. 

(b) H-dim(AU C) = max {H-dim A, H-dimC}. 


Problem 4.157 ** 
Let y: [a,b] —> R% be a continuous curve. Show that 


I) — ¥(@)|| < A (ola, 4). 
Problem 4.158 ** 


Let 7: [a,b] —> R% be a Lipschitz injective curve (a simple curve). 
Show that H*(y([a,])) = Vary < +00. 
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Problem 4.159 ** 
Suppose that C C RY is a connected compact set and 0 < r < 
sdiam C. Show that H!(CN B,(x)) >r for all x €C. 


Problem 4.160 ** 
Let (A )* denote the Lebesgue outer measure on R%. Show that there 
exists C > 0 such that CH" (A) < (AN)*(A) < H(A) for all AC RY. 


Problem 4.161 ** 
Let A C R™ bea set of positive outer measure and let f: RY —> R” 
be a function. Let Gr fl, = {(x, f(x)) : aw € A}. ae that 


H-dim Gr f|4 > N and if f is Lipschitz, then H- dim Gr f|4 = 


Problem 4.162 *** 
Show that for every connected set A C R%, we have H!(A) > diam A. 


Problem 4.163 ** 
Show that, if A C R% has H-dim A < 1, then A is totally disconnected 
(ie., all connected components are singletons). 


Problem 4.164 ** 

Suppose that (Q,%) is a measurable space, X is a compact met- 
ric space, Y is a separable metric space and f:Q x X —>+ Y isa 
Carathéodory function. Show that the function f: Q —> C(X;Y), 


defined by 
def 


fw) = fw,) Ywea 
is measurable when C(X;Y) is furnished with the uniform con- 
vergence topology (i.e., the metric topology induced by the metric 
d(h,g) = max d y (h(x), g(x)) for all h,g € C(X;Y) and with d, being 
the ‘ete a Y; this topology is the c-topology; see Definition 2.174 
and Theorem 2.183). 


Problem 4.165 * 

Suppose that (Q,=), X, Y and C(X;Y) are as Problem 4.164 and 
that f: Q —> C(X;Y) is a S-measurable function. Show that the 
function 


Qx X35 (wir) +> f(w,r) = f(w)(x) EY 


is Carathéodory. 
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Problem 4.166 * 
Let X be a locally compact topological space. For every f € C.(X), 
we consider the linear functional yr: M,(X) —> R, defined by 


ye) = wf) = [ta V we M,(X). 
xX 


Then we consider the weak (initial) topology on M,(X) introduced by 
this family of functions (see Definition 2.62). This topology is known 
among probabilities and measures theorists as vague topology (see 
also Problem 4.82) and among functional analysts as w*-topology (see 
Definition 5.63). We will denote it by w*. Suppose that E C M,(X). 
Show that the following statements are equivalent: 

(a) E” is w*-compact; 

(b) for every compact set kK C X, there exists 7K > 0 such that 
|u|) < HK for all w € EF. 


Problem 4.167 ** 

Suppose that X is a locally compact topological space, 0 > 0 and 
consider the set E & {uw € M(X): |u| < 0}. Show that E is 
w*-compact. 

Is the set D & {uw € My(X): |||] = 0} w*-closed? Justify your 
answer. 

Finally show that if X is compact, then 


def 
Dy = {ue M,(X): w > 0, lull = 9} 


is w*-compact (for the definition of the w*-topology see Prob- 
lem 4.166). 


Problem 4.168 *** 

Let X be a locally compact topological space. Show that the function 
a: X —+ M,‘(X), defined by o(x) = 6, is a homeomorphism of X 
into M,"(X) (M, (X) is endowed with the relative w*-topology). 
Moreover, show that if X is not compact, then for every « > 0 and 
f € C.(X), there is a compact set K C X such that \5x(f)| < e for all 


Problem 4.169 ** 

Let X be a locally compact topological space. Show that My (X) with 
the relative w*-topology (see Problem 4.166) is separable metrizable if 
and only if X is second countable. 
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Problem 4.170 ** 
Suppose that X is a separable metric space and {Un},51 © M}(X) is 


such that Un — yt (see Problem 4.166). Show that 
C limi 
supp # C lim inf supp Hn 
(see Problem 1.171). 


Problem 4.171 ** 

Suppose that X is a locally compact separable metric space and 
{Un}ns1 © Mo(X) is a sequence such that pn mie pe in M,(X) for 
some pt € M,(X) (see Problem 4.166). Show that for every lower 
semicontinuous function h: X —> [0,+00), we have 


[rau < limint [hin 
N—-+00 
xX xX 


Problem 4.172 ** 

Suppose that {Hn},51, C Mo(R) is a sequence of measures, p € M(R), 
Yn(z) = Un((—00, 2]) for n > 1 and y(x) = 14((—00, z]). Suppose that 
ln || < M for all n > 1 and for all xz, continuity points of y, we have 


n(x) —> v(x). Show that pn “ i (see Problem 4.166). 
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4.3 Solutions 


Solution of Problem 4.1 
Let {@n}ns1 be the rational points of [—1, 1]. Let 


An = A+q = {e+ 4n: ae A}. 


From the translation invariance of the Lebesgue measure, we have 


and clearly A, C [-1,2] for alln > 1. Then U5, An © [-1,2]. 
Suppose that the sets A, are pairwise disjoint, i.e., if n # m, then 
An Am = 9. Then, by o-additivity, we have 


SY" MAn) = ACL An) < A([-1,2]) = 3, 


n>1 n>1 


but 


A( LJ An) = S5A(An) = A(A)S 21 = +00 


n>1 n>1 n>1 


(since A(A) > 0), a contradiction. This means that we can find 
m,n >1 such that Am A A, #40. Let a € Am MN An. Then 


a= 2£+qm = utd with r,uEcA, cr#u, 


Solution of Problem 4.2 

Let B(X) be the Borel o-algebra of X and let Y be the family of 
subsets of X which contains all open sets, all closed sets and which 
is closed under countable intersections and countable disjoint unions. 
Evidently Y C B(X). Let 


F = {Aey: Arey}. 


Then F C Y C B(X) and F contains all open and all closed sets 
in X. We will show that F is a o-algebra and then we will have 
F =) =B(X). We do this in steps. 
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(a) If A,C € F, then A\C EF. 


By definition A°,C® € F. Since Y is closed under finite inter- 
sections, we have that A\ C = ANC° € Y. Also y is closed under 
countable disjoint unions. Hence 

(A\C)® = (ANC) = ASUC = ASU(ANC) € VY. 


Therefore A\ C € F. 
(b) F is closed under finite unions. 

Let A,C € F. Then A,C,A°,C° © FF and_ so 
(AUC)* = ACNC* € Y. From (a), we have that 

A\C €F, C\A EF and ANC €E F. 
Hence the disjoint union 
(A\C)U(C\ A)U(ANC) = AUC € fF, 

which proves that AUC € F¥ and by induction, we prove that F is 
closed under finite unions. 


(c) F is an algebra of sets. 


By part (b) and since X,0@ € F, it remains to show that F is 
closed under intersections. Let A,C € F. Then ANC € Y and 
(AN C)* = AC UC € F (see (b) and recall that A°,C° € F). Hence 
ANC € F and by induction we show that F is closed under finite 
intersections, hence ¥ is an algebra. 


(d) F is a o-algebra of sets. 


Let {An}nsi CF. Inductively we define 


n—-1 
Cr = Ai, Cy = An\(\J As) Yn>1. 
k=1 
Then from (c), we have 


n—-1 
[JA. € F Wn>l 
k=1 


712 Chapter 4. Measures and Topology 


and so from (a), it follows that 


Therefore {Cr },,51 is a sequence of disjoint F-sets and so 


J An = LJ Gn E F. 


ne1 ne=1 


On the other hand 


(LJ An)’ = (.) 48 € F 


n>1 n>1 


and so it follows that U,5; An € F and this proves that F is a o- 
algebra. 


Therefore we conclude that F = Y = B(X). 


Solution of Problem 4.3 

From Problem 1.79, we know that every closed set is Gs (i.e., countable 
intersection of open sets). Hence every family of subsets of X that 
includes the open sets and is closed under countable intersections must 
contain also closed sets. Then use Problem 4.2 to conclude that the 
family of sets coincides with the Borel o-algebra of X. 


Solution of Problem 4.4 

Recall that the finite intersections of the elements of V form a basis 
of the topology of X. So, o(#) contains a basis for the topology of X. 
Let kK C X bea compact G5-set. Then K = () Un, with U, being 


n>1 
open sets. Since X is locally compact (see Definition 2.92), for every 


n > 1, we can find an open set V, such that 
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K CV, C U, and _ V, is a finite union of basic open sets. 


So V, € o(4) and thus 
K = (\Vn € o(4). 
n>1 


Invoking Theorem 4.4, we conclude that Ba(X) C o(X) C B(X). 


Solution of Problem 4.5 
We will do the solution for the lower semicontinuous case, the other 
two cases can be treated similarly. For every \ € R and every n > 1, 
we have 

Aa (Os +oo)) is open in Cp, 
hence it has the form C, 9 U, with U, C X being an open set. This 


means that ee 
flo.(Q,+00)) € B(X). 


In addition, since pz is complete, p4(Co) = 0 and fla (OQ. +00)) € Co, 
we infer that 4 
fla, (AQ, +00)) € B(X) 


and it is w-null. Finally, we have 
f(A, t00)) = U flgt(A.te0)) € BCX), 


—_——_~ 


so f is B(X)-measurable. 


Solution of Problem 4.6 
We have 


U = Bes 


n>1 


with K, C U being compact for all n > 1. Since X is locally compact, 
by Proposition 2.94, for all n > 1, we can find an open set V, C X 
such that 


Vn is compact and K, C Vz C Van C U. 
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Invoking Problem 2.103, for all n > 1, we can find a continuous func- 
tion gn: X —> [0,1] such that 


Inlx, = 1 and In yc = 0 
(hence g, € C.(X) for all n > 1). Let 
Ky, = {a@€X: gn(x) > 3} Vn>1. 


Evidently the sets ee are compact and 


hence they are G5-sets and K, C K, CU for alln > 1. So, U = 


U Kn, which expresses U as a countable union of compact G5-sets 
n>1 


and this by Theorem 4.4 implies that U € Ba(X). 


Solution of Problem 4.7 
Note that every compact set in X is also compact in X*. Because in 
this case the compact sets generate the Borel o-algebra of X, we see 
that 

BX)-C X1BeM), 


To show that the opposite inclusion also holds, it suffices to show that 
for every open U C X*, the set U\{oo} € B(X). Since by hypothesis X 
is o-compact, by Proposition 2.100, we can find an increasing sequence 
{Kn}ns1 of compact sets on X such that 


U K, and K, Cint Ky44 Vne1. 


n>1 


Then the set UM Ky+1 is open in X* and relatively compact in X, 
hence it belongs in B(X). Note that U \ {oo} = U,s,(U int Kn41) 
and so U \ {oo} € B(X — proves that es = AB). 
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Solution of Problem 4.8 

Let Y be the family of such sets G € © @ B(X) for which there exists 
Xo C N, a countably generated sub-o-algebra of © such that G € 
Xo ® B(X). Evidently Y 4 @ and it is closed under complementation. 
Also, if {Gn}nsi1 G VY, then Gn € Yon ® B(X) with Uo, being a 
countably generated sub-o-algebra of © (see Definition 3.14). Hence 


LU Gn € o( LU (Zon 8 B(X))) © o( LU Hon) @ B(X) 


nel nel n>1 


and 


is a countable generated sub-o-algebra of &. Therefore ) is a o-algebra 
containing all cylinders, therefore YV = © ® B(X). 


Solution of Problem 4.9 
Let « € X and U € N(x). Then from the local compactness of X and 
Problem 2.103, we know that we can find f € C.(X) such that 


f(z) = 1 and fy) =— 0 VyeU®. 


Let us set 

VS4zesi. 
This is an open Baire set and x € V C U. Therefore the open Baire 
sets form a basis for the topology of X (see Definition 4.2). 


Solution of Problem 4.10 

Let X = R? furnished with the topology which has as basis all sets 
of the form |a,b) x [c,d) with a,b,c,d € R. Clearly X endowed 
with this topology is a topological space (i.e., it is Hausdorff). Also 
B(X) = B(R?) where R? is the plane equipped with the usual Eu- 
clidean topology. Let C' be the straight line on the plane passing from 
the origin and with slope —1, ie., 


C= {(x,y) € R?: c= —y}. 


716 Chapter 4. Measures and Topology 


Then CC X is closed. For any x € R, the set [%,x +1) x [—xz, —x +1) 
is open and intersects C at precisely one point (z,—x) € C. Hence 
every point of C is open and so B(C) = 2°, hence B(C) is not a subset 
of B(X). 


Solution of Problem 4.11 
We know that is regular (see Theorem 4.11). So, without any loss 
of generality, we may assume that C' is closed. Let A = (0,1) \C and 
let us set 

Ot) = A([0,41NC) Vee [0,1]. 


Then ¥: [0,1] —>+ [0,(C)] is a continuous surjection and is constant 
in any connected component of A, hence #(A) is at most countable. 
Since Y(C) contains [0, A(C)] \ 0(A), it follows that C has cardinality 
at least that of the continuum. Therefore the cardinality of C’ equals 
that of the continuum. 


Solution of Problem 4.12 
Let 
G = {(x,n) eX xRy,: u(x) > n}. 


Then, we have 


+00 +0 
fwl{eex: ule) > nb)dy =f wwe X: (en) €G}) ay 
0 0 


({7 >0: (a,n) € G}) du(a) 


[vd 


xX xX 


II 
es, 
> 


I 
—— 
- 
le 
= 
e 
& 
= 
a 
= 
S 
I 


(A being the Lebesgue measure). 
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Solution of Problem 4.13 
Suppose that (A) > 0. Then we can find an integer n such that 


A(AN(n,n+1)) > 0. 


By Theorem 4.11, for a given ¢ € (0,A(AN (n,n + 1))), we can find 
an open set U C (n,n +1) such that 


AN(n,n+1)CUC(nn+1) and XU) < A(AN(n,n+1)) +e. 
We know that 
U = J(ax,b), 


k>1 


where {(ax,bk)},., is a sequence of disjoint intervals. Then we have 


AN(n,n+1) = LJ (An (ax; x), 
k>1 


so, using the o-additivity of A and the assumption, we have 


MAN (n,n+1)) = SOA(AN (ag, be)) < S23 - an) 
™ EU) < it eaten 1)) +¢] 
and thus 
MAN (n,n+1)) < € < MAN(n,n+)D), 


a contradiction. 


Solution of Problem 4.14 

(a) From Theorem 4.11, we know that jz and v are regular (see Def- 
inition 4.9). So, using regularity of «4 and v, for every A € B(X), we 
have 


j( A) inf {u(U): U C X is open, ACU} 
inf {v(U): U CX is open, ACU} 


v(A) 
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(b) Since X is o-compact (see Definition 2.99), every closed set is the 
union of an increasing sequence of compact sets. Then exploiting the 
regularity of w and v, for every A C B(X), we have 


(A) = sup{pw(K): K CX is compact, K C A} 
= sup{v(K): K CX is compact, K C A} 
= V(A). 


Solution of Problem 4.15 
Since by hypothesis yz is o-finite, we can find an increasing sequence 
{En}ns1 of Borel sets with 


u(En) < +00 Wn>l and X = |) Fy. 


n>1 
Let pin: B(X) —> R,+ = [0,+00) be the finite measure defined by 
Mn(A) = WANE) VAE BX). 


Theorem 4.11 implies that jz, is regular (see Definition 4.9) and so we 
can find a closed set C;, C A such that 


Un(A\ Cn) < Z. 


Let us set 


Evidently CC Visa is an increasing sequence of closed sets such that 
jin(A\ En) < Un(A\Cn) < = 


Moreover, for every m < n, we have Um < [My (recall that the sequence 
{En}n>1 is increasing) and so 


ielAVCD < Ymegn. 


Sih 


Hence a 
im(A\|JCn) = 0 Vm2l 


n>1 
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and so finally 


If (A) < +00, then u( U G,) < +00 and so, since (Cn) / (A) as 
n>1 


n — +00, we have 
w(A\ Cn) = w(A)—4(Cn) — 0, 


which proves the inner regularity of the set A. 


Solution of Problem 4.16 

First assume that (A) < +00. Due to the outer regularity of ju (see 
Definition 4.9), for a given ¢ > 0, we can find an open set U such 
that A CU and yw(U) < w(A) +e. Then by hypothesis there exists a 
compact set k C U such that w(U) < w(K )+e. Note that u(U\ A) <e 
and pick an open set V such that U \ A C V and w(V) < © (outer 
regularity of 4). Let C= K \ V. Then C is compact, C C A and 


WC) = wK)—-wNV) > wU)-—e—pwV) > pulA) — 2¢, 


sO 


w(A) = sup{u(D): DCA, D is compact}. 


Now assume that p(A) = +oo. Then A= [J Ap, with an increasing 


n>1 
sequence {An},,5; C B(X) such that u(A,) < +00 for all n > 1. We 
have y(A,) —+ +00 and so for every k € N, we can find no > 1 
such that p(An,) > k. Then from the first part of the solution, we 
can find a compact set kK C A, such that uw) > k. Therefore 
+00 = (A) = sup {u(D): DC A, D is compact}. 
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Solution of Problem 4.17 
“>”: Let 


n 
s= So aKXa, with a, >0, Ap € B(X) 
k=1 


be a positive simple function. Then 


[sav < [sau 
x x 


For a given u € C.(X), we can find a sequence of simple functions 
{Sn}n>1 such that 0 < s, <u and 


Sn(e) 7 we) Vae Xx. 


Then by the Lebesgue monotone convergence theorem (see Theo- 
rem 3.92), we have 


ud = lm $,dv < lim [so du a [udu 
n—+>+00 n—>+00 
xX x x x 


“<—”: Let K C X be a compact set. For a given € > 0, we can find 
an open set U such that kK C U and 


wU) < w(K) +e 


(due to the regularity of ju; see Definition 4.9). Since X is locally 
compact (see Definition 2.92), invoking Proposition 2.94, we can find 
an open set V C X such that V is compact and K CV C V CU. 
Hence, applying Problem 2.103 for the pair {K,V}, we can find a 
continuous function u: X —+> [0,1] such that 


ul, = 1 and suppu C V. 
Then u € C.(X) and x, <u<x,. Hence 


frew < fua < fude < fran 
+4 


>< »¢ >.< 
WV) < WU) < pK) +e. 


v(K) 


Since € > 0 was arbitrary, we let « \, 0, to conclude that 


vk) < p(k) VK CX, K is compact. 
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Since pz, v are Radon measures, from the above inequality, we conclude 
that v < p. 


Solution of Problem 4.18 

(a) Let kK C X be a compact set. Then because ju is g-bounded, we 
can find an open cover {Vn},51 of A such that (Vn) < +00 for all 
n > 1. Due to the compactness of K, we can find N > 1 such that 


N 
| Ve 
n=1 
Hence 
N 
w(K) <u (U% < Sat < +oo. 


(b) By Problem 4.15, for a given ¢ > 0, we can find a closed set C C A, 
with (A \ C) < §. Because X is o-compact (see Definition 2.99), we 
can find an increasing sequence of compact sets {Kn}ns1 such that 


Bee 


n>1 


Then 
C= | (eink); 


nel 


with CM K, being compact and u(Cm K,) ZA u(C) as n > +00. So, 
we can find np > 1 such that 


u(C \(En Kno) = 5° 
Let K. =CN Kp. G X be a compact set. Then 


jA\ Ke) = p(A\C) +u(C\ Ke) < §4+§ =e. 


Thus, A is inner regular with respect to compact sets. 
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Solution of Problem 4.19 
(a) Since pu is o-finite, we can write 


= UAn 
n>1 


with p(A,) < +00 for all n > 1. Due to the outer regularity of pu (see 
Definition 4.9), we can find open sets U,, such that 


An © Un, and p(Un) < p(An) + ser. 


Let 


=: (Oh 


nel 


Then the set U is open, A C U and 


w(U\ A) < So w(Un\ An) < §- 


n>1 


Similarly, working this time with A° € B(X), we produce an open set 
V such that 
A CV and p(V\ A‘) < §. 


Let C= V°. Then C is closed, CC ACU and 
WU\C) = WU\A)+u(A\C) = WU\A)+HV\A) < 545 = € 


(b) From part (a), for every n > 1, we can find a closed set C;, and 
an open set U, such that 


Chl AGc Uy and py 6) << Vue 1. 


Then 
E= Oke. is an F5-set 
n>1 
and 
D= () Un is a G,-set 
nel 
and 
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Solution of Problem 4.20 


(a) “= >”: Suppose that yw is an outer regular measure. Then for all 
A € B(X), we have 


w(A) = inf {u(U): ACU, U is open}. 
Since yp is finite, we have 


w(X)—p(A) = p(A°) = inf {u(U): A° CU, U is open} 
= p(X) sup {u(C): CCA, C is closed}. 


So, 
u(A) = sup {u(C): CCA, C is closed} 


and thus y is inner regular. 
“<—”": The proof of this implication is similar. 


(b) Let A € B(X). Since every compact set is closed, we have 


u(A) = sup{y(K): K CA, K is compact} 
< sup {4(C) : CCA, Cis closed } 
< pA), 


so p is inner regular. Hence by part (a), jz is outer regular too, hence 
regular. 


Solution of Problem 4.21 
Let x € X be such that u(x) > 0. Then we can find U € N(x) with 
U being compact (since X is locally compact) such that 


ue) 2 £ > 0 VzeU. 
Let h € C.(X), h > 0 be such that supph C U. Then 


h(y) < Hllewy) VWyeX, 
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so 
[rd < ies fudu = 0 
xX 
and thus 
hdu = 0 
This means that « ¢ supp ps (see Definition 4.13) and so ul,,,,,,,, = 0. 


Solution of Problem 4.22 
Suppose that u € C.(X), K = suppu, E = suppy and ul, = 0 (see 
Definition 4.13). For a given ¢ > 0, let 


U. = {rE X: |u(z)| <e}. 


Then Uz C X is an open set and EF C U;. Then E*° is an open set 
containing the compact set US. Invoking Problem 2.103, we can find 
a continuous function g: X —> [0,1] such that 


Ive = 1 and suppg C E*. 


Then supp (ug) M FE = @ and so by hypothesis 
Js du = 0. 
x 


u = ug on KNUES and lug| < |u| inX. 


Also, 


Therefore, from the definition of U-, we have 
|u(x) — (ug)(x)| < 2¢€ Vare X. 


Since supp (u — ug) C K, we have 


| [w= ug) an < 2Me, 
xX 


for some M = M(K) > 0 and so 


| f udu < 2Me. 
x 
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Let € \, 0, to conclude that 


Solution of Problem 4.23 
By Proposition 3.20, it suffices to show that, if {An},5, C B(X) isa 
decreasing sequence such that 


() An = 0, 


n>1 
then u(A,) \, 0. We argue indirectly. So, suppose that 


0< 6B = lim ,p(A,). 


n— +00 


Let € € (0, 5B). Then for each n > 1, we can find a compact set 
Ky, © Ap such that 


(An \ Kn) < gr. 


We claim that the sequence {K,},,5, has the finite intersection prop- 
erty. Indeed, note that 
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thus 


()Kn #9 


n=1 
and finally, from Theorem 2.81, we have 


() Kn # 0. 


n>1 


But then 
()An # 9 


n>1 


(as K, C Ap for all n > 1), a contradiction. 


Solution of Problem 4.24 

“+”: This is immediate from Definition 4.9(a). 

“<—": From Theorem 4.11, we know that yz is regular (see Defini- 
tion 4.9). Therefore to show that ju is Radon, it suffices to show that, 
for every closed set C C X, we have 


u(C) = sup {u(K): K CC, K is compact}. 


Arguing by contradiction, suppose that C' C X is a closed set such 
that there exists ¢ € (0, 4(X)) for which, we have 


sup {u(K): K CC, K is compact} < p(C)-—e. 
If DC X is compact, then DNC C C is also compact and so 
MDAC) < uC) —e. 
Then 


MD) = w(DAC)+BR(DNC*) < w(C)-et+u(C) = w(X)-e. 
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Since D C X was arbitrary compact set, we have 
sup {u(D): DCX, D is compact} < p(X) —«, 


a contradiction to our hypothesis. 


Solution of Problem 4.25 
First assume that X is second countable (see Definition 2.24). Let 


D= U U and C= D-. 


U is open 
(UU) =0 


From Proposition 2.164(a), we know that X is strongly Lindel6ff. 
Hence because D is open, we can find a sequence of open sets {Un} 51 
with 

Un) = 0 Yn21 


such that 


It follows that u(D) = 0. Let V C X be an open set such that 
VOAC#O. We claim that u(VNC) > 0. Indeed, if u(VNC) = 0, 
then 


WV) = wVNAC)+BR(VND) = 0 


and so V C D, acontradiction. Therefore according to Definition 4.13, 
we have that C' = supp py. 

Next assume that yu is outer regular and also inner regular with 
respect to compact sets (see Definition 4.9). Let D be the open set 
introduced in the previous part of the solution. Let kK C D bea 
compact set. Then we can find open sets Vj,...,Vn, with u(Vi,) = 0 
for all k € {1,...,n} such that 


KC U Vi. 
k=1 
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Hence p(k) = 0. Exploiting our hypothesis on jz, we have 
u(D) = sup{u(K): K CD, K is compact} = 0 


and so, if C = D°, then as above, we conclude that C = supp pu. 


Solution of Problem 4.26 
No. Consider X = {0,1} and © = 2*. Let pw = 69 and v = 6. Then 
v0 = max{p,v} satisfies 


_ f 1 if Aex, AFD, 
wa) = {6 if A=90 


and in fact this is not a measure. In his case the smallest measure not 
less than pw or v is 4+v and 


Solution of Problem 4.27 

We know that o is a measure on B(X) and in view of the fact that 

o < p, we have that o is o-finite. Also o < yu (see Definition 3.150). 
Let A € B(X) be such that (A) < +00. We consider the Borel 

o-algebra B(A) of A. We know that 


B(A) = ANB(X). 
The Radon—Nikodym theorem (see Theorem 3.152) implies that there 


exists a unique function u € L1(A, B(A), 1), u > 0 such that 


o(ANC) = i VC Ee B(X). 
ANC 


Because ps is a Radon measure, for a given € > 0, we can find a compact 
set kK C A such that 


0 < o(A)-o(K) = fedu— [udu = [ova a 2. 
A 


K A\K 
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so 
o(A) = sup{o(K): K CA, K is compact}. 


Since o is clearly finite on compact sets, to show that it is Radon, it 
remains to show that it is outer regular (see Definition 4.9). So, let 
D € B(X). We know that 


o(D) = inf {u(E)+m(D\ £E): EE BX), ECD}. 


Let 
n= inf {o(U) : UDD, Uis open} 


and ¢ > 0. For a given F € B(X), E C D, we choose open sets U and 
V such that 


ECU, wU)<p(e)t+e, D\ECV and m(V) <m(D\E)+e. 
Then, we have 


< ao) +oV) < w(U)+m{(V) 
< mE) + m(D\ E) + 2¢, 


so 0(D) <7 < o(D) 4+ 2e. Let ¢ \, 0, to conclude that o(D) = 7 and 
so 0 is Radon. 


Solution of Problem 4.28 
Let A € B(RY). Let 


B,A0) = te ER: |e eae 


Then B,,(0) is a compact metric space and so by Theorem 4.12, 


Pal = 8 Radon. Therefore 


MW (A MB,(0)) = sup {\"(K) : KC ANB,(0), K is compact}. 
Since AN B,(0) 7 A, we infer that AN(AN B,(0)) 7 »*(A) and so 
(A) = sup {\* (K) : K CA, K is compact}. 

If \Y (A) = +00, then obviously, we have 


(A) = inf {A(U): ACU, U is open}. 
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Hence, we assume that \(A) < +oo. For a given ¢ > 0 and since 
a le «) #8 Radon and 


B,(0) = {rE R%: |lal| <n} 
is open, we have 


MW (AN Br(O)) = inf{A(UNB,(0)) : ANBp(0) CUNB,(0), 
U is open} 
= inff\%(UNB,(0)) : AN Bp(0) CUNB,(0), 
U is open} 
= inf {AX(U): ANB,(0) CU, U is open}. 


So, for every n > 1, we can find open set U;, C R™ such that 


MW (Un \ (AN Bn(0))) < &- 


Let 
U'= | Jon 


nel 


Then U is open, A C U and 


U\A = YUn\U (ANB) © U (n\ (AN Bn(0))), 


n>1 n>1 n>1 


sO 


0 < ANW)-AN(A) = ANU \ A) < SOM (Un\(ANBn(0))) < , 


n>1 


thus AV (A) = inf {AY (U) : ACU, U is open} and so \* is Radon. 


Solution of Problem 4.29 

Recall that simple functions are dense in L?(X,) (see Proposi- 
tion 3.110). So, it suffices to show that for any A € B(X) with 
u(A) < +00, the characteristic function x, can be approximated in 
the L?-norm by functions in C.(X). Because yz is Radon, for a given 
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e€ > 0, we can find a compact set kK C A and an open set U D A such 
that 
WU\K) < e€ 


(see Problem 4.19). As before, because X is locally compact (see 
Definition 2.92), we can find a function h € C.(X) such that 


he =1, 0 < A= 1 and supph CU 


(see Problem 2.103). Then 


IIxa- All, = [xan < [eae tt = WU\K) < «, 
xX xX 


so C.(X) is dense in L?(X, y) for all 1 < p< +00. 


Solution of Problem 4.30 
Let a,b € R with a < b and let 


f(z) = X (a,b) (x) VaeR. 


Suppose that f can be approximated in the L°-norm by continuous 
functions. Let ¢ € (0,4) and let g € C(R) be such that 


If — glleo < € 


Then 
a (x) — g(x)| < € almost everywhere on R. 


For every 6 > 0, there are points y € (a,a+ 0) and z € (a—4,a) such 
that 
|l—g(y)| < € and |g(z)| < «. 


Hence 
limsupg(y) > 1—e and liminfg(y) < e«, 


yoat you” 


a contradiction to the continuity of g. 
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Solution of Problem 4.31 
Clearly zo is a measure. Also, since 


R = (Ufa}) u(R\Q), 


qeQ 


we see that jo is o-finite. For every nonempty open set U C R, 
card (U MQ) = +00 and for every x € R, we have puo({x}) < +00. 
However 


inf {uo(U): U is open and x € U} = +00 


and so pig is not regular. 


Solution of Problem 4.32 

Suppose that py is not a measure. Then by Theorem 3.19 and Propo- 
sition 3.20, we can find a decreasing sequence {Ap}, C B(X) such 
that 


() An = (— and dim H(An) = inf u(A,) > 0. 


nel 
n>1 


By hypothesis, for every n > 1, we can find a compact set K, C Ay 
such that 


(An) < M(Kn) + gar inf (Am): 


So, we have 


m=1 m=1 me 
thus 
n n 
me () Kn) # 0, hence () Ke eU: 
m=1 m=1 
Let 
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Note that 1g an ne is a decreasing sequence of nonempty, compact sets 
contained in the compact set K,. Therefore 


(| hue 0 


me1 


(see Theorem 2.81), which contradicts the fact that 


Solution of Problem 4.33 
No. Consider the function 


‘i = X 0,1] € L*(R). 


Suppose that g € L!(R) satisfies 


lf —glli < 5. 

We have 

1- fgde = ff-ode < f\p-slae < 3, 
R R R 

so 
[ga > 5 
R 

and sog € V. 


Solution of Problem 4.34 
Evidently, it suffices to show that closed sets are u-measurable. So, let 
CC X be aclosed set and let 


Ey = {rEX: dist(z,C) > 1}, 
E,, {rEeX: ae < dist(z,C) < s4;} Vn>l1. 


734 Chapter 4. Measures and Topology 


Due to the subadditivity of ju, it suffices to show that 
w(D) > w(DNC)+pu(DNC*) VY DCX, 


Clearly we may assume that p4(D) < +00. Note that, if |r — m| > 2 
then EF, and E,, are metrically separated and so, we have 


u(D) 2 wDpn( UJ Exm)) = Y) w(DOE Mm) Yn. 


m=0 m=0 


The same inequality is also true with 2m replaced by 2m-+ 1. So, it 
follows that 
S72 (DO Em) < +00. 


m>0 


nm 
Note that the sets C and J Em (n > 0) are metrically separated. 
m=0 
Hence 


u((DNC)U (DN ( U En))) 


u(D) 2 
m=0 
= n(DNC)+H(DN( LU &)) 
m=0 
> wDAC)+uU(DNC*)— > wWDN Ex) 


k>n 


(from the subadditivity of 1). Passing to the limit as n — +00, we 
conclude that 
wD) 2 w(DNC)+pu(DNC*), 


i.e., C' is z-measurable. 


Solution of Problem 4.35 

(a) Let kK C X beacompact set. By the regularity of and the local 
compactness of the space X, for a given ¢ > 0, we can find an open 
set V C X such that 


K CV, Viscompact and p(V) < p(K)+e. 
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By Problem 2.103, we can find f € C.(X) such that 
0O< f= 1, Je =1 ood fla =o. 


Then 
WK) 2 wWV)-e 2 [tae = lim | fain— 
xX x 


> limsupp,(K) —«. 


n— +00 


Since ¢ > 0 was arbitrary, we let ¢ \, 0 to conclude that 


lim sup fin() < wk). 
N—++00 
(b) The proof of this part is similar to that of part (a) using this time 


the approximation of (wu) by the y-measure of compact subsets of U 
(see Definition 4.9). 


Let 


gr). = p(B-@)) end Ar) = o(G-(@) VaeX, r>0. 


= 1 VrxeU 


and using the Fatou lemma (see Theorem 3.95) and the Fubini theorem 
(see Theorem 3.115), we have 


u(U) = 7 Hn EEE ds < timeint / v(U Nn Bp(a)) de 


= limint ply f u(B+() ie = (Jim inf fi5}) -(0), 
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If in the above argument we interchange p and v, we obtain 


v(U) < (lim int HH) u(U). 


It follows that the limit c = ne po exists and so u(U) = cv(U) for 


all open sets U C X. Then Theorem 4.11 implies that u = cv. 


Solution of Problem 4.37 
For a given € > 0, we can find 6 = d(€) > 0 such that 


[rac <e VDeB((0,1]), A(D) <6 

D 
(A being the Lebesgue measure on R). Theorem 4.12 and Problem 4.19 
imply that we can find a compact set K C A and an open set U with 


ACU such that A\(U\K) < 6. Also, we can find a continuous function 
g: [0,1] —> R such that 


0<gK<l, @\ ig = 1, Disa = 0. 


Then, using also hypotheses (a) and (b) and recalling that A((UU\ Kk) < 
6, we have 


1 
tim sup | [fu de = timsup| [fara de 
n—-+00 n—-+00 
A 0 
1 1 
< limsup| f frgde|-+limsup| f fa(xa — 9) de 
nN— +00 n—+ +00 ‘i 
1 1 
< timsup| f frgde| + f Prins dx < €. 
n—-+00 ( ; 
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Since ¢ > 0 was arbitrary, we let « \, 0, to conclude that 


Solution of Problem 4.38 

Let kK C X be a compact set. The tightness of 4 and v (see Defini- 
tion 4.9) implies that we can find two sequences of relatively compact 
open sets {Un},5;, and {Vn},51 such that 


(Un), UVa) < too, K C Un, K CV, Vne1 


and 
wk) = lim p(U,) and v(K) = lim v(V,). 


N—-+00 n—-+00 


Let us set 


Wn = (\UrVe) Vn21. 


Then {Wa}nst is a decreasing sequence of open sets in X with 


w(K) = lim n(Wa), YK) = lim (W,): 


n—- +00 


By Problem 2.103, we can find f, € C.(X) such that 
ales => ds falwe = 0 and 0 < fn <1 Vn>1. 


Let hyn = min { f1, a tee We have that {hn},51 is a decreasing 
sequence in C,.(X) and hn \. x,. Then using the Lebesgue monotone 
convergence theorem (see Theorem 3.92) and the hypothesis of the 
problem, we have 


xX xX xX xX 
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So, we have proved that for every compact set K C X, we have 
p(k) = vic). Since p and v are tight, we conclude that wy = 
(see Definition 4.9(e)). 


Solution of Problem 4.39 


“(a) => (b)”: This is immediate since y is Borel measurable. 


“(b) ==> (a)”: Let U be an open subset of Y. Let hy € C(Y) be 
defined by 


hu(y) = distly,U°) Wyey, 


if U AY and 
huty) = 1 Vyey, 


if U =Y. We have 
= {yeEY: hu(y) >}. 


Note that f~! ={xeEX: (hyo f)(x) > 0} eX. Since U is an 
arbitrary open ee of Y and open sets generate the Borel o-algebra 
of Y, we conclude that f is .-measurable. 


Solution of Problem 4.40 


“(a) ==> (b)”: Obvious (since the composition of measurable maps 
is measurable). 


“(b) => (a)”: Let X = {A € Ba(X): f7'(A) € d}. Evidently ¥ 
is a o-algebra and since yo f is --measurable, it contains all sets of 
the form y~'([A,+00)). Therefore, by Remark 4.3, ¥ = Ba(X) and 
so f is (=, Ba(X))-measurable. 
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Solution of Problem 4.41 
First we show the following Claim. 


Claim. lim A((A + 2) A) = A(A). 
z—0 


If 
A = U(ar, bx), 


where { (ak, be) bp are pairwise disjoint open bounded intervals, then 


A(A) = So (bx = ap)= lim So (min {b,, by + ax} — max {a;,,a,+2} ) 
k=1 k=1 


= vie N((ax + x, by + x) M (ax, bx )) 


= eae 
lim r( (Ulrte, bp tax) M (az, bi:)) < lim inf A((A +2) A) 


IN 


limsup A((A+2)MA) < ACA), 


x—0 
Xe) 
lim A((A +2) A) = (A). 
z—0 
Now suppose that the set A is compact. For a given ¢ > 0, we can 


find an open set U C R such that 


ACU, XME\A) = & wd UT = LJ (ae, be), 
k=1 


with { (aks be) bp, mutually disjoint. Let V = U \ A. This is open 

too. Then 

NA) < AU) = lim A((U + «) nU) 

lim A(((At+z) N A)U((A+2)NV)U((V+2)NA)U((V +2) N V)) 

lim inf A((A +2) A) +3A(V) < liminf \((A +2) A) + 3e 
xz—0 x0 


INI 


x 


lim sup A((A + 2)M.A)+3e < A(A) +e. 
«0 


740 Chapter 4. Measures and Topology 


Since € > 0 is arbitrary, we let ¢ \, 0, to conclude that 
(A) = lim A((A +2) A), 


where A is compact. 
Finally for the general case, we can find an increasing sequence 
{An}nsi such that 


A, is compact, A, C A for alln >1, lim M(An) = A(A) 
(since \ is a Radon measure on R; see Problem 4.28). Then 
MEY ge ea ee eo 2) 
= lim inf A((A + x)M A) <limsupA((A +2) A) < X(A), 
«— «0 


(A) = lim A((A +2) A). 


This proves the Claim. 
Using this Claim, we can prove the two statements of the 


problem. 
(a) For all y,z € R, we have 


|f(y) — f(@)| = |A(A+y) A) —A((A+2) 1 A)|. 
Note that 


A(A+y)NA) = A(((At+y)\(A+z2z)) NA) FA((At+y)N(A+2)N A) 
and 
A((A+z)NA) = A(((A+z)\(A+y)) NA) +A((At+y)N(A+2)NA). 


So, subtracting the above two quantities, we obtain 


lf) — F(@)| = [A(((A+y)\ (A+2)) 9 A) 
—\(((A+2)\(A+y)) 9 A)| 

M(A+y)\(A+2)) +A((A +2) \ (A+y)) 

= A((A + (y—2)) \ A) +A((A + (a — y)) \ A) 

= \A)—-A((A+ (y—2)) NA) + A(A) — A((A + (a — y)) NA). 


Using the Claim, we get that 


x 


lf(y) -f(z)| — 0 asye. 
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(b) If A is a compact set, then we can find Ro > 0 such that for any 
x > Ro, we have (A+2)MA=9 and so 

jig) = 0 Va > Ro. 


For the general case, as before exploiting the fact that is a Radon 
measure, we can find an increasing sequence {An},,, Such that 


An is compact, An © A for alln>1, lim (An) = (A) 
Then we have 
im A((A +2) 9A) 
= lim [A((A + 2) NM A)—A((An + 2) An) +A((An + 2) 9 An)] 
= lim_ lim _[A(((A+a)MA)\((An+2)MAn)) +A((An+2) M An) | 


N—-++c00 LT—++00 


< lim [A(A+2)\(An+2)) +X(4\ An)] = 0. 


Solution of Problem 4.42 
Let B CR be a bounded open set of the form 


m 


B= | \(e, te) 


1 


k= 
for some m > 1 and the intervals (ax, by) being pairwise disjoint. Then 


m 


Ul (oap, obp) N (az, bk)) C OBNB  Vo>O. 


If X denotes the Lebesgue measure on R, then 


m 


MB) = So(b, - ak) 


II 
F 


A((oak, obs) M (ax, bi,)) 


x 


lim inf A(oB 1M B) 
onl 


x 


d(B). 
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Let K CR be a compact set. Then we can find a decreasing sequence 
{Bn}n 1 of bounded open sets of the above form such that 


= [Bp 
n>1 
Then from the subadditivity of 4, we have 
AM@Bn A Bn) < A(o(Bn\ K)) + (Bn \ K) + (eK 1 K) 
and so 


AK) = dim AM(B,) = lim lim A(oBn N Bn) 


n—++0o o> 


< lim inf lim inf (A (o(Bn \ K)) + (Bn \ K) + (eK 1 K)) 


n+ 


= lim inf (liminf A(gK' 1X) + 2X( B, \ K)) 


n+ 


= liminfA(okK OK) < limsup\(ekK NK) < XK). 
ol ool 


Since A is Radon (see Problem 4.28), we can find an increasing sequence 
{Kn} n>1 of compact sets such that 


OES C A and X(Kn) 4% XA). 


n>1 


So, we have 


A(A)-= lim A(K,) =, lim lim A(oKn N Kn) 

n—+c0 n>+co 0-1 

< liminfXA(@AN A) < limsupA(@AN A) < (A). 
el ool 

We have 
+00 
Jol) - 0] = | f bxy,Oxa - xa0h at 
Q 


(A) — (4.417 A), 
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so 
y(e) — (1) ase. 
This proves the continuity of y at 9 = 1. 


Solution of Problem 4.43 
Let N = 1 and let A be the Lebesgue measure on R. For each n > 1 
and each A € B(R), let 


An(A) = A(AN (n, +00)). 
Evidently {An},,51 is a decreasing family of Borel measures. Let 
p(A) = tim A\n(A) VA e€ B(R). 
The set function pz is not a measure, since 
p([0,+00)) = tim An([0, +00)) = +00 


and it is not equal to 


So u([(k-1,k)) = > ine An ([k — 1,)) = 0. 
k>1 


k>1 


hence 4 is not countably additive, thus yz is not measure. 


Solution of Problem 4.44 

Note that X is a Polish space and so Theorem 4.12 implies that p is a 
Radon measure. Since by hypothesis u({r}) = 0 so, for each x € X, 
we can find (a) > 0 such that 


L (Bsa) (x)) <. & 


Due to the compactness of X, we can find a finite set {x,}?_, C X 
such that 


X = LU Bste,) (tn). 
=I 
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Let us set 6 = 3, lim O(ap) > 0. Let A € B(X) be such that 
ed gn 


diam A < 6. We can find k € {1,...,n} such that 


so A C B5x,)(vp) and thus p(A) < . 


Solution of Problem 4.45 
Let {Axg},51 GC B(X) be a sequence of disjoint Borel sets and let us 
set 

A= UJAr € BX). 


k>1 


Then for a given €¢ > 0, we can find a compact set Ke C A such that 
w(A) < p(Ke) +e. 
Also, for every k > 1, we can find an open set U; C X such that 
Ay © Up and p(Up) < p(Ak) + a VRS 1, 


For every integer n > 1, we have 


S 7 u(Ar) = w( LU Ax) < H(A) 
k=] 


k=1 


(due to the additivity of 4), so passing to the limit as n + +00, we 
have 


So u(Ar) < uA). 


k>1 
Since K, is compact and K, C A, we can find n; > 1 such that 


ny 


Kz Cc U ui, 
k=1 
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Because € > 0 is arbitrary, we let ¢ \, 0, to obtain 


HA) < D> n(Ar), 


k>1 


so finally 


i.e., 4 is g-additive. 


Solution of Problem 4.46 
Ifa eX and ry #12, then 


GB, (2) NOB a) = VU. 
Therefore at most countably many of the sets {OB, (z)} 50 have posi- 


tive measure. So, for every x € X, we can find a sequence {rate} 
such that 


n>1 


0 < r(x) < + and u(OB,(2)(@)) = 0) ¥ nS i, 


Since X is compact, for every n > 1, we can find a finite set 
{a,}i", CX such that 


If U C X is an open set and x € U, then we can find r > 0 such that 
B,(z) CU. Let n > 1 be such that r > 2. We have z € B,, (2,)(xx) 
for some k € {1,...,Nn}. tye B )(xp), then 


rn(Lk 
d(z,y) < diam B,,.(2,)(Zk) < 2 <r 
and so we have 


LE Brn (ay) (&k) C B,(x) Cc U, 
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thus 
B= {B,,( (xx) )(@r ioe n>1 = {Un}nz1 


is a basis for the topology and ~(OU,,) = 0 for all n > 1 


Solution of Problem 4.47 
Let c,yEeX, R>r>Oandz € Br(y). For every integer k > 0, we 
set 


R, = 2*r and m = min{k >0: Br, (x) D Br(y)}. 
Then from the doubling property of 1, after m-iterations, we have 


u(Bry)) < w(Br,(2)) < e"u(B,(2)), 


- (Br (x)) 

MB (« 1 

Bry) 7 or 
But note that Br(y) Z Br,,_,(x), hence Rn—-1 < 2R (recall that 
x € Br(y)) and m < log, (+2). So, setting ¢ = ts and t = — log, ec, 
we conclude that 


Solution of Problem 4.48 
Let 4: B(X) —> [0, +00) be the finite Borel measure, defined by 


wa(C) = w(ANC) VC Ee B(X). 


Invoking Theorem 4.11, we have that j14 is regular and so we can find 
a closed set C C A such that 


Then 
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and so 


Solution of Problem 4.49 

Since 1 is a Radon measure (see Problem 4.28), we can find a compact 
set K C A such that AN (K) > 0. According to the Cantor—Bendixson 
theorem (see Problem 1.16 and Remark 2.28), we have that K = PUN 
with P C R% being a perfect set (see Definition 1.13) and N C RN 
being countable set. Moreover, P 4 @ or otherwise K = N and 
so AUK) = 0, a contradiction. Now recall that for a perfect set P, 
card P = c (see Problem 1.31). Hence 


c > cardA > cardP = c 


so card A = ¢. 


Solution of Problem 4.50 
By the Egorov theorem (see Theorem 3.76), for a given € € (0,1 —¥), 
we can find a Lebesgue measurable set A C [0,1] such that 


\(A) > l—-e and f, = f onA. 


Hence the function f|, is continuous and because 4 is regular, we can 
find a compact set kK C A such that 


A(K) > l-e > #. 


Solution of Problem 4.51 
Let ¢ > 0 and let {¢n},,5, be an enumeration of the rational numbers 
in [0,1]. Let us set 


K = [0,1 \ U (an — sie, an + x5z). 


nol 
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Then K is compact and int kK = @. Moreover, if \ denotes the Lebesgue 
measure on R, then 


Solution of Problem 4.52 


Let 
—_ {£0 if [f(I<n, 
7 n-sen f(t) if |f(t)| >n, 
where 
win ={1, FIO28 vans 
Evidently 


h(t) —> f(t) Vte [0,1 


and so hy = f (see Proposition 3.130). According to Proposi- 
tion 3.110, we can find simple functions converging uniformly to hy 
for alln > 1. Therefore, if suffices to consider a simple function 


f(t) = Sraux,, (0), 
k=1 


with A; disjoint measurable subsets of [0,1]. Using Problem 4.28, we 
may assume that each set A; is compact. For every i > 1, we can find 
disjoint sets U; such that A, C Uz, and 
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Let € = max |ax|. By Problem 2.103 (see also the Urysohn lemma; 
Nee 4 gn 


Theorem 2.136), we can find a continuous function f;: [0,1] —> [—c, ¢| 
such that 


f= f on L An and f; = 0 on [0,1] \ UJ Up. 


k=1 k=1 


So, A({t € [0,1]: filt) 4 F()}) < 4, which means that f; > f. 


Solution of Problem 4.53 
Let h: X x Y —> Y x Y be the function, defined by 


h(x, y) = (f(@), 9). 
Evidently h is (B(X) @ B(Y), B(Y) ® B(Y))-measurable. So 


Grp =1ignexxY:ji@a=sr} = ht(Ay) € B(X)@B(Y). 


Solution of Problem 4.54 
Let {Crhnst C Y be a separating sequence for Y. Let 


A= {(yy): yeY} 


be the diagonal of Y x Y. Then 


(yx y¥)\a r= (U Ca XW \.C,)) U (LW \ Cn) x Cai 


n>1 n>1 


soNeEdvey. 
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The function €: Q x Y —> Y x Y, defined by 


£(w, u) = (f(w),u) 


is measurable. Finally, note that Gr f = €~1(A). 


Solution of Problem 4.55 

By recalling that f = f* — f~, we see that we may assume without 
any loss of generality, that f > 0. Let {OQn},5, GC = be such that 
Qn ZA Q and w(Qn) < +00 for all n > 1. Then, let us set fn = XQ, f. 
We see that f, 7 f and so by the Lebesgue monotone convergence 
theorem (see Theorem 3.92), we have 


[fea 2 [im 


But 


hence 


Solution of Problem 4.56 
Let M > 0 be such that 


llullp < M Vue. 


For every Lebesgue measurable set A C [0,1], using the Hélder 
inequality (see Theorem 3.103), we have 


oa 


/ luldu < |lullplxally < MAA)? Vuec, 
A 
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where » denotes the Lebesgue measure on R. For a given € > 0, let 
6=(%)” >0. Hence, if A(A) < 6, then 


[iuidu < « YVuedc, 
A 


so the set C' is uniformly integrable. 


Solution of Problem 4.57 

“—”: For every open set U C RN, the set y~!(U) C X is open (since 
y is continuous). Hence (yo f)~!(U) € © and so yo f is -measurable. 
“<—=": Let C C X be a closed set. Since X is perfectly normal, for 
some continuous function y: X —> R, we have C = y~!(0). Then 


fF-(C) = (po fy") € = 
and so f is (X,B(X))-measurable. 


Solution of Problem 4.58 

For every n > 1, we cover X by a finite or countable family of balls 

{BE }p51 Of diameter less than or equal to +. From this cover, we 

generate a cover of X consisting of disjoint Borel sets C,,,%, k > 1 of 
1 


diameter less than or equal to =, namely 


n—-1 


Cok = BR\ J BP Vk>1. 
i=1 


3} 


From every C,,, we choose €; and set 


fr{x) = & ¥@Ee f (Cae: 


Then 
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hence 


Solution of Problem 4.59 
(a) From Problem 3.149, we know that 


[ra = frero0y di and ee = freer dd. 
0 0 0 0 


So, if f and g are equimeasurable, then we conclude that 


1 
[fe = [ee 


(b) Let 


y = {AC [0,+00): f '(A),g71(A) C (0,1) are Lebesgue 
measurable and \(f7*(A)) = \(g71(A)) }. 


It is easy to see that Y is a o-algebra. If f and g are equimeasurable, 
then Y contains all half-lines of the form (J,-+00), J > 0 and so it 
contains all Borel sets of [0,-+-00). Then 


Mf (E19, +00))) = ACF M(EN(9,+00))) V9 >0, 


so €0 f and € og are equimeasurable too. 


Solution of Problem 4.60 
(a) We start by observing that if 7: (0,+00) —> [0,+00) is decreas- 
ing, right continuous and 


, im no) =O, 


—-00 


then for every r > 0, the set {7 > r} is a bounded open interval of the 
form (0,7*(r)), with n*: (0, +00) —+ [0,+00) also decreasing, right 
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continuous and vanishing at infinity (it is the inverse of 7 and it is 
defined by 
m(r) = inf {9 € [0,+00): (0) <r}, 


hence (7*)* = 7). 
Let 
nV) = A({f>v}) VI>0 


(the distribution function of f). Then 7 is decreasing, right con- 
tinuous and 
n(v) —> 0 as¥—> +00. 


Let h: (0,1) —+ [0,+00) be a decreasing, right continuous function. 
Let h: (0,-++00) —>+ [0, +00) be the extension by zero of h. If f and h 
are equimeasurable, then 


n(0) = ALF >V0}) = ACh > V}) = A({h > V}) = h*(0), 
so h = n*. 


(b) We have 


[re - [rote = fiosra 


(see Problem 4.59(a)). For every 0 > 0, we have 
M{xaf > 9}) < AA) 


and so 
hence 


It follows that 


d(A) d(A) 
yas 7 f 0 dpe [i ae 


In particular, if ¢ € (0,1), the 


t t 
jam < ee 
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and so, we conclude that 


Solution of Problem 4.61 
Since u = u* —u_, without any loss of generality, we may assume that 
u > 0. Consider the set 


E = {cE€X: u(x) > 0}. 
For every n > 1, let 
En, = {wEX: u(x) >t}. 


Then E,, is u-measurable and since 


Me) < fudu < fudu < +00, 


we have 


Since 


we see that FE is o-finite for w. For every D € B(X), we see that 
v(D) = vV(DNE). 
So, for a given €¢ > 0, we can find n > 1 such that 
wD) =v DN Bay <S: 


Since v < yu (see Definition 3.150) and yu is a Radon measure, we can 
find a compact set K C DM Ey, such that 


vy(DNE,)-—v(K) = / udu f way <=, 
DNEn K 
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vy(D)—v(K) = (v(D)—v(DNEn))+(v(DNEn)—v(K)) < §+§ =e 


and thus v is inner regular with respect to compact sets. 

Also, since v < ys and yu is a Radon measure (hence outer regular; 
see Definition 4.9), for every n > 1, we can find an open set U,, such 
that 

DON En © Un and v(Un)—v(DN En) < x. 
Then 
U = U U, is an open set 


n>1 


and D C U. Since 


U\D © |) (Un\(DNE,)), 


nel 
we have 


0< v(U)—v(D) = v(U\D) < S > u(Un\(DNEn)) < oT = €E 


n>1 n> 


Be 


and so v is outer regular. 
Finally note that v is finite (since u € L'(X,)). Hence, we con- 
clude that v € M,(X). 


Solution of Problem 4.62 
By the Radon—Nikodym theorem (see Definition 3.150 and Theo- 
rem 3.152), we can find f € L'(X,)+ such that 


Jy = | f@) duo) V AED. 
A 


Recall that the Lebesgue integral is absolutely continuous. So, for a 
given € > 0, we can find 6 = d(€) > 0 such that 


ha a 4c) = f fdu < «, 
C 
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From this and the fact that pis a Radon measure, we see that v is 
regular and 


v(A) = sup{v(K): KC A, K is compact} 


(inner regular with respect to compact sets). Therefore v is a Radon 
measure too. 


Solution of Problem 4.63 
Let g: X —> [0,1] be a continuous function such that 


(| eer = 1 and_suppg is compact 
(see Problem 2.103 and recall that X is locally compact). We have 
lu(z)| < é9(e) Vee suppy 
(see Definition 4.13), so 
fread <¢ foal < ell 
x 


x 


(since supp 4 = supp |/u|) and thus 


| fudu| < f \ulalnl < ll 
xX xX 


Solution of Problem 4.64 

Since || is a measure of the same support as p (see Definition 4.13), 
without any loss of generality we may assume that py > 0. As in the 
solution of Problem 4.21, exploiting the local compactness of X, we 
can find h € C.(X),0 <h < 1 with hj = 1 (see Definition 4.13). 
Then, for all u € C.(X), we have 


SUPP } 


|u(x)| < |lulloh(x) Va €suppy, 
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/ jul ds < |fulleo / oe 
xX xX 


and thus yp is finite (since u € C.(X) was arbitrary; see Theo- 
rem 4.23). 


sO 


Solution of Problem 4.65 
Let y be a Borel measure on X which is finite on compact sets. Then 
C.(X) C L1(X,p) and I: C.(X) — R, defined by 


iu) = [udu Vuec.(x) 
xX 
is a positive linear functional, so by Theorem 4.23, we can find a 
Radon measure m corresponding to l. If U C X is an open set, then 
by hypothesis 
U = U K, 


nel 


with K, C X being compact for all n > 1. Exploiting the local 
compactness of X and using Problem 2.103, we can find a function 
hy € C.(X) such that 


hy 


= 1, 0< hi < 1 and supph, C U. 
Then by induction, for every n > 2, we can find hy, € C.(X) such that 


hr| = hy,| = 1, 0< hy < 1 and supph, C U. 


n n 
U Ky U_ supp hy 


wl i=1 


Evidently hn, x, and so by the Lebesgue monotone convergence 
theorem (see Theorem 3.92), we have 


WU) = im finda = tim find = m(V). 
x xX 
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By Problem 4.19(a), if A € B(X) and e€ > 0, we can find an open set 
W > A and aclosed set D C A such that m(W \ D) < €. But the set 
W \ D is open. So, from the previous part of the proof, we have 


wW\D) = mW\D) < ¢, 


so (W) < u(A) + and thus yp is outer regular (see Definition 4.9). 
Also, we have (A) < w(D) +. and D is o-compact (since X is o- 
compact; see Definition 2.99). So, we can find a compact set K C A 
such that 

WA) < pK) + 2e 


and so yz is inner regular with respect to compact sets, i.e., js is 
Radon. 


Solution of Problem 4.66 
For every f € C,(X) with 0 < f < 1, we have 


Hence 


and so 


n— +00 


WX) = sup { f fdy: fEC(x), 0<f< 1} < liminf p(X) 
xX 


(see Theorem 4.23). 


Solution of Problem 4.67 
By Problem 4.66, we have p(X) < lim inf bn(X) and so p(X) < +00. 
nm ioe) 


Recall that the embedding C.(X) C Co(X) is dense. So, for a given 
€ >Oand h € Co(X), we can find fz € C.(X) such that 


I[fe — Alles < &. 
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We have 


| f fedtin — f hatin] < [fe hllootn(X) < e&  ¥n31 
xX xX 


eae [ae << 


So, by the triangle inequality, we have 


| f tdiin — f dy - 2ee+| f fedin— f fedu Vn>1, 
x x xX x 


and 


But, by hypothesis 


[ tot a5 [ fete 


So, passing to the limit as n > +00, we have 


timsup| f thdtin — [ha < 2e€. 
x xX 


n—- +00 


Since ¢ > 0 was arbitrary, we let « \, 0, to conclude that 


[din — [rau VRE Co(X). 


Solution of Problem 4.68 
“+”: Suppose that y is a continuous linear functional on C(X). 
Note that 


{u€C(X): |lullo <1} = {we C(x): |u(x)| <1 for alla € X}. 


Therefore, if y is positive, then by the Riesz representation theorem 
(see Theorem 4.23; note that in our case C(X) = Co(X)), we have 


llvlk = sup {y(u) su € C(X), llulloo < 1} 
= sup{y(u): we C(x ), Ju(a i < lfor alla € X} = (1). 
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“<—": Suppose that ||y||, = y(1). Let ue C(X), u > 0,u 40 
and let us set v = Tel: Then ||1 — v|l. < 1 and so y(1) — y(v) = 
y(1—v) < ||y||4 = y(), hence y(v) > 0 and thus 


y(u) = |lullop(v) > 0 VueC(X), usd, 


hence y is positive. 


Solution of Problem 4.69 
For each x € X, we define the positive continuous linear functional 


Galt) = we) Vue d(x). 


Then, for all z,y €¢ X, x # y, we have ||yz — yy||¥ = 2. Since by hy- 
pothesis X is uncountable, the set {yz }rex C Co(X)* is uncountable 
too. Then { Bi(pr) }., <x is an uncountable family of mutually disjoint 
open balls. This implies that no countable subset of Co(X)* can be 
dense in it. Therefore Co(X)* = Mz(X) is not separable. 


Solution of Problem 4.70 
We consider the functional €: Co(X) —> R, defined by 


E(u) = 0(Y) max {u(x): ce X} Vue Co(X). 
It is easy to see that €(u+v) < €(u) + €(v) and 
E(Au) = AE€(u) Vu,v € Co(X), ASO. 


The surjectivity of f allows us to introduce the following linear sub- 
space of Co(X), 
V = {vof: vEC(Y)}. 


We consider the linear functional /: V —> R, defined by 


(vof) = [ vao. 


Y 
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Then 


Iuof) < waXY) max {v(y) Ye Y} 
= 0(Y)max{(vof)(z): ceX} = E(vof) 
(since f is surjective). Then the Hahn—Banach theorem (see Theo- 
rem 5.24) implies that we can find a linear functional LCo(X 9 am: : 


such that I, = = land I(u ) < €(u) for all u € Co(X). Note that I(u ie 
if wu < 0 and so 


Iu) = -I(-u) WueCo(X), u>0. 


Clearly 7 is continuous. Therefore / is a positive, continuous, linear 
functional on Co(X) and so by Theorem 4.23, we can fine yp € M,(X), 
yt > O which is necessarily Radon, since X is compact (see Theo- 
rem 4.12) such that 


I(u) = | udu Vu € Co(X). 
! 


Since J extends I , we have 


[va = foenan = feauet) VveEC(Y) 
Y xX 


Y 


and so ) = uf! by the uniqueness of the measure in Theorem 4.23. 


Solution of Problem 4.71 


“(b) => (a)”: Clearly, if y = céz for some c > 0 and z € X, the 
desired lattice property holds. 


“(a) => (b)”: Suppose that y € Co(X)*, y > 0 has the described 
lattice property. By Theorem 4.23, we can find w € M,(X), uw > 0 
such that 


= [td ¥ Fe Cox). 
xX 
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If x,y € supp (see Definition 4.13) and « 4 y, then we can find 
f,h € C-(X) such that 


fou, #o> 0, mmtfiph—O0 end fie) -— hy) — 1. 
So, we have 
g(max{f,h}) = p(f+h) = 9(f)+ (2) > max {y(f), ¢(A)}, 


a contradiction. Therefore suppy is a singleton, i.e., supp = {x}. 
Let c = ({x}) > 0. Then, for every f € Co(X), we have 


SO Y = Coy. 


Solution of Problem 4.72 

Let €: X —+ R, = [0,+00] be a lower semicontinuous function, let 
x € X be such that €(a) > 0 and choose J € (0, €(x)). Then the 
set {€ > J} is nonempty open and so by Problem 2.103, we can find 
g € C.(X) such that 


giz) = 2 and 0 <.¢ <= vy, < €. 
Hence, if (a) > 0, then 
E(x) = sup {g(x): g € C(X), 0< g < }. 
Clearly the same is true if (2) = 0. Therefore 
€ = sup{g: g €C.(X), 0<g<&}. 


From Proposition 2.55(a) we know that f is lower semicontinuous. 
Also let X* be the Alexandrov one-point compactification of X (see 
Remark 2.97). Since C(X™*) is separable, Y is directed and using 
Proposition 4.21 and the last equation, we can find an increasing se- 
quence {9n}nsi © Cc(X) such that 
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for some hn € Y and gy, 7 f. Then from the Lebesgue monotone 
convergence theorem (see Theorem 3.92), we have 


[tu = im fot = = sup f an db. 
x 


XxX 
sup [gud < sup | han < [ifaw 
n>1 hey 
»¢ xX xX 


Therefore, we conclude that 


[ta = sup [hha 
hey 
>< xX 


Remark. Therefore, if X is a locally compact topological space, ju is 
a Radon measure on X and f: X —> Ry = [0,+00] is lower semicon- 
tinuous, then 


But note that 


Solution of Problem 4.73 
Let {Sn} 1 be a sequence of nonnegative simple functions such that 


Silt) 7 Fle) Vae xX. 


We have 


f=9+5(s n — Sn—1) 


n>2 
and in the series each term is a nonnegative simple function. So, we 
write that 
= Y DeXa, ; 
k>1 


with J, > 0 and A; € B(X) for all k >1 
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(a) Since y is a Radon measure, for a given ¢ > 0, we can find an 
open set U, > Ay such that 
MW Uk) < wl Ak) + age: 


n= SONG: 


k>1 


Let us set 


Recall that the characteristic function of an open set is lower semicon- 
tinuous. So, A is lower semicontinuous and clearly 


f < h and rds ffdute. 
xX be 


Since € > 0 was arbitrary, we conclude that 


[ta = inf { [ra : h is lower semicontinuous on X, h > ae 
Je x 


a < f fay. 


»~ 


(b) Let 


Then for N > 1 large enough, we will have 


N 
SOAR) > 0: 
kl 


Since p is a Radon measure, for all k > 0, we can find a compact set 
Ky e Ar such that 


N 
2 Onu(AR) > 2: 
k=l 


Recall that the characteristic function of a closed set is upper semi- 
continuous. Therefore 


N 
i do PRX, 2 0 
k=1 


is upper semicontinuous, 


0 


x 
3 
x 
a 
2 
Dp 
Q 
ae 
3 
Q 
= 
Vv 
a 
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Since o < f x f du was arbitrary, we conclude that 


[ta sup { [au : 1 is upper semicontinuous on X, 0< 7 < f}. 
x xX 


Solution of Problem 4.74 
Let A € B(X) and let c« > 0 be given. We can find a compact set 
kK CX and an open set U C X such that 


Iu(B)] <e VBeEB(X), BCU\K. 
Then we have 
O0< p*(A)—p*(K)=p7(A\K)=sup (p(B): Be B(X), BC A\K} 
and 
0 < pt (U)—p* (A) = wT (U\A) = sup {u(B): Be B(X), BCU\A} 
(see Theorem 3.146). Therefore 
pr(A)—pt(K) <e and pwt(U)—pr(A) < «. 


This implies that yt is a finite Radon measure on X. Similarly for 
ps. So, we conclude that w = wt — w~ € M2 (X). 


Solution of Problem 4.75 

Due to the separability of X and Y, we can treat X and Y as subsets of 
the Hilbert cube H = [0, 1]‘ (see Theorem 2.154(b)). Let d be a metric 
on H x H consistent with its topology and let g © UC;,(X x Y) (here 
UC,(X x Y) denotes the space of bounded d-uniformly continuous 
functions on X x Y with values in R). Then g admits a uniformly 
continuous extension g © UC(H x H) = C(H x H). From the Stone— 
Weierstrass theorem, we know that for a given « > 0, we can find 
functions fr, h, € C(H) = UC(H), for k > 1 such that 


sup | >> fe(x)he(y) — G(a,y)| < 
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If mn —> m in M}(X) and pp, —> p in Mf(Y) and f, = Al 
hy = hj,, then 


timsup| f/ ga(or x jn) — f gaten x 1) 


N—-+00 
XxY 


< limsup | (g a Ss fhe) d(mn X i) 
aes XxXY 


lim | fears f Padi [ fet heal 
Do 


+ lim | 7 (Shedd 


< 2e. 


Let ¢ \, 0 and use the Portmanteau theorem (see Theorem 4.26), to 
conclude that 


E(mn, Ln) = E(m, Lt), 


so € is continuous. 


Solution of Problem 4.76 

We do the solution for f being lower semicontinuous and bounded 
below. The other case can be done similarly. To show the weak lower 
semicontinuity of €, we need to show that for every 7 € R, the set 


= {we My(X): <n} 
is weakly closed. de let {Hataer C In be a net and assume that 
la —> p in Mf (X). 


From Problem 2.20, we know that there exists a sequence { fnbnet Cc 
Cy(X) such that 


fiz) 7 72) Vare X. 
We have 


J taduo < f fda = Go) <n Yael nel 
xX xX 
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From the Portmanteau theorem (see Theorem 4.26), we have 


tim ff dito = [ted <n Vn21 
ae 
xX xX 


and by the Lebesgue monotone convergence theorem (see Theo- 
rem 3.92), we have 


[ toa ? [1 = Eu) <n, 


thus yp € I; and so I, is weakly closed, i.e., € is lower semicontinuous. 


Solution of Problem 4.77 
(a) Let f =x, : X — R be the characteristic function of U. Since 


U is open, x,, is lower semicontinuous. So, by Problem 4.76 above, the 
function 


E(u) = [rou 
x 


is weakly lower semicontinuous. So, the set 
D = {we MP(X): WU) >} = {we MP(X): E(u) >} 
is open. 


(b) In this case y,, is upper semicontinuous and so the function 


E(u) = [roa 


xX 


is upper semicontinuous (see Problem 4.76). Therefore, the set 
E = {ue MP(X): w(C) en} = {ue MY(X): E(u) >} 


is closed. 
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Solution of Problem 4.78 
Let 7 denote the topology of X and let 


X = {A€ BX): €,4 is Borel}. 


From Problem 4.77, we see that Y Dr. In particular X € ¥. Also, if 
A,C € # and ACC, then €q\ 4 = c — €a, which shows that €q\ 4 is 
Borel and so C\ Ae #. Finally, if {An},5, C ¥ is a sequence such 
that A, 7 A, then €4, 7 €4 and so €, is Borel, hence A € ¥. So, we 
infer that V is a A-class (Dynkin class; see Definition 3.7(a)). Because 
7 C &X and 7 is closed under finite intersections, we apply Theorem 3.9 
and obtain ¥ = o(T) = B(X). 


Solution of Problem 4.79 
Let {uataer © Cy(X) and {pataer © Mj (X) be nets such that 


Ill w 
Ua —> u and pa —> UL. 


Then, we have 


|7(tas Ha) — 7(u, HW), = [vodua = f way 
x = 
< [loa=wdtio|+| fudua— fudy| 
xX xX xX 
< 


ua = lo + | ff udu — ff ud — 0 
x A 


(by the Portmanteau theorem; see Theorem 4.26). Thus 7¥ is jointly 
measurable. 


Solution of Problem 4.80 

Let €: X —+ Mj'(X) be defined by €(x) = 6,. Evidently € is injective. 
Also, if {za}aer is a net such that x, —> x in X, then for all u € 
Cy(X), we have 


[vdb, eT ee [ vd, 


xX xX 
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so, using the Portmanteau theorem (see Theorem 4.26), we have 
Ww 


Ee) — Orr — df = E(x) 


and thus € is continuous. 
Conversely, let 


(ta) = be, —> be = E(x) in Mjt(X). 
Suppose that 
€"(€(ao)) = ta AA e = E'(E(x)) in X, 
Then we can find U € N(2) and a subnet {ag}g of {xa}acr such that 
age X\U VB. 


Recall that a metric space is completely regular (see Problem 2.42 and 
Theorem 1.43). So, we can find a continuous function h: X — [0, 1] 
such that 

h(x) = 0 and Al = 1, 


x\uU 
so 

[rdie, {jo9 47750 IG) = [rds 

xX x 
a contradiction. This proves that €~! is continuous too and so € is a 
homeomorphism into M7‘ (X). 

Finally, we show that €(X) is sequentially closed in Mj‘(X). So, 

let {tn},51 G X be a sequence and assume that 


Oz, —> # in Mj(X). 


n 


If {In}av1 does not have a convergent subsequence, then the set D = 
{Si : ne 1} is a closed subset of X and so is every C' C D. By the 
Portmanteau theorem (see Theorem 4.26), we have 

lim sup 6z,,(C) < p(C). 

nN— +00 
Hence, for every infinite set A C D, we have (A) = 1, a contradiction 
to the fact that 4 is a measure. So, we can find a subsequence oe } oy 
of a sequence {2p },5, Such that 


In, —> «© in X, 
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SO 
E(tn,) = Sen, > dy = &(z) in Mj*(X). 


Thus = 6, and €(X) is sequentially closed in Mj‘ (X). 


Solution of Problem 4.81 
Without any loss of generality, we assume that f(X) = Y. We start by 
showing that # is injective. So, let u,m € Mj(X), uw #m. By Prob- 
lem 4.14(a), we can find an open set U C X such that u(U) 4 m(U). 
Since f is a homeomorphism, we have that the set V = f(U) CY is 
open and U = f~!(V). Then 


Wu)(V) = w(f-"(V)) = WU) A mV) = m(F-'(V)) = B(m)(V) 


and so ¥ is injective. 
Next we show the continuity of 0. So, assume that 


Ha —> ps in My'(X) 


and let V C Y be an open set. Then the set f~!(V) =U C X is open 
and so by the Portmanteau theorem (see Theorem 4.26), we have 


liminf P(ua)(V) = liminfug(U) > w(U) = V(p)(V). 
Since V C Y was an arbitrary open set, Theorem 4.26 implies that 
H(Htq) —2> Bu) in ME(Y) 


and this proves the continuity of V. 
Finally we show that 0~! is continuous. To this end, suppose that 


Va) 2» O(u) in Mi(Y). 


Let U C X be an open set. Then f(U) = V CY is an open set too. 
We have 


lim inf (44(U) = lim inf fa(f~'(V)) = lim inf 0 (Ha)(V) 
> vW)V) = w(fV)) = wv) 
(see Theorem 4.26). Thus 
Ho —> wo in Mi(X) 
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(see Theorem 4.26). Therefore )~! is continuous and so # is a home- 
omorphism. 


Solution of Problem 4.82 


“(a) ==> (b)”: Let A € B(X) be a bounded set with u(OA) = 0 and 
let U C X be a bounded and open set such that A C U. For a given 
integer k > 1, we define 


= {xeU: dist (x, A) <q}. 


By Problem 2.103, we can find a continuous function f,: X —> [0,1] 
such that 
fel = 1 and f;, = 0) 
A Dy. 


Since the set U is bounded, f, € C.(X). We have 


[uin(A) — ml <1 f bu ~ fx) tial +| f fed [ fut 
+| f (fe— xa) ay. 
7 
Note that 
(fe=Xa)|, = 0 and (fr—xa,) “ 0. 
Hence, we have 
| jal Sat) 2 Oa: 


Similarly, we obtain that 


[fo — fr) duin| < pUn(Dg \ int A). 


Moreover, since by hypothesis (statement (a)), 4 —> m and f € 


C.(X), we have 
| | ficdtin — f fdul — 0. 
pe) 


772 Chapter 4. Measures and Topology 


The set D; \ int A is closed and so the function y~ is upper 


D,\int A 
semicontinuous. Then according to Problem 2.20(c), we can find a 
sequence {him}mst C C(X) with supphpm, C U such that him \ 


XB, \inta 2S M+ +00. Since hem € C.(X), we have 
k in 


Hn(Dr \int A) = / Xp, \ine a2) dn 
x 


J Pm(a) din — [im du asn—-+oo, 
x x 


x 


so 
lim sup [tn (Dx \ int A) < J Pm(e) di. 


n— +00 
x 


Because supphpm C U and u(U) < +00 (recall that y is a Radon 
measure and the set U is compact; see Definition 4.9(e)), we can let 
m —> +oo and then by the Lebesgue monotone convergence theorem 
(see Theorem 3.92), we have 


lim sup (Dz \ int A) < (Dj, \ int A). 
n—+oo 


Therefore, finally we have 


lim sup | in(A) — w(A)| < 2u(Dz, \ int A). 


n—-+00 
Sending k + +00, we have 
D;,\intA \, A\intA = OA. 


But by hypothesis “(0A) = 0. Therefore, we conclude that 
Ln(A) — pA). 


“(b) ==> (a)”: Let f © C.(X). By Proposition 2.94, we can find two 
bounded, open sets V and W in X such that 


ee Wy, 


where K is compact and supp f C K. We have 


V = [)s 


6>0 
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where 


Ds = {xr EW: dist(z,V) < 6}. 
Evidently each Ds is open and 


OD; = {rEW: dist(z,V) = 6d}. 


Hence, the sets {Ds}5so0 have disjoint boundaries and because 
u(W) < +00, we have (Ds) = 0 for some 6 > 0. Therefore, without 
any loss of generality, we can have (OV) = 0. 

If A is a Borel subset of V, the closure of A relative to V is 
given by A =A, Hence, the boundary of A relative to V is 
dy A = (0A) NV. Suppose that (Oy A) = 0. Then p((0A)NV) = 0. 
Also O0AN VS C ANVS CV \V = OV. Hence u(OAN VS) = 0. 
Therefore p(0A) = 0. If uw), = Un|, and py’ = pl,, then 


wi, suf in MEV) 


(see the Portmanteau theorem; Theorem 4.26). Hence 


[fe = [ie 
[ Fe = [1 


(recall that supp f C K C V) and thus pi, —> p (since f € C.(X) 
was arbitrary). 


SO 


Solution of Problem 4.83 


“+”: Suppose that C C M(X) is uniformly tight (see Theo- 
rem 4.31). Let {én},5 9 C Ry be a sequence such that 


> En < +00. 
n>0 


Let Ky, = K-,, be an increasing sequence of compact subsets of X 
such that 
w(Kn) > 1-4 Vn21, pec. 
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Let 
oa) = inf {ne0: ee k,} = yen 2 


n>0 


Then clearly 


sup f(a) djs < +00 
ses 


and y has compact sublevel sets. 
ee 
sup f(a) du < +00, 


uEC 
xX 


then by Markov inequality (see Proposition 3.90), the definition of 
uniform tightness is satisfied by the compact sublevel sets of y. 


Solution of Problem 4.84 
Let g € C&°(R%) be such that 


_ fi if fell <3, 
Ca oa. 1, “= - if |jz|) > 1. 


Let 
g(x) = g(¢x) Vk>1. 


Then by hypothesis, we have 


lim inf pin(By(0)) > lim / 9x (x) din = ie k(x) dy. 
RN RN 


Also, from the Lebesgue dominated convergence theorem (see Theo- 
rem 3.94), we have 


lim J suo a = 1, 


k—+00 
RN 
So, for a given ¢ > 0, we can find nop > 1 and k > 1 large enough such 
that = 
tn (Bx(0)) > l-e VYn>no. 
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Then from this and Theorem 4.12, we conclude that the set { pn : 
n > 1} U {y} is uniformly tight. Then the Prohorov theorem (see 
Theorem 4.31) implies that we can find a subsequence { Lng} ‘i of 
{Hn}nsir Such that 


Ln, ey 
Hence 
[ta= fra vFece(R), 
bs xX 
SO = jl. 


But from Theorem 4.30, we know that (M;'(R%),w) is a Polish 
space. So, by the Urysohn criterion (see Problem 1.3), we conclude 
that the original sequence {fin },,, converges weakly to p. 


Solution of Problem 4.85 
Let f € C,(Y). By adding a constant if necessary, we may assume 
that f >0. If kK C X is compact, then 


fot, 3 fo’ onk 
and 


lim ((fo On) — (f o¥)) djin = 0 


n— +00 
K 


(since AK is compact and the sequence { jun (A esa is bounded), so 


WV 


timint [(Fo%p) dun > liming [(fo0n) din 


»¢ K 
= lim | ((f00n)—(f08)) dim 


n—++00 
K 


+limint [ (f °0) din 
K 
= liming [(f 09) din 
K 
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> (-sup f) sup pn(X \ K) 
n>1 


+limint [ (f 08) Afb, 
n—-+oo 

x 
= (—sup f) sup Hin(X \ K) 


+ [ (fo) du 


x 


(since fo’ € C(K)). Since {pn},,5, is uniformly tight (see Theo- 
rem 4.31), we can find an increasing sequence {Ky},,5, of compact 
sets in X such that 


lim sup pn(X \ Km) = 0. 


m—-+oo n>1 


So, using in the above inequality K = K,, and letting m — +00, we 
conclude that 


ed = = 
timint f fa(undn') > f fatwa) 
Y Y 
replacing f by —f, we also have 


limsup ff dluindy") < [rawn, 
Y 


n—- +00 


sO 


bm / fan) = 7 fd(uo-) 
Y 


and thus pin! —> wd-! in Mj (Y). 


Solution of Problem 4.86 
Let « € M/(Y) (see Definition 4.25) and let 


[4 = poe and pig = ioe 


By hypothesis, for every € > 0, we can find compact sets Ky, C X1 and 
Ky C X92 such that 


11 (X, \ Ky) < 5 and [2(Xq \ Ke) < 5 VEE. 
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It follows that 
w(Y\07(Ki)) < § and p(Y\Vz*(K2)) < § 
and so 


u(Y \ (87'S) N 9g" (Ka))) <u (¥ \ 07 *(K1)) + u(¥ \ 93" (Ka) <e 
VEE. 


But note that 
07 (Ki) a) By (Ko) = ol Ky x Ko) 


is compact, since by hypothesis J is proper and Ky x Kg is com- 
pact. Therefore, we conclude that EF C M7‘(Y) is uniformly tight (see 
Theorem 4.31). 


Solution of Problem 4.87 
Let C C X be a nonempty closed set and let 


Un = {zEXx: dist (x, C) < +} Vne21. 


Then U,, is open for every n > 1 and 
=) Ox 
n>1 
Then sets C and UF are disjoint closed and 
inf {d(z,y): ceC, yeUr} > + > 0. 
So, if we set 


dist(x, US) 


In) = dist(x, UC) + dist(x, C) 


VaeX, 


then 


fn € UGX), 0 < fa < 1, Salus = 0, Fale = 


We have 
\< | fea = [tm dv = [toa < v(Un). 
xX xX Un 


778 Chapter 4. Measures and Topology 


Letting n + +00, we have u(C’) < v(C). Reversing the roles of w and 
y in the above argument, we infer that 


p(C) = v(C) YCCX, C is closed. 


But yu and v are regular (see Theorem 4.11). So, we conclude that 
=r 


Solution of Problem 4.88 
Let u: X —+ Mj} (X x Y) be defined by 


we) = dp K may) 


Since both functions X 53 x +> 6, € M}{(X) and X 3 4 +> 
m(a,+) € My(Y) are continuous, we see that u is continuous. Also, 
let np: Mi (X x Y) —> R be defined by 


nv) = [fw Vue Mt(X xY). 
XxY 


From the definition of the weak topology this function is continuous 
too. Finally note that h = n° u, so h is continuous. 


Solution of Problem 4.89 
Because of Theorem 4.27, we can work with sequences. So, let 
{Un}asi © Mj (C) be a sequence such that 


jin —> pe in M}(X). 


Let U = C°. Then U C X is an open set and by the Portmanteau 
theorem (see Theorem 4.26), we have 


0 = lminfp,(U) > pV), 


n— +00 
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i.e, u(U) = 0. Thus suppy C C (see Definition 4.13) and so pw € 
My(C). 


Solution of Problem 4.90 
That p*v € M(X) follows at once from the Fubini theorem (see 
Theorem 3.115) and we also have 


(uxv)(A) = / v(a-A) dyu(e). 
xX 


Because of Theorem 4.27, it suffices to show the sequential continuity. 
Let {Un}nsi.tYntnsi © M+(X ) be two sequences and assume that 


jin > i Oy Se TU), 


Then for every f € Cy(X), we have 


[faury) = [te d(x) dv(y = [rene (u x v)(x,y). 
xX 


Since f € C(X), we have that the function (x,y) +> f(xy) belongs 
in C(X x X). From Problem 4.75, we have 


/ fay) din x Yn) / f(y) du x v), 
xX xX 


sO 


Jf atinxin) > f Faux) 
xX xX 


and thus 
Lin * Un, —> pxy in Mi*(X), 


i.e., x is continuous. 


Solution of Problem 4.91 
Let F be the smallest o-algebra on Mj*(X) that makes all functions 
{na}AacF measurable. Let 


= {A € B(X): na is Borel measurable}. 
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It is easy to see that D is a A-class (a Dynkin class; see Defini- 
tion 3.7(b)) and contains all closed (or open) sets in X (see the Port- 
manteau theorem; Theorem 4.26). By the Dynkin theorem (see Theo- 
rem 3.9), we have that D = B(X). Therefore F C B(M;'(X)). 

The function 


MiMisnS 6 < jfaer 
xX 


is F-measurable, when f = x, for all A € B(X). It follows that 0+ is 
F-measurable, when f is Borel simple. Let f € Cy(X). We can find 
an increasing sequence of simple functions {s,},,, such that 


-M <€ sn < hd YVne1 
for some M > 0 and s, 7“ f. By the Lebesgue monotone conver- 
gence theorem (see Theorem 3.92), we have Us, 7 Uy, hence vy is 


F-measurable. Hence for every ¢ > 0, w € Mj(X) and f € C,(X), 
the subbasic open set 


Usui t) = {veMP(x): | f tdv— f fay| <e} 
x xX 


is F-measurable. It follows that F = B(Mj*(X)). 


Solution of Problem 4.92 
Let C € © @ B(X) and let no: Q x Mf (X) — [0,1] be the function, 
defined by 

no(w,H) = (bux wY(C) VY (wu) € 2x MY(X). 
Let 

Y = {CEX@B(X): nc is U @ B(X)-measurable}. 
IfC=Ax Bwith Ac y, BE B(X), then 


nc(w,x) = xX4(w)u(B) 
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and so by Problem 4.91, we have that nc is © ® B(X)-measurable, 
hence 
{Ax B: AEX, BEB(X)} C Y. 


Note that Y is an algebra and a monotone class (see Definition 3.10). 
Therefore invoking Theorem 3.12, we conclude that VY = © ® B(X). 
Now note that 


Gr S={(w, nu) € Ox Mi (X): p(Fw)) = L}=ngr r({1}) € N@B(X). 


Solution of Problem 4.93 
“—»": Let A € Y and let na: Mj(Y) — [0,1] be defined by 


na(H) = w(A) Vwe MP(Y). 


We see that 04 = 740€. By hypothesis we know € is Borel measurable, 
while from Problem 4.91, we have that 7,4 is Borel measurable too. 
Therefore, it follows that 04 = 7,4 0 € is Borel measurable. 

“<—”: By Problem 4.91, we have 


€'(B(MI(Y))) =€*(o( U m'(8®)))) 


AEy AEy 


(recall that 04 = na 0 €). 


Solution of Problem 4.94 
According to Problem 2.20(a), there exists a sequence {fn}ns1 © 
Cy(X x Y) such that f, 7 f. Let 


ie) = [ tole, y)ele dy) VareEXx. 
Y 
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From Problem 4.88, we know that J, € C)(X) and from the Lebesgue 
monotone convergence theorem (see Theorem 3.92), we have J, 7 VU 
and this by Problem 2.20(a) implies that J is lower semicontinuous 
and of course bounded below. 


Solution of Problem 4.95 

Since (X,¥) is separable, © is countably generated (see Defini- 
tion 3.14). Let {Cn},,5, be a sequence of generators of ©. We claim 
that the sequence {Cr} nasi separates points of X. Suppose that for 
some z,2/ € X, x #2’, we have 


Vo -=] eee ae. 


We define Np = {C € OF: er) X,(a’)}. Evidently Xp is a 
o-algebra and by hypothesis {C,},5; GC Mo and so © C No, which 
contradicts the separability of (X,X) (see Definition 3.14(b)). Let 
f: X —+ {0,1} be defined by f(x) = {x., Cal ee From the sepa- 
rating property of {Cn},,5, we see that f is an injection and of course 
f is measurable. Let A = f(X). We need to show that f~': A — X 
is measurable. To this end, we need to show that if C € %, then 
f(C) € B(A). Let 


H, = {Ce2*: f(C) € B(X)}. 
Clearly © is a o-algebra and {Cy },5, C X1, because 
FC) S41 hin = 1G oe Se: 


Therefore © C 4 and so f~! is measurable, hence f is an isomorphism 
(see Definition 4.39). 


Solution of Problem 4.96 
Let A € B(Y) and let proj, (respectively, proj,) be the projection on 
X (respectively, on Y). We have 


f (A)-= proj, (proj, '(A) Gr f). 
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Note that the set proj,'(A) Gr f is a Borel subset of Gr f and so it is 
a Souslin subset of Gr f (see Definition 2.156). Therefore f~!(A) C X 
is a Souslin set. Similarly, we show that the set f~!(A°) C X is a 
Souslin set. Since f~!(A) and f~!(A‘) form a Souslin partition of X, 
from Corollary 4.35, we infer that they are Borel sets. Hence f is a 
Borel function. 


Solution of Problem 4.97 
Since X is a Borel space, we can find a Polish space Y (see Defini- 
tion 2.150) and a homeomorphism f: X —> Y such that Z = f(X) € 
B(Y). By Problem 4.81, the function 0: Mj (X) —> M7‘(Y), defined 
by 

du)(A) = w(f(A))  VAEB(X) 


is a homeomorphism too. Then 
O(Mi(X)) = {me MP(Y): m(Z)=1} = &*({1}), 
where €z: Mj‘(Y) — [0,1] is the function, defined by 
Ez(m) = m(Z) Vme Mi(Y). 
From Problem 4.78, we know that €z is Borel. Hence 
eM({U}) = 0(MP(X)) © Mi (Y) is Borel, 


Since ¥ is a homeomorphism, we conclude that Mj‘ (X) is a Borel space 
too. 


Solution of Problem 4.98 

Let gm = max{g,—m} for m > 1. Then gy is still lower semicontinu- 
ous, it is bounded below and gm > g for all m > 1. Since pin —> p, 
by Problem 4.76, we have 


timint [gn din > [om di Vme2l. 
n—- +00 
xX xX 
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Note that 


sup ( fam dtin~ f 9 din) < sup / g dun — 0 asm— -+oo. 
n>1 nel 
x {g->m} 


Recalling that g,, > g for all m > 1, we conclude that 


[sau < timing [ gdh. 


xX xX 


Applying this result to g = f and g = —f, we obtain that 


Solution of Problem 4.99 
For every k > 1, let 


fy = mn{f,k} and Ch, = {fF > kh 


Clearly f, is continuous and bounded and Cy is closed. We have 


timsup ff fidjin = timsup( J (f ~ fe) dtin + kitn(C) 
xX 


n—-+00 n—+oo 
{fk} 
< [u- fe) du + ku(Cy) = fre 
xX 


[see Problem 4.98 and the Portmanteau theorem (Theorem 4.26)]. For 
any € > 0, we can find k > 1 large enough such that 
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Solution of Problem 4.100 
Note that Gr f~! = u(Grf), where u: X x Y —> Y x X is the 
homeomorphism, defined by 


u(x,y) = (y,2). 


Hence Gr f-! € B(Y x X) = B(Y) @ B(X) if and only if Grf € 
B(X x Y) = B(X) ® B(Y) (see Theorem 4.6). Then the result follows 
from Corollary 4.38. 


Solution of Problem 4.101 

Let h: A —> X be the isomorphism between the measurable spaces 
(A, B(A)) and (X,%). Let D € X. Then h~'(D) € B(A) and so there 
exists a set E € B(Z) such that 


AD) = EA, 
which is a Souslin (analytic) set in Z (see Definition 2.156). Then 
f(D) = (foh)(EN A) 


and the latter is a Souslin set (see Corollary 4.38). 


Solution of Problem 4.102 
First suppose that f is a characteristic functions, i.e., f = ~, for some 
A € B(X). Then 


yl) = Ix, (4) = fu du = p(A), 
xX 


so the function 4p +—> y¢() is Borel measurable by Problem 4.91. 

The linearity of the integral implies the measurability of yr, when 
f is a simple function. Finally let f be a general Borel measurable 
function. Then according to Theorem 3.68, we can find a sequence 
{Sn}n>1 Of simple functions such that 


i2lal<.<w=a.27 
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and 
Sn(x) —> f(x) p-almost everywhere on X. 


Then by the Lebesgue monotone convergence theorem (see Theo- 
rem 3.92), we have 


Yen(H) = [snau = [ta = (Hu), 
xX XxX 


so the function 44 +—> 7() is Borel measurable. 


Solution of Problem 4.103 
From Corollary 4.38, we know that 


Grf ¢ B(RY xR”) = B(R*) @ BR”). 


Note that f(D) = PYO) uy Gr f. The projection on R™ is a continuous 
map and the continuous image of Souslin sets in RY xR™ (in particular 
of Borel sets in RN x R™) are still Souslin. Therefore f(D) C R™ is 
a Souslin set (see Definition 2.156). 


Solution of Problem 4.104 

Let U C X be an nonempty open set. The complete regularity of 
X implies that for every « € U, we can find a continuous function 
fe: X —> [0,1] such that 


fie) =} 1 and. flo. = 0: 


Let 
Up = {ueX> f(a) SU}. 


Then {Uz}zev is an open cover of X. Recall that a Souslin space 
is strongly Lindeloff (see Definitions 2.156 and 2.163 and Corol- 
lary 2.165). So, we can find a countable subcover {Uae | of U. 


n>l1 
Let 


n>1 
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Evidently f is continuous and f|,,. = 0. For every u € U, we have 
u € U,, for some n > 1 and so f,,,(u) > 0. Hence 


U = {ueX: fu) >0} 


and this proves that X is perfectly normal (see Definition 2.137). 


Solution of Problem 4.105 
First we show that every set of the form 


(x) {zEX: {fe(x): k>1} € B}. 


is Baire. Note that this is true if B is closed. Indeed, since R™ 
is a Polish space, B has the form B = 7~'(0) for some continuous 
function 7: R° —+ R and the function x + n({fn(x) : n > 1}) is 
continuous. Let us fix a sequence {fn},5, and let 


Do = {Be B(R™): {we X: {fr(z): n> 1} € BS € Ba(X)}. 


It is easy to check that Do is a o-algebra. Hence it contains B(R®) 
and so Dp = B(R™®). On the other hand, the class ¥ of all sets A 
representable in the form (x) with f;, € C,(X) contains all sets of the 
form {f > 0} with f € C(X). In addition, it is easy to see that ¥ is 
a o-algebra. Hence V = Ba(X). 


Solution of Problem 4.106 

By Problem 4.105, we may assume that X = R®. Since R® is a Polish 
space, we can find a closed set C C B and an open set U D B such 
that |u|(U\C) < §. Let €: X — [0,1] be a continuous function such 
that 


él = 1 and El. = 0. 


Clearly € is the required function. 
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Solution of Problem 4.107 
Let C C X be a closed set. Then for (w,x2) € 2 x X, we have that 
f(w,a) € C if and only if for every n > 1, there exists 2’ € D such 
that 

d,(z,2') < 4 and d,(f(w,2),fWw,2’)) < 


3lFR 


Therefore, we have 


‘a U {wEQ: dist, (f(w,2'),C) < +} 


nele2/ED 
x{eex: d, (x, ) < +}, 


so f-1(C) € © x B(X) and thus f is jointly measurable. 


Solution of Problem 4.108 
Let U be an open subset of X. Since X is a metric space, we have 
that U is an F,-set (see Problem 1.79). Hence 


U = LU Gn, 


n>1 


with C,, closed in X. Then 


GU) = Ue@). 


But by hypothesis 
G (Ch) € A YVnoil 


and A is closed under countable unions. Therefore, we conclude that 


G(U) EA. 


Solution of Problem 4.109 
For any open set U C X and any integer k > 1, we set 


=49eU » dist, (@,U") > i}. 
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Since U is open, we have U = (J Ux = UJ Ug. Then, for every w € Q, 
k>1 k>1 
we have the following implications: 


fwel = ake: fail w) € U; 
k>1 2>1VnSN: fr(w) € Up 
=> ie en 
= fw)el. 


Therefore, it follows that f-'(U) = U lim inf fr, 1(U;,), 80 f 1(U) € = 


kl" 


and thus f is -measurable. 


Solution of Problem 4.110 


“+: Immediate from the definition of So: 


“<—”: According to Theorem 4.59, we can find ee Q— Xx} 
a sequence of ¥i-measurable selections of F’ such that 


n>1’ 


C {fn(w)}., p-almost everywhere on 2. 


Then 
mig) = inf || fr (w) | for p-almost all w € Q, 


som € LP(Q)+. 
Let ¢: 2 —> R;\{0} be a H-measurable function such that ¢ € L?(Q). 
We introduce the multifunction 


Sew) = {x € Fw): ||z|| <m@) +e)}. 


Evidently Gr S: € © @ B(X) and so we can apply the Yankov—von 
Neumann—Aumann selection theorem (see Theorem 4.57; see also Re- 
mark 4.58) and obtain a U-measurable function f: 2 —+ X such that 
f(w) € $-(w) p-almost everywhere on Omega. Then f € S% and so 
SEA. 
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Solution of Problem 4.111 
It suffices to show that for every J € R, the set {w €2: m(w) < Vv} 
belongs in the o-algebra J. Note that 


{wEQ: mw) <8} = proj, {(w,z)eGrF: &w,x2) < dv}. 


But the joint measurability of € and the graph measurability of F 
imply that 


{(w,z)€GrF: &(w,2) <0} € U@B(X). 


Then invoking the Yankov-von Neumann—Aumann projection theorem 
(see Theorem 4.65), we infer that 


proj, { (w, 2) E€GrF: €(w,2) < o} ed 
and so for every J € R, we have 
{wEQ: mw) <v} € Y, 


which proves that m is --measurable. 


Solution of Problem 4.112 
Let A € R and let 


Ly = {xe X: mx) <d}. 
Then 
Ly = proj, {(z,y) Ee XxY: Fey) <A}: 


Invoking the Yankov-von Neumann—Aumann projection theorem (see 
Theorem 4.65), we conclude that m is measurable with respect to every 
Borel measure on X. Similarly for M. 


Solution of Problem 4.113 

From Theorem 4.55, we know that there is a sequence {fn},51 of 
si-measurable selections of F’, ie., for all n > 1, fy: Q — X is 
y-measurable and f,(w) € F(w) for all w € Q) such that 


Fla) = {fn(w) bast Vwe. 
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The upper semicontinuity of €(w,-) for all w € Q implies that 

m(z) = inf €(w, fn(w)). 
But since € is jointly measurable, for every n > 1, the function w +> 


€ (w, fr(w)) is S-measurable. Hence the function m is -measurable 
too. 


Solution of Problem 4.114 
From Problem 4.111, we know that the function 


wr > mw) = sup €(w, x) 
xe F (w) 


is U-measurable and so the integral {, 7(w) du is well defined (possibly 
+00). 
For every u € Sh, we have 
E(w, u(w)) < n(w) p-almost everywhere 
and so 
sup I¢(u) < [nau 


uese Qo 


In particular, we have 


—oo < I(uo) < [du 
Q 


If I¢(uo) = +00, then there is nothing to prove. So, we may assume 
that I¢(uo) < +00. This means that €(-, uo(-)) € L1(Q). Let 


a = [ow 


Q 


If we can find u € Sh such that 


Teli) > fy 
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then we have the desired equality of the problem. To this end let 
{Qn}nst C ¥ be an increasing sequence such that 


= || |'O,, and p(Qn) < +00 Yee lk 


n>1 


Also, let 6 € L'(Q) be such that 
d(w) > 0 YVwend. 


We set 
An = InN {wEQ: E(w, uow)) <n} € XU 


and 
n(w) — 5) if we A, and nw) <n, 


_ bw) if w€ A, and nw) > n, 


mw) = 
E(w,uo(w)) if we AS. 


Evidently mm € L'(Q) and nm, 77 in p-measure. Hence by passing to 
a suitable subsequence if necessary, we may assume that 


M™n(w) —> n(w) p-almost everywhere on 2 


(see Proposition 3.131). Invoking the Lebesgue monotone convergence 
theorem (see Theorem 3.92), we can find no > 1 such that 


B< [im du 


Q 
Let G: Q —>+ 2* be defined by 
Gwe) = Fw) n{eeX: mow) < €(w,2)}. 
By modifying G on a p-null set, we may assume that 
G(w) # 0 YVwend. 


The joint measurability of € and the graph measurability of F' imply 
that GrG € ©, ®B(X). Invoking the Yankov-von Neumann—Aumann 
selection theorem (see Theorem 4.57), we obtain a ,,-measurable se- 
lection g: Q —> X of G. Let 


Ch = MN{WEN: |\g(w)|| <n} € X, Vn>1 
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and 
fn = XeomGtXcguo Vn. 


Evidently f, € SR for n > 1 and 


Le) = [soa aut f &(w,uolw)) di 
Ch Ce 


> J tno(w) au f (E(w, wow) — Ning (w)) dy. 


Q ce 
Note that 

u(Ch) NO 
and recall that 


J rng) dy > 2 
Q 


So, for some n; > 1, we will have 6 < I¢(fn,) as desired. 


Solution of Problem 4.115 
By Problem 4.113, the function w +> |F (w)| is S-measurable. More- 
over, Problem 4.114 implies that 


fiperan = fF sup lel au = sup iis 
A 4 ce F(w) fest 


Therefore, the set S% C L?(Q;X) is bounded if and only if |F(-)| E 
EP) 4, 


Solution of Problem 4.116 

By Theorem 4.51(b), it suffices to show that for every closed set 
CCX, we have F-(C) € &. Since X is o-compact (see Defini- 
tion 2.99), we can find a sequence {Kp},,5, of compact subsets of 


X such that 
X = U Kn. 


n>1 
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Solution of Problem 4.117 


“— >”: By Problem 4.116, it suffices to show that for every kK € 
P,(Y), we have that G7 (KK) € © @ B(X). By definition 


G (K) = {(w,z) €Qx X: Aye Y such that (x,y) € F(w)n 
x(X x K)}. 


Let 
Ak = {weEQ: Fw)n(X x K) £90}. 


Then Theorem 4.51(d) implies that Ax € &. 
Let S: Ax —+ P(X x Y) be defined by 


S(w) = F(w)n(X x K). 


Then 
GrS = GrFN(Qx Xx K) € Y@B(X) @B(Y) 


and so again by Theorem 4.51(d), we infer that S is a measur- 
able multifunction. Hence Theorem 4.55(b) implies that we can find 
two sequences of )-measurable functions { fn: Ak —> xX } and 


nel 
{9n: Ak — y} such that 


n>1 


Sw) = {(frl), mh, Vwed. 


Let 


Dr = {(w, £) E€AKxXX: LE {fn) basi} 


We claim that G" (AK) = Dr. Clearly G-(K) C Dr. We will show 
that the opposite inclusion also holds. To this end, let (w,x) € Dr. 


Then z = jim fn, (Ww) for some subsequence {nx},5, of {n},,51- 
— +00 a a 
Consider the corresponding subsequence of { (Gi) fea We have 
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{ On, (w) } p>, © & and so by passing to a further subsequence if neces- 
sary, we may assume that 


Gn, (w) —> ye K. 


So (x,y) € S(w), which means that (w,xz) € G (K) and so 
G” (kK) = Dr. Now note that 


De = {(w,2)€AKxX: inf d(x, fn(w)) =0} € V@B(X). 
Therefore, G7 (i) € © ® B(X) which proves the measurability of G. 
“<—”: Note that GrG = Gr F and by hypothesis 

GrG € L@B(X)@B(Y) = L@B(X xY) 


(see Theorem 4.6(b)). Invoking Theorem 4.51(c), we conclude that F 
is measurable. 


Solution of Problem 4.118 
Let 


F(w) = u*(w) Vwend. 


By hypothesis (a), the values of F are in Pr (X . Moreover, hypoth- 
esis (b) implies that for every open set V C X, we have F-(V) = 
u(V) € ©. Hence F' is measurable (see Definition 4.49(a)). Therefore, 
we can apply the Kuratowski—Ryll Nardzewski selection theorem (see 
Theorem 4.53) and find a -measurable function f: Q —> X such 
that 


fw) € Fw) Vwen. 


Then 
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Solution of Problem 4.119 

Since U is a measurable multifunction, by Theorem 4.55, we can find 
a sequence {tig Q— > X ee of i-measurable selections of U such 
that 


U(w) = {Unw) Fas Ywen. 


Let V C Y be a nonempty open set. Because of the continuity of 
g(w,-) for all w € Q, we have 


G(V) {wEQ: g(w,UWw)) AV £0} 


= U {w EQ: g(w,tn(w)) € VP. 


nel 


But from Theorem 4.166 for every n > 1, the function w +> 
g(w, un(w)) is (X,B(Y))-measurable, hence 


{wEQ: g(w,umw))} € x Vue. 


Therefore G-(V) € &. 


Solution of Problem 4.120 
Let F: Q —> 27 \ {0} be the multifunction, defined by 


Fw) = {t€U(w): hw) =g(w,t)}. 
We have 
GrF = GrUN{Ww,t)€NxT: hw) =g9w,t)} € U@B(T). 


Invoking the Yankov-von Neumann—Aumann selection theorem 
(see Theorem 4.57), we can find a (X,B(T))-measurable function 
u: Q —> T such that 


u(w) € F(w) Vwend. 
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Then 


Solution of Problem 4.121 

Let U C X bea nonempty open set. We know that U is the countable 
union of open balls. Moreover, every open ball is a countable union 
of closed balls. So, U is a countable union of closed balls, i.e, U = 
LJ B(n) with each B(n) being a closed ball in X. Then 


n>1 


F-U) = UF (B@)) €, 


nel 


hence F is measurable. 


Solution of Problem 4.122 
The set U° is closed. Let 


E(w,z) = dist(f(w,x), U°) V (wr) E€Qx X. 


Evidently € is a Carathéodory function, thus measurable (see Theo- 
rem 4.166). We have 


GrF = {@,z)ENx X: Ew,z) > 0} 
and so Gr F € ©} @ B(X), ie., F is graph measurable. 


Solution of Problem 4.123 
Let {2n}n51 be dense in X. We have 


F-(C) = {weQ: F(ww)nc Zo} 

= {we: f(w,z) €U for some x € C} 
{w EQ: f(w,tn) €U for some n > 1} 
= LU {wean: f(w, tn) € U} 


n>1 
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(since U is open and f(w,-) is continuous). Since for every n > 1, the 
function f(-,@) is U-measurable, we have that {w ED: flw,tn) € 
U } € }. Hence 


E-(C)\ = LU {wen: f,%m) EU} € &. 


n>1 


Solution of Problem 4.124 
Let D be a countable dense subset of X. For any open set V C X and 
each open interval J = (a,b) C R, we have 


E-(VxI) = {weQ: Ew)nvV x1) 49} 

= {wen: epifw,-)N(Vxl FO} 
{wEQ: f(w,x) <b for some c € DNV} 
U {wEQ: f(w,u) < b} ey 


ue DNV 


(due to the continuity of f(w,-) and since f(-,x) is measurable). 

Now recall that each open set U C X x R can be written as count- 
able union of open sets of the form V x J, since R has countable basis 
consisting of open intervals. 


Solution of Problem 4.125 

Let f € S}. By considering w ++ F(w) — f(w) if necessary, we may 
assume that for all w € 9, we have 0 € F(w). Let J: Q —> R, be the 
function, defined by 


O(w) = dist(0, F'(w)°*) 


(recall that F'(w)° = X\F(w)). First we show that 0 is 4,,-measurable. 
To this end, let 4 > 0 and let us set 


Ly = {weEQ: Iw) <A} 
G = {(w,2)€Qx X: 26 BNFw)}, 


where By = {2 € X: ||| < A}. Then G = (2 x B\)MGrF® e€ 
% @ B(X) (since F is graph measurable). Note that L, = proj,G. 
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Hence by the Yankov-von Neumann—Aumann projection theorem (see 
Theorem 4.65), we have L, € %, and so J is U,-measurable. Since F 
has open values, J(w) > 0 for all w € Q. The 4,,-measurability of 0 
implies that we can find ¢ > 0 and A € © with y(A) > 0 such that 
O(w) > e for allw € A. Then B; C F(w) for all w € A and so 


Solution of Problem 4.126 
From the Riesz representation theorem (see Theorem 4.67), we have 


L?(Q)* = L¥’(Q) (where ; + rd = 1). Let h € L’(Q). For a given 


¢ > 0, we can find a simple function sg € L?’(Q) such that 
| — Soll < air 
Since 


[tvdn — f tan VAEX, 
A A 


from the linearity of the integral, it follows that 


/ a / Pasa 
Q Q 


Then we can find ng = no(e) > 1 such that 
|h(fn — f)| < |(2 — 80)(fn — f)| + |so(fn — S)| 

< lh sollpll fn — flip + 5 

< 2Ma7+5 =€« Vneno, 


so f(fn—f)h du — 0 for all h € L”’(Q) and thus f, > f in L?(Q). 
Q 
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Solution of Problem 4.127 
Let {OQn}n51 G & be a sequence such that Q, 7 Q and p(Qn) < -+oo 
for every n > 1. Let 


Ch = {wEOn: |f(z)| <n} € Xd Vn2>1. 


We set: fn = X¢,, f and consider the linear functionals on L?(Q), defined 
by 


In(g) = f fagde and L(g) = f fodn Vg e 1%), 
Q Q 


From the Riesz representation theorem (see Theorem 4.67), we have 
that L,, is continuous. Note that 


| fr(w)g(w)| < |f(w)g(w)| pi-almost everywhere in 2 


with fg € L1(Q) and frg —> fg p-almost everywhere in . So, by 
the Lebesgue dominated convergence theorem (see Theorem 3.94), we 


have 
[ toa = [tac 
Q Q 


hence Ln(g) —> L(g). Thus L is continuous either by invoking Corol- 
lary 5.42 or directly as follows. Let g, —> g in L?(Q). Then we 
have 

Ln(gx) —> LIn(g) ask + +00 


(continuity of L,) and 
Ln(g) — L(g) asn—- +00. 
Invoking Problem 1.175, we can find a sequence k +> n(k) such that 
Lye)(ge) —+ L(g) ask — +00. 
Then 
|L(9%) —L(g)| < |L(gn) — Lncey(ge)| 
+|Ln(k) (9k) — Lncey(9)| + |Lncay(9) — L(g)|- 
We have 


[E(ge) —Lnay(ae)| =| f —fo)on da] < f =X, IF gel de 0 
Q Q 
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(by Theorem 3.94) and 


|Ln(k) (9k) —Lncey(g)| = | f flax — 9) < lf llpllgx—gllp —> 0 
Q 


and 
| Linck) — L(g)| — 0 ask +oo. 


Therefore, finally we have 
|L( 9x.) - L(g)| — 0 ask>+4+o, 


so L is continuous and so f € L”’(Q) (by Theorem 4.67). 


Solution of Problem 4.128 
For every n > 1, we set 


bn(A) = fr dp VAEX. 
l 


Then {Un}ns, G M(%) and py < p for all n > 1 (see Definition 3.150). 
By hypothesis we know that for every A € ™, the limit iim [ln (A) 
n [oe) 


exists and is finite. By Theorem 4.73, we have that the sequence 
{Un}n>1 is uniformly p-absolutely continuous (see Definition 4.71). 
Hence, for a given ¢ > 0, we can find 6 = 6(€) > 0 such that for all 
A€™®™, we have 


if |u|(A) <6, then |tn(A)| = | f fodu| < § for alln > 1. 
A 


For each such A, we set 

At = {aéA: f,(z) 20} and AZ = {ae A: fp(z) <0}. 
Evidently 
A, € =X, A, € uy, pA) < w(A) < 6, mA) < H(A) < 6 


So, we have 


|frn| dpe = | fr dys < = and |fn| dus = | fr Up < a 
i | | 
At At An An 
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hence 


Solution of Problem 4.129 
Let h € L©(X) = L'(X)* (see Theorem 4.67). We claim that 


x Taal a) fnh an} is a Cauchy sequence. 
>1 


To this end let ¢ > 0 and let s be a simple function such that 
[2 — Slloo < 37 


(see Proposition 3.110). We have 


| f fardu— f fosdu| < h—sfoolflh < 4 Yn. 
xX x 


Also, by hypothesis the limit 


lim fins du 


n+ 
x 


exists and is finite. So, we can find no > 1 such that 
Lf fasau— f fosdn| <3 Vn,meno, 
x xX 


sO 


| f furan — f fnbrady| <€ VYn,m>ng 
Xx xX 
and thus 


i task) af fnh an} is a sequence Cauchy. 
>1 
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So, for every h € L®(X), the limit 
x 


exists and is finite. Let us set 


é(h) = lim f foh dy Vhe L®(X). 
xX 


Hence € € (L®(X))* (see hypothesis (ii)). Moreover, if 
mA) = f fads 
A 


then {Yp}nsi G M(%) and v,(A) — v(A) = €(x,) and so v € M(x) 
(see the Nikodym theorem; Theorem 4.72) and v < wp (see Def- 
inition 3.150). Then by the Radon—Nikodym theorem (see Theo- 
rem 3.152), we can find f € L'(X) such that 


v(A) = [| fdw VAEX, 
l 


sO 


E(s) = i fsdu for every simple function s. 
x 


As simple functions are dense in L®(X) (see Proposition 3.110), we 
have 


é(h) = / fide 
xX 


(fnih) —> (f,h) Vhe LX) 


and thus 
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Solution of Problem 4.130 

Arguing by contradiction, suppose that the sequence {Un}nsi is 
not uniformly p-absolutely continuous. So, we can find a sequence 
{Ax}ps51 G U and a subsequence {ng },5, of {n},,5, such that 


p(Ap) < err and pn, (Ak) > € Vk>1 
(see Definition 4.71(c)). Let 


C= (JA Vro1. 
i>k 
Then {Cx} g>1 18 a decreasing U-sequence and 
w(Cr) < Di uA) < Sos = x. 
i>k i>k 


Let 
Co = (|G 


k>1 


and let us set 
Ex = Cy\Co Vk>1. 


Then {E,} 4>1 18 a decreasing U-sequence and 
() E, = 0. 
k>1 


Since by hypothesis the sequence {fn},,5, is Vitali equicontinuous, we 
can find kg > 1 such that 


|Hng (Ex)| < €é Vk => ko. 


Because 
1 


ling K pb and p(Ce) < ze, 
we have (Co) = 0. Therefore 
Jin,(Ce)| < € Wk>ko. 
But we know that 


Ln, (Ck) 2 Ln, (Ag) ZE Vko1. 
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Hence, we have reached a contradiction. This proves that the sequence 
{ Un}n>1 is uniformly p-absolutely continuous. 


Solution of Problem 4.131 
Let <¢ > 0 and consider a decreasing sequence {An}nst C ¥ such that 


() An = 


n>1 
By hypothesis, we can find 6 = d(€) > 0 such that 
if AEX, w(A) <6, then |yg(A)| <e Vk > 1. 


Since p(X) < +00, we have p(A,,) —> 0 (see Theorem 3.19(c)). So, 
we can find no > 1 such that 


pW(An) < 6 VY m2 nip: 


Hence 
|x(An)| < € Vne>no, k>1 


and this proves that the sequence {Hn},,5, is Vitali equicontinuous. 


Solution of Problem 4.132 
Let [a, 6] = [0,27], p = 2 and consider the sequence 


fr(t) = cosnt Vuo 


Then 
27 
[ cos? ntat = 7 Vno>1. 
0 


So, fn 7+ 0 in L?(a,b). On the other hand, let h = y,,,, with 
[c,d] C [0,27]. Then 


27 
| Nes cosntdt = +(sin(nd) —sin(nc)) —> 0. 
0 
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From the linearity of the integral, it follows that 


20 


J stefult) at + 6 


0 


for every step function 


n 
Si tsa 
k=1 


Finally, recall that step functions are dense in L?(0,27), to conclude 
that 


20 
[hide — 0 Whe L*(0,2n), 
0 


sO 


Solution of Problem 4.133 
By the Dunford—Pettis theorem (see Theorem 4.75), we can find a 
subsequence {tn, },5, Of {Un}nsi1 and a function h € L*(Q) such that 


Un, —> h in L*(Q), 


so 
fondu > f hay VAEX. 
A A 


On the other hand, by the Vitali theorem (see Theorem 3.128), we 
have 


fovau — fd VAEX. 
A A 
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Therefore 
rdw = fad VAEX, 
A A 


hence h = u. Hence by the Urysohn criterion (see Problem 1.3), for 
the original sequence, we have un —> u = h in L'(Q). 


Solution of Problem 4.134 
By the Lusin theorem (see Theorem 3.77), for a given ¢ > 0, we can 
find a continuous function g such that 


A({f Ag) < € 
(A being the Lebesgue measure on R). Let C = {f = g}. Then C is 


Lebesgue measurable and according to Proposition 4.91, almost every 
point of C is a density point. Let x € C bea density point of C. Then 
lim f(x’) = lim g(2') = g(x) = f(z), 


a’ >a x! 2x 
vec 


so f is approximately continuous on C' and \(C°) < €. Since € > 0 was 
arbitrary, we conclude that f is continuous at almost every point. 


Solution of Problem 4.135 

By Remark 4.97, we can find a Lebesgue-null set D C (0,1) such that 
every x € (0,1) \ D is a Lebesgue point of f (see Definition 4.89). 
Hence 


By hypothesis, for every x € (0,1) \D and every integer n > 1, we can 
find an open interval I, C (0,1) such that 


a € In, In) < +, and fra =) 
In 
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Hence, it follows that f(x) = 0 and so 


f(y) = 0. for almost all y € (0,1). 


Therefore 


Solution of Problem 4.136 
No. By Proposition 4.91, for any Lebesgue measurable set A C R, we 
have 


IE eau > 1 ash\_0, for almost alla eA 


and 


MAN e—haeth)) > 0 ash\_0, for almost all x ¢ A. 


Solution of Problem 4.137 

According to Theorem 4.86, the set [0,1] \ S is Lebesgue-null. Let 
é€ > 0 and let x € S. We choose a rational r such that |r = f(2)| eo 
If h > 0, then 


ath ath ath 
bf is -selat < bf @-rlaerh f ir—seolat 
< tf |f@-rlatte, 


Let h \, 0. Then 


xth 
£ f t@-rldt  [f@-r] <« 
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since x € S. Since € > 0 is arbitrary, we conclude that 


I 
S 


jie / |F(t) — f(a)| at 


ee / f(t) — f(2)| at = 0, 


Solution of Problem 4.138 

Let €, \, 0 and let A, C A be the set of points of A at which the 
upper density of C' is greater than €,. Let ¢ > 0. Since by hypothesis 
A and C are metrically separated, we can find two open sets U,V CR 
such that 


ACU, CCV, MUNV) <e. 


For each x € A, there is a sequence of closed intervals {J;,};,, such 
that 


av € Ip, Ip) \,0 and ee >& Whol. 


The collection of such intervals for all x € A, is a Vitali cover of 
A, (see Definition 4.77(b)). So, by the Vitali covering theorem (see 
Theorem 4.79), we can find pairwise disjoint intervals {J;}’, such that 


< SoMAnNG) < SOA) < MAn) +e 
i=l i=1 
Since I; CU and C CV, we have 
€n(M(An) —€) < &x So MG) < SONCNE) < AUNV) < «. 
i=1 i=1 


Since ¢ > 0 is arbitrary, we let « \, 0 to conclude that \(Ap) = 0. 
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Note that J) An is the subset of A at which the upper density of 
n>1 
C is nonzero. Evidently UJ A, is a Lebesgue-null set. Since the lower 
n>1 
density is always less than or equal to the upper density, we conclude 
that at almost all points of A the density of C' is zero. Similarly, if we 


interchange the roles of A and C. 


Solution of Problem 4.139 

Let D be the set of points at which the density of A exists. Let 
S C D be those points at which the density is equal to 0 or 1. From 
Proposition 4.91, we know that 


\MD\S) = 0 


(\ being the Lebesgue measure on R). For every positive integer n > 1, 
let 
fr(v) = $A(AN (a@— 4,24 2)) VaeR. 


Clearly fp, is continuous and we have 


in.= im Fil) VaeD 
and f(x) is the density of A at x. 

Hence by Problem 1.66, the discontinuity set of f|,, is of first cate- 
gory relative to D (see Definition 1.25). So, every interval J containing 
a point of D \ S also contains a point of S and at that point f is 0 
or 1. Since f|,,., is never 0 or 1, it follows that D\ S C Disc (f) (the 
discontinuity set of f). Therefore we conclude that D \ S is of first 
category. 


Solution of Problem 4.140 
By hypothesis, we have 
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Invoking Proposition 4.96 (see also Remark 4.97), we infer that 
x,(z) > V0 for almost all z € [0,1], 


so 
x,(z) = 1 for almost all x € [0,1] 


and thus A(A) = 1. 


Solution of Problem 4.141 

By the Radon—Nikodym theorem (see Theorem 3.152), we have f = 
ate € L'([0,1],). Let z € (0,1) and h > 0 be such that 0<x—-h< 
x+h<1 and let 


We have 


Solution of Problem 4.142 
No. Because, if such set exists, then at every x € A, the density of A 
would be 4 (see Problem 4.138), which contradicts Proposition 4.91. 


Alternative Solution 
Another explanation follows immediately from Problem 4.13. 
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Solution of Problem 4.143 
Suppose that 


Fle) — f(w| < kle-ul  VajueR, 


for some k > 0. Since g is absolutely continuous, for a given ¢ > 0, we 
can find 6 > 0 such that 


n 


Yibi-ai) < 6 => YS) |g(bi)-g(ai)| < §, 
i=1 i=1 


where {(a;,0;)}._, are disjoint subintervals of [a,b]. We have 


n 
i=1 


7 l(Fo4):) —(Foa)(a)| = S>]Flo)) — Flolas)) 
i=1 i=1 
< kS~|9(bi) — g(aa)| < €, 


so f og is absolutely continuous. 


Solution of Problem 4.144 
(a) For every n > 1 and z € [0,1], we have 


1 
w+ = 


0< fla) =n f xa <n 


x 


Slh 
I 
KH 


(b) For a,b € [0,1], a < b and every n > 1, we have 


b+5 b 

|fn(b) — fn(a)| = n| / xalat = f x(a 
atx m 
b+ 
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So, if ay < by < ag < bo <... S ap < dE < Gey <... < Gm < dm, 


€ >0O and 
m 
So (be — an) < $, 
k=1 


then 
Sl be) — — Fn (ax)| < €, 


which proves that for every n > 1, the function f,, is absolutely con- 
tinuous, i.e., fn € AC([0, 1). 


(c) By Proposition 4.96 (see also Remark 4.97), we have 
fr(z) —> x,(x) for almost all « € R. 


(d) Using (c) and the Lebesgue dominated convergence theorem (see 
Theorem 3.94), we have 


Il fn — all, = [\tal2) -xa@)|ae —* J 
R 


and so we conclude that 


Solution of Problem 4.145 
Let 
Ro =R\{0} and C = A\ {O}. 


Then 
gC = C and q(Ro\C) = Ro\C  VqeQ\ {0}. 


Suppose that 
A(Ro \C) = ACR\ A) > 0 


(A being the Lebesgue measure on R). Then since A is a Radon measure 
(see Problem 4.28), we can find a compact set K C Ro\C with positive 
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Lebesgue measure. For any compact subset E of C’, we consider the 
function f: Ro —> R, defined by 


f(z) = [xe Oxea (bay Va €Ro, 
Ro 


where E~' = {1: we E}. Then f is continuous (as E~! is compact) 
and for any g € Q\ {0}, we have 


X,1(2) = xe (4) = xq(y), 


so f(q) =0 (as KNqE CKNC=9), thus f =0. Since 


0 = {sea =f fx X pa (%) 5 dy de 
Ro Ro 
= ea bee t) dt dx = = fra | X jp (t) dt, 
Ro Ro 
we conclude that \(E~') = 0. As the function u ++ + is lo- 


cally Lipschitz, thus Lipschitz on EF, from the N-property (see Def- 
inition 4.123), we infer that \(Z) = 0, from which we conclude that 
A(C) = A(A) = 0 


Solution of Problem 4.146 
Let {Un} 51 be a sequence of open sets in R such that 


DC U, and \MUn) < oe Vn>1 


(A being the Lebesgue measure on R). We set 


= 0 


n>1 


Evidently h is integrable. We set 


= [reyes Va e€ (0,1). 
0 
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Clearly f is increasing and absolutely continuous (see Theorem 4.127). 
Let « € D. For every integer n > 1, there exists 9 > 0 such that 


if |y—2z|<o, then y € Uy for all k € {1,...,n}. 


Then, we have 


Solution of Problem 4.147 
Clearly we need to check only the differentiability of f at « = 0. We 
have 


| SEO) | = |xcos(4)| < a Va € (0,1) 
so f' (0) = 0. 
Consider the partition 
1 i 1 1 
Pn = {0, (sam) ?> (trtaye)?> «+++ (se) ?s Cae)?» UY. 


Then the variation of f with respect to this partition satisfies 


n 
cos1+25° 4 < Var (f) ewe 
k=2 


hence Var (f) = +00. 


Solution of Problem 4.148 
“<—”: By Theorem 4.127, we have 


fe) -—f(@) = / (dt = 0 Varela), 


f(x) = fa) Vere [a,b, 


ie., f is a constant function. 
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“— >”: The function f being absolutely continuous, it is differentiable 
almost everywhere on [a,b]. Since f is constant, we conclude that 


f'(z) = 0. almost everywhere on {a, b]. 


Solution of Problem 4.149 
Let 9g = xp. Thengof =x 
formula, we have 


From the change of variables 


f-1@)" 


b 
cas dx = 0 for all intervals (a, b). 


a 


Let " 
c+ = parol J and €- = Sicteost ) 

Then 

b b 

fe dx = i dx for all intervals (a, b), 
so 

€, = & for almost all x € R, 

thus 


Solution of Problem 4.150 

Without any loss of generality, we may assume that Var u > 0 (other- 
wise the conclusion is obvious). Let ¥ € (0, Var u) and let P = {xp }7h 5 
be a partition of [a,b] such that 


m 


Uy = Me |u(xp) — u(tp—-1)| 


k=1 
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(see Definition 4.9) Since un(xz) —> u(x,x) for all k € {0,...,m}, for 
a given ¢ > 0, we can find no > 1 such that 


|n(t~) — u(xx)| < oe Vke{0,...,m}, n>. 


Therefore for n > no, we have 


0 < 


Ms: 


|u(xx) — u(tp-1)| 


> 
ll 
mn 


m 


|u(x) — Un(we)| + ba | un (we) — Un(@E-1)| 


k=1 


IN 
Me 


> 
ll 


+ 
Me” 


|in(@e-1) — u(ap-1)| 


ll 
mn 


IN 
Wer 


(|tn(2~) — Un(tn—1)| + S) 


> 
ll 
mn 


[eb oie) = tn (Be) | te < Varun te, 


T 
[43 


> 
ll 
mn 


sO 


0 < liminf Var u,, + ¢. 
n—+00 


Let ¢ \, 0 and # A Var u, to conclude that 


Varu < liminf Var uy. 
— n—-+00 


Solution of Problem 4.151 
“==>”: Follows from Proposition 4.153. 


“<—": Clearly u is continuous and u’ € L1(a,b) (see Proposi- 
tion 4.112). Let D C [a,b] be a Lebesgue-null set. Then by Prob- 
lem 3.48, we have 


\*(u(D)) < [pola 5% 
D 
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so the set u(D) is Lebesgue-null. Therefore u_ satisfies the 
Lusin N-property. Invoking Corollary 4.126, we conclude that u € 
AC ([a, b]). 


Solution of Problem 4.152 
Since J < Varu, we can find a partition 


Pagans a Sy =} 


such that 


E = S— |u(ts) — u(ti-2)| > %v. 
1 


Note that u is uniformly continuous. So, we can find 6 > 0 such that 


if |v —y| <6, then |u(x) — u(y)| < a 


2m 


Consider a partition P= {a =% <4 <...< %, = b} such that 


max |Z — &p-1| < 6. Then the contribution in the sum 
<k<n 


x |u(xe) — u(ap—1)| 
k=1 


of the terms corresponding to k’s such that t;_-1 < rp_1 < rE < t; is 
greater than 


Hence, it follows that 


nm 


do lu(ee) — w@ea)| > €-(E-%) = B. 
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Solution of Problem 4.153 
By Theorem 4.119, the Banach indicatrix function N,, € L'(IR). Here 
N.(y) € R for almost all y € R. This implies that A(A) = 0 (A being 
the Lebesgue measure on R). 


Solution of Problem 4.154 
Since {Untns1 C L4(0,1) is uniformly integrable, by the Dunford- 
Pettis theorem (see Theorem 4.75) and by passing to a suitable sub- 
sequence if necessary, we may assume that wu’, —+v in L*(0, 1). From 
Theorem 4.127, we know that 


t 
tn(t) —Un(s) = [uo dr Vn21, t,s€[0,1],s <¢, 


u(t) —u(s) = / u(r) dr 


(since uj, —> v in L1(0,1)) and thus v = wu’ and u € AC((0, 1]). 


Solution of Problem 4.155 
The result follows from the following fact: 


if x,y € Rand |z|,|y| <M, then ||2|? — |y|?| < pM?7"|x —y| 


(see Definition 4.120). 


Solution of Problem 4.156 
(a) Suppose that A C C. If s > H-dimC, then Theorem 4.155(f) 
implies that 

H*(A) < H°(C) = 0 


and so H-dimA < s (see Definition 4.156). Since s > H-dimC is 
arbitrary, we let s \, H- dim C, to conclude that 


H-dimA < H-dimCd. 
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(b) Let s > max{H-dim A, H-dimC}. Then s > H-dimA, s > 
H-dim C, hence 
H(A) = HC) = 0 


(see Theorem 4.155(f)). We have 
H*(AUC) < H*(A)+A°(C) = 0 
and so H*(AUC) =0, which implies that 
H-dim(AUC) < s 
(see Definition 4.156). Let s \, max{H-dim A, H-dimC}, to obtain 
H-dim(AUC) < max{H-dim, H-dimC}. 
On the other hand, from (a), we have 
H-dimA < H-dim(AUC) and H-dimC < H-dim(AUO), 


so finally 


Solution of Problem 4.157 
Let 
E(x) = ||z — 7(a)|| VaeR, 


Then €: RN —> R, is nonexpansive (i.e., Lipschitz continuous with 
Lipschitz constant 1) and so by Theorem 4.155(e), we have 


H(€(7(la,8)))) <<" (7({a,4))). 


But H' = X (A being the Lebesgue measure on R; see Theo- 
rem 4.155(a)) and the set +([a,b]) C R% is connected (see Defini- 
tion 2.104 and Theorem 1.90), therefore 


€(7([a,5])) = [0,9] CR. 
So, we have 


H'(€(y([a,6]))) = sup €(7(t)) = ub llr)-r(@)|] = |ly)-1(@)]], 


te[a,b] te [a,b 
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thus 


Solution of Problem 4.158 
It is well known that such curve can be reparametrized by arc-length 
and so without any loss of generality we may assume that 


4/(t) #4 0 almost everywhere on [a, b] 


with a = 0 and b= Vary. Moreover, y is of bounded variation, since 
it is absolutely continuous, being Lipschitz continuous (hence y¥ is a 
continuous, rectifiable simple curve). 

For a given 6 > 0, choose an integer n > 1 such that 


+ Vary <6 
and let 
h = iVary and T, = [kh, (k+1)h] for ke {0,...,n—1}. 


Since y is 1-Lipschitz function (because we have reparametrized yy by 
arc-length), from Theorem 4.155(e), we have 


n—-1 
Hy (y([a, 6])) < \ © diam Ti = Vary. 
k=0 


Letting 6 \, 0, we obtain 
H(y([a, b])) < Var. 


On the other hand, let P = {a = <h <a. <i = b} be a 
partition of [a,b]. From Problem 4.157, we have 


Y= |ly(te) — y(tx—a)| < S" H'(y([te-1; tal)) < H*(y({a, ])) 
k=1 k=1 


(the last inequality being a consequence of the injectivity of y and 
the additivity of the Hausdorff measure). Since the partition P was 
arbitrary, we obtain 


Vary < H"(y([a, b])), 
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sO 


Solution of Problem 4.159 
Let x € C and consider the function €: RN —+ R,, defined by 


&y) = lly—all- 
Then € is nonexpansive and so by Theorem 4.155(e), we have 
H'(€(CNB,(z))) < H'(CNB,(z)). 


moreover, we know that on R, we have H! = X (A being the Lebesgue 
measure on R; see Theorem 4.155(a)) and (CN B,(x)) = [a, ] (being 
connected and compact in R). Hence 


H*(é(COB,(2)))= sup (|ly-al|-llz-zl|)= sup ly—-all>r. 
y,z€CNB,(2) yECnB, (x) 


Solution of Problem 4.160 
Let {Ux}, 5, be a sequence of open convex subsets of RY such that 


diamU,<e Vk>1, and AC |) te 
k>1 


Then 


so 
(\*)*(A) < H(A) 
(see Definition 4.151 and Remark 4.152). 
If (\Y)*(A) = +00, then the conclusion of the problem is clearly 
true. 
So, suppose that (AV )*(A) < +00. Then for a given 6 > 0, we can 
find an open set U D A such that 


AN(U) =F < *)*(A). 
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We can find a sequence {C;,};,51 of half-open pairwise disjoint N-cubes 
such that 
U =| Jce 
k>1 


We have 
ANC) = SANG). 


k>1 


We can also find a sequence {D,};,5, of open cubes such that 


Ck © Dy and (Dy) < AN(Ce)+ aoe =O VBL. 


Therefore 
So AN (De) — $< AN) 
k>1 
Note that 
MD.) = myw (diam Dj)” 
Hence 


k>1 
= —, )/(diam Dy)" —6 > GHN(A) - 6 
N k = é€ ) 
vel k>1 
with ¢ = a . Since 6,€é > 0 are arbitrary, we let d,e \, 0, to 
wN 


conclude that 


(\")*(A) > CH (A). 


Solution of Problem 4.161 
Let proj,, be the projection of RY x R” onto R%. Note that 


proj, (Gr f|a) = A. 


Also, by Theorem 4.155(e), the H-dimension does not increase under 
the action of proj,,. So, H-dim Gr f|4 > H-dim A = N (recall that A 
has a positive outer measure and see Problem 4.160). 
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If f is Lipschitz, then Gr f|4 = €(A), where €: A —> R x R™ is 
the Lipschitz function, defined by 


€(z) = (2, f(z)) VareEAd. 


So, by the fact that H*(R‘) = 0 for s > N and Theorem 4.155(e), we 
conclude that 


H-dimGr f|4 = N. 


Solution of Problem 4.162 
Let {Cx},5, be an open cover of A. First we show that for every 
x,u € A, there exists a finite subfamily {C,,}"%_, such that x € Ck,, 
u € Cy, and Cy, Cz,,, #@ for alli € {1,...,n—1}. To see this, 
let us fix x € A and consider the set D of all points u € A for which 
such a finite sequence exists. Then for every set C,, we have C, C D 
or Cy, C A\ D. So, D and A \ D are both open sets and since A is 
connected (see Definition 2.104), we conclude that D = A. 

Now, let x,u € A and let {C;,}"_, be the finite sequence described 
above. For every i € {1,...,n — 1}, pick a point x; € Cy, A Cy,,, and 
also let 9 = ©, Zn = u. We have 


|zx-1 — x;|| < diam C;, Vee {len 4} 


(note that 7;-1, 2; € Cx,), so 


n 


n 
S| diam Cj, > S > diam Cy, 2 S> |2s-1-2il > ||ro—-2n|| = |lz—ul| 
i=1 


k21 i=1 


and thus 
H'(A) > |la—ull 


(see Definition 4.151 and recall that 41 = 1). Since 2,u € A were 
arbitrary, we conclude that 
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Solution of Problem 4.163 
Let z,u€ A, z#uand let dy: RN —> Rx be defined by 


de(y) = lly — ll. 
Since d, is nonexpansive, from Theorem 4.155(e), we have 
H-dimd,(A) < H-dimA < 1, 


sO 


d,(A) C R is a Lebesgue-null set. 


So, there exists 9 > 0 such that 
o < d,(u) and o ¢ d,(A). 


Then 
A= {ye A: dr(y) < os U{ye A: dz(y) > o} 
and 2 is in one set and wu in the other. Therefore x and wu are in dif- 


ferent connected component (see Definition 2.111), hence A is totally 
discontinuous. 


Solution of Problem 4.164 

The space C(X;Y) topologized as above is a separable metric space. 
So, it has a countable basis consisting of balls centred at a countable 
dense subset of C(X;Y) with radius in Q. For a fix g € C(X;Y) and 
€ > 0 let us set 


B(g) = {hE C(X;Y): d(h,g) <e}. 
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It suffices to show that f-!(B.(g)) € X%. But X being a compact 
metric space, it is separable. Hence 


Be(g) = (){heEC(XsY): dy (Alan), g(an)) <e}, 


n>1 


with {v,},51 being dense in X. Therefore, if we fix n > 1 and set 
By = {heC AY)? d\hGn)Gen)) <2} 
it suffices to show that f-1(Bn) € &. But note that 
f- (Bn) = {weQ: dy (fw, 2n),9(an)) <e} € &, 


so f is measurable as claimed. 


Solution of Problem 4.165 

Clearly for all w € , the function f(w,-) is continuous on X. Let 
x € X. We need to show that the function f(-,7) is S-measurable. 
Let U CY be an open set and let 


U = {heC(X;Y): A(x) €U}. 
Then the set U is open in C(X;Y) (see Definition 2.174). Note that 
{weEQ: fw,z)eU} = Wen: fw) €U) ex 
(since f is yi-measurable), so for all x € X, the function w +> 


f(w,x) is S-measurable and thus the function (w,2) +> f(w,z) is 
Carathéodory. 


Solution of Problem 4.166 


“(a) => (b)”: We know that FE is norm bounded in M;(X) (see 
Corollary 5.45). So, for every compact set K C X, we can find nx > 0 
such that 
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lu(f)| < 7K|lflloo Vf eC(X), suppf CK. 


Now let K be a compact superset of K (ie, KOC K) and 
fo € C-(K) with supp fo C K, fo > x, (see Problem 2.103). Since 
[Hl] = IlleI Il < ng, we have 


iC) = el) < lul(fo) < ngllfollo = 7% Whe 


“(b) ==> (a)”: For every compact set K C X and every f € C.(X) 
with supp f C K, we have 


eA) < HIF) < lel (Iflloxn) = nKllfllo Vue, 


with nx = |u|(K). So E is norm bounded, hence w*-bounded too. 
Thus E” is w*-compact (the Alaoglu theorem; see Theorem 5.66). 


Solution of Problem 4.167 
By Problem 4.166, it suffices to show that E is w*-closed. So, let 


{tataes be a net in FE and assume that pa “ pw. If f € CX) 
with 0 < f <1, then lHa(f)| < ¥ and so |u(f)| < 8, from which it 
follows that ||u|| < J (see Theorem 4.23) and so we conclude that E 
is w*-closed, hence w*-compact too. 

In general, the set D is not w*-closed (it is however relatively 
w*-compact). To see this, let X = [—1, 1] and let 


Mn = 61—-0_1 Vn. 


then Ln “", 0 but ln || = 2 for all n > 1. 
Finally suppose that X is compact and let 


Dy = {HE MX): w>O, lull =v}. 


Let 
My(X) = {we MX): > 0} 
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be furnished with the relative w*-topology and consider the continuous 
function €: M,'(X) —> Rx, defined by 


E(u) = wl) Vue M(X). 


We see that D, = €-1(8) and so D, is indeed w*-compact. 


Solution of Problem 4.168 
If r» —> x in X, then for all f € C.(X), we have 


bxq(f) = fta) —> f(#) = be(f) 


and so we see that o is continuous. Also, since X is locally compact 
(see Definition 2.92), it is completely regular (see Problem 2.42 and 
the diagram at the end of Chap. 2). So, it follows that o is an injection. 
Suppose that 7, “7+ xin X. Then we can find U € N() and a subnet 
{xg}eer of {ta}aer such that 


xg ZU VBeT. 


Due to the local compactness of X, we may assume that U is compact. 
Then the complete regularity of X implies that we can find f € C(X) 
such that 

fie) = 1 and fly = 0, 
so 


feC(X) and 6(f) = f(z) = 1, 
while 
dug(f) = flap) = 0. 
Thus dry /+ dy and so 


dz, 4 6, in the w*-topology. 


This proves that o is a homeomorphism of X into M,"(X). 

If X is not compact, then we consider the Alexandrov one-point 
compactification X* = X U {oo} of X (see Remark 2.97 and Theo- 
rem 2.98). Then clearly from the definition of the compact topology 
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on X*, we have that x, —> oo implies 6,, ", 0 and so for every 
€ >Oand f € C.(X), there is a compact set K C X such that 


lin(f)| <6 VadK. 


Solution of Problem 4.169 

“==”: Since X is homeomorphic to a subset of M,'(X) (see Prob- 
lem 4.168) and the latter is by hypothesis separable metrizable (hence 
second countable; see Definition 2.24), we infer that X is second count- 
able. 

“<—”: Since X is by hypothesis second countable and locally compact, 
it is o-compact and we have 


x =| |G, 


n>1 


with {Kn}ns1 being an increasing sequence of compact subsets such 
that 


Kn C Kyat YVne1 
(see Propositions 2.101 and 2.100). For such compact set K,,, let 


{fnmbms1 € C(Kn)+ be dense (recall that C(K,,) is separable since 
K,, is compact and 


C(Ka) = {f€C(Ka): f 2 0}). 
The functionals Ypm: M;'(X) — R, defined by 


Pn m (u) = L fnm) 


are w*-continuous and so, My (X) is homeomorphic to a subset of 
IRN*XN which is separable metrizable, therefore so is M," (X). 
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Solution of Problem 4.170 
Let x € supp yw (see Definition 4.13) and consider the open ball 


Ba ( a) = {yex: d(y, x) < +}. 


Since Ln _ Lt, we have 
0. w(B.(2)) < lim inf pin (B (x)) Vm 1. 
We define ig = 0 and 
ig = mina Slt vw St_-1;, Sopp ej Be £9 orally Sm}. 


This is a well-defined, strictly increasing sequence. For n € |ix, i¢+41), 
let 
In © suppUnN Bi (a). 


Then x, —> x and so we conclude that 


suppl © lim inf SUPP [Ln 


Solution of Problem 4.171 

From Problem 2.20(a), we know that we can find a sequence 
Rene xX — [0, +00) } sy of continuous function such that fm 7 h. 
Let € € C.(X) be such that 0 < € < 1. Then from the definition of 
the w*-topology (see Problem 4.166), we have 


lim Efmdin = [Sima 
N—+-+00 
x 


xX 


Taking supremum over the €’s as above and using the fact that fin < h, 


we have 
| Sindhi < [fv < [din 
xX xX 


x 
sO 


J stmdu < timint f rdun 
x xX 
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From the Lebesgue monotone convergence theorem (see Theo- 
rem 3.92), we have 


[gran < beat | hee 
n—- +00 


xX 


and taking supremum over the €’s as above, we have 


[rau < timint [th dyin 
N—++00 
xX 


Solution of Problem 4.172 
Since y is continuous except possibly on a countable set, we have 
(n —> v almost everywhere on R (for the Lebesgue measure). Also 


alles << lvall SM Vat 


If f €¢ C}(R), then integration by parts and the Lebesgue dominated 
convergence theorem (see Theorem 3.94) imply that 


[tain = [tends — f teas = f fay. 
xX xX xX xX 


But the embedding C}(IR) C Co(X) is dense. Therefore, we conclude 
that 
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Chapter 5 


Functional Analysis 


5.1 Introduction 


5.1.1 Locally Convex, Normed and Banach Spaces 


Banach spaces with their reach structure provide the basic framework 
for the development of modern nonlinear analysis. The aim of this 
chapter is to give a compact introduction to the core of Banach space 
theory (linear functional analysis) with emphasis on the theory con- 
cerning abstract spaces. 

To fix things, unless stated otherwise, all vector spaces are over the 
real scalar field. 


Definition 5.1 
A topological vector space is a vector space X with a Hausdorff 
topology T such that the two operations of vector addition 


XxX (rt,u)or+uEex 
and scalar multiplication 
Rx X 3,2) A\r EX 
are both continuous for the T-topology. 


Remark 5.2 
In fact, for every x9 € X, the translation operator: 


Lo i tp Pee Xx 


L. Gasiniski and N.S. Papageorgiou, Exercises in Analysis: Part 1, 835 
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and for every \ € R \ {0}, the multiplication operator 
VY: X Dur > rue xX 
are both homeomorphism from X into X. 


Definition 5.3 

A topological space X is said to be a locally convex space if the 
linear topology tT has a local basis at the origin consisting of convex 
sets. 


Remark 5.4 
By translation we see that at every x € X, the linear topology has a 
local basis at x consisting of convex sets. 


Definition 5.5 

(a) A locally convex space X is said to be a Fréchet space if its 
linear topology is induced by a complete invariant metric. 

(b) Let X be a vector space and let || - ||x: X —> R be a function. 
We say that ||-||x is a norm of X, if: 

(1) ||a||x > 0 for all x € X and |\x||x =0 if and only if x = 0; 

(2) ||Az\|x = |Al|lz|lx for all X € R and all x € X (positive hom- 
ogenity); 

(3) \la + ullx < |lallx + llullx for alla,u€ X (subadditivity). 

We say that (X,||-||x) is a normed space. 


(c) A normed space (X,|| - ||x) is a Banach space if it is complete 
as a metric space with the metric 


d(z,u) = |x —ullx Va,ue X. 


Remark 5.6 

Evidently a normed space is locally convex. A locally convex space is 
said to be normable if its linear topology is induced by a norm || - ||_x 
on X. Moreover, a Banach space is a Fréchet space. 


Definition 5.7 

(a) If X is a vector space and C C X is a set, then we say that the 
set C' is balanced if XC C C for all |A| < 1 and absorbing if for 
every x © X, there is \%, such that x € AC for all \ > A. 
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(b) If X is a topological vector space and C C X is a set, then we say 
that the set C is bounded if for every U € N(O), we can find \ > 0 
such that AC CU. 

(c) If X is a topological vector space and C C X, then we say that 
the set C is totally bounded if for every U € N(0), there is a finite 
set F C X such that Cl CF+U. 


Proposition 5.8 
A locally convex space X has a local basis at 0 consisting of convex and 
balanced sets. 


Proposition 5.9 

(a) If a topological vector space X has a totally bounded neighbour- 
hood of 0, 

then X is finite dimensional (in particular, all locally compact topo- 
logical vector spaces are finite dimensional). Moreover, every finite 
dimensional subspace of a topological vector space is closed. 

(b) If X is a locally convex space with a countable local basis at 0, 
then X is metrizable (i.e., the linear topology of X is induced by a 
translation invariant metric). 

(c) A locally convex space is normable (see Remark 5.6) if and only if 
it has a bounded neighbourhood of the origin. 


Definition 5.10 

(a) Let X be a vector space. A function p: X —> R is a semi- 
norm if: 

(1) p(Az) = |A|p(x) for all X € R and all x € X; 

(2) p(w +u) < p(x) + p(u) for allz,we X. 

(b) Let X be a vector space and let C C X be an absorbing set. The 
Minkowski functional (or gauge functional) of C is defined by 


po(x) & inf {A>0: xe dC}. 
Remark 5.11 a 
If X is a normed space with norm || - ||x and C = By, = {x € 
X: |lx|lx < 1}, then po = ||- ||x. The Minkowski functional pc is 


nonnegative, positively homogeneous and C C {# € X: po(x) < 1}. 
If C C X is convex, then pc is sublinear (i.e., positively homogeneous 
and subadditive) and {x € X : po(x) <1} CC. Finally, if C is both 
convex and balanced, then pg is a seminorm. 
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5.1.2 Linear Operators: Quotient Spaces—Riesz 
Lemma 


Next we turn our attention to linear operators between normed spaces. 


Proposition 5.12 

If (X,|| -|Lx) and (Y,||-|ly) are two normed spaces and A: X —> Y 
is a linear operator, 

then the following statements are equivalent: 

(a) A is continuous at the origin; 

(b) A is linear bounded, i.e., there exists M > 0 such that || A(z) ||). x 
M||x\||x for alla € X; 

(c) the set A(BX) is bounded in Y, where BX ={x € X : |la||x < 1}. 


Remark 5.13 

In the sequel by £(X;Y) we denote the vector space of all continuous 
linear operators from X into Y. If X = Y, then we write £(X). Note 
that, if A € £(X;Y), then the kernel or nullspace of A, defined by 


ker A = N(A) a {cE X: A(x) =0} 


is a closed vector subspace of X. 


Proposition 5.14 
If X and Y are two normed spaces, then L(X;Y) furnished with the 
norm 


Alle © sup {[A(@)||): lltlx <1} V Ae L£(X;Y) 


is a normed vector space. If Y is a Banach space, then so is 
(£(X;Y), | - Ile). 
IfY =R, then L(X;R) = X* is the dual of X. 


Remark 5.15 
Evidently X* is always a Banach space, even if X is only a normed 
space. Note that 


\|Allc = inf {M7 >0: |A@]|]y < M||z\|x for all xe X} 


(see Proposition 5.12(b)). 
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Definition 5.16 

Let X and Y be two normed spaces. 

(a) A€ L(X;Y) is an isomorphism if A is a bijection and A“! € 
L(Y;X). Then X and Y are said to be isomorphic. 

(b) A € L(X;Y) is an isometry if A is an isomorphism and 
|A(x)|ly = |lzllx for alla € X. Then X and Y are said to be 
isometric. 

(c) Two norms |\-||x and |-|x are said to be equivalent, if the identity 
map from (X,||- |x) into (X,|+|x) is an isomorphism. 


Proposition 5.17 
On a vector space X two norms ||: ||x and |-|x are equivalent if and 
only if there exist constants 0 < co < c, such that 


colt|x < |lallx < alalx Vue xX. 


Definition 5.18 
Let X be a vector space and let V be its vector subspace. We define 
an equivalence relation ~ on X by setting 


Cry~u = «e-Uuey. 
For x € X, let [x] be the equivalence class of x (i.e., [x]=x+V). Then 
Kis °= 4 lo) eae x 
is denoted by X/\y and is a vector space with operations 
A|z] + [fu] = [Ar+u] Va,ue X, AER. 


Clearly [x] = 0 if and only ifx EV. If X is a normed space and V is 
a closed subspace of X, then we can define a norm on X/y7 by setting 


\[o]] 2 inf {lullx: wx a} = inf {llet+ollx: veV}. 


We call |-|, the quotient norm of X and X/v is the quotient 
normed space of X by V. 


Proposition 5.19 
If X is a Banach space and V is a closed subspace of X, 
then X/\y with the quotient norm is a Banach space. 
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The next result establishes the existence of an almost orthogonal 
element in any normed space. 


Theorem 5.20 (Riesz Lemma) 

If X is a normed space and V is a closed proper subspace of X, 
then for every € > 0 there exists x € X, ||x\|x = 1 such that 
dist(z,V) >1l-—e. 


Remark 5.21 

If V is finite dimensional (or more generally if V is reflexive), then in 
Theorem 5.20 above, we can take « = 0. However, in general this is 
not true. 


Using Theorem 5.20 and an easy contradiction argument, we have 
the following characterization of finite dimensional normed space. 


Theorem 5.22 
A normed space X is finite dimensional if and only if By = {x EX: 
\|z|| x < 1} is compact. 


Remark 5.23 
All finite dimensional normed spaces are Banach and any two norms 
on a finite dimensional Banach space are equivalent. 


5.1.3. The Hahn—Banach Theorem 


Let X and Y be two normed spaces and let V be a subspace of X. 
It is important to know whether a bounded linear operator from V 
into X can be extended to a bounded linear operator from X into Y 
and whether this can be achieved without increasing the norm. If V 
is dense in X, then such an extension is possible. For functionals (i.e., 
when Y = R), we can have such an extension for any subspace V, 
not necessarily dense. This is the celebrated Hahn—Banach theorem. 
There are analytic and geometric forms of this theorem. We start with 
the analytic form. 


Theorem 5.24 (Hahn-—Banach Theorem) 
If X is a vector space, V is a vector subspace of X, f: V — Risa 
linear functional and p: X — R is sublinear functional, i.e., 


p(Ar) = Ap(x) VaeX, X>0 


5.1. Introduction 841 


and 
p(ztu) < p(z)t+plu) Vauex 


then there exists a linear functional f: X —> R such that flv =f 


n 


and f(x) < p(x) for allae X. 


Recall that, if X is a normed space, then X* is its dual which is 
always a Banach space with norm 


ljz*|le S sup {| (e*,2) |: llellx <1} = sup {| (e*,2) |: flellx =1} 
(5.1) 


(see Proposition 5.14 and Remark 5.15). In the sequel, by (-,-) we 
denote the duality brackets of the pair (X*, X), i-e., 


CP a) = a" (as) = alae) Vae xX, «a € x* 


(in the last equality, we view x as an element of (X*)* = X** by the 
canonical embedding; see Definition 5.68). Evidently 


[(e*,2)| < |*eliellx  V2eX, a eX". 


Corollary 5.25 
If X is a normed space, V is a vector subspace of X and u* € V*, 
then there exists u* © X* such that u*|y = u* and ||u*||x* = ||u*||ve. 


Corollary 5.26 

If X is a normed space, 

then for every x9 € X, we can find x* € X* such that ||xol|x = ||za|lx, 
(29,2) = |laoll& and 


|zollx = sup {| (x* , Xo) | ig ex’, |e ls 1}. (5.2) 


Remark 5.27 
The map F: X —+ 2%" \ {0} (which is in general multivalued), 
defined by 


F(x) & 


{x* €X*: |la*l]. = |lellx, (e*,2) = llellx} 

is known as the duality map from X into X*. Also, note that (5.1) 
is a definition, while (5.2) is a result. In (5.1) the supremum need not 
be achieved, while in (5.2) it is always achieved. 
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Next we pass to the so-called geometric forms of the Hahn—Banach 
theorem. These are the “separation theorems” for convex sets. 


Theorem 5.28 (Weak Separation Theorem) 

If X is a locally convex vector space, A and C are two nonempty 
convex subsets of X, int A#@ and int ANC =9, 

then there exists x* € X* such that x*(a) < a*(c) forallac A, c EC. 


Theorem 5.29 (Strong Separation Theorem) 

If X is a locally convex vector space, A and C are two nonempty 
convex subsets of X, A is compact, C is closed and ANC = 0, 

then there exists x* € X* \ {0} and e > 0 such that x*(a) < a*(c) —€ 
for alae A, cEC. 


Corollary 5.30 

If X is a locally convex vector space and C' is a nonempty conver 
subset of X, 

then C is the intersection of all closed half spaces which contain it. 


Corollary 5.31 

If X is a locally convex vector and V is a vector subspace of X such 
that V # X, 

then there exists x* € X* \ {0} such that x*(v) =0 for allueV. 


Remark 5.32 

Corollary 5.31 suggests a way to check whether a vector subspace V 
of X is dense. If the only dual element x* € X* orthogonal to V (i.e., 
x*(v) = 0 for all v € V) is the zero vector, then V is dense in X. 


5.1.4 Adjoint Operators and Annihilators 


Definition 5.33 

Let X and Y be two normed spaces and let A € L(X;Y). By (-,-)x 
we denote the duality brackets for the pair (X*,X) and by (-,-)y the 
duality brackets for the pair (Y*,Y). The adjoint operator A* © 
L(Y*; X*) is defined by 


(yA) y — (AT Gy" ),n) Va&E Xx; y € Dae 


Proposition 5.34 
If X and Y are two normed spaces and A€ L(X;Y), 
then ||Al|c = ||A"||c. 
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Remark 5.35 

If X and Y are finite dimensional, then every A € L(X,Y) can be 
represented by a matrix [A]. In this case [A*] is the transpose of [A], 
provided that the various vector space bases are properly chosen. 


Definition 5.36 
Let X be a normed space and A C X, C C X* are nonempty sets. 
(a) The annihilator of A in X* is the set A+, defined by 


At = {a* € X*: (x*,x) =0 for every x € A}. 
(b) The annihilator of C in X is the set +C, defined by 
tC = {eeX: (ct) =O vfor every EC}. 


Proposition 5.37 

If X is a normed space and A C X, C C X* are nonempty sets, 
then 

(a) At is closed in X* and +C is closed in X; 

(b) +(A*) = span A; 

(c) If A is a vector subspace of X, then +(At) = A. 


Proposition 5.38 

If X is a Banach space and V is a nonempty closed vector subspace 
of X, 

then (X/y)" =V* and V* = X*/,,1. 


5.1.5 The Three Basic Theorems of Linear Functional 
Analysis 


Next we shall present the three basic results of linear functional anal- 
ysis, which pave the way for a deeper investigation of Banach spaces: 
Banach-Steinhaus theorem (or uniform boundedness principle), open 
mapping theorem and closed graph theorem. 


Theorem 5.39 (Banach—Steinhaus Theorem; Uniform Boundedness 
Principle) 

If X is a Banach space, Y is a normed space, I is an arbitrary index 
set and {Ajhier Cc LX Ye): 

then either there exists M > 0 such that ||Aj||c < M for alli € I or 
sup || Ai(x)|| = +00 for all x belonging to some dense Gs subset of X. 
i€ 
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Corollary 5.40 
If X is a Banach space, Y is a normed space, I is an arbitrary index 
set, {Ajhicr C L(X;Y) and sup || Ai( x )|| <-+oo for allx Ee X, 


then there exists M > 0 euek that |Aslle < M for allie I. 


Remark 5.41 

So, according to this corollary, if the family {A;}ier is pointwise 
bounded, then it is uniformly bounded (see Definition 1.83). This 
justifies the name “uniform boundedness principle”. In this theorem, 
the completeness of X is crucial (see Problem 5.118). 


Corollary 5.42 

If X is a Banach space, Y is a normed space and {An} ys, CG L(X; | 
is a sequence such that for every x € X, the sequence { An(x bs 
convergent in Y, 


then setting 
At) = lim An(z) VaeX, 


n+ 


we have A € L(X;Y) and Alle < lim inf ||An lIc- 


Corollary 5.43 

If X is a Banach space, C C X is a nonempty set and for every 
x* € X*, the set x*(C) CR is bounded, 

then the set C is bounded. 


Remark 5.44 

In the language of weak topology (to be introduced in the sequel; see 
Definition 5.54), the above corollary says the set C C X is bounded if 
and only if it is weakly bounded (i.e., boundedness is duality invariant). 


There is also a result dual to Corollary 5.43. 


Corollary 5.45 

If X is a Banach space, the set C* C X* is nonempty and for every 
x € X, the set { (x*,x): x* © C*} is bounded in R, 

then the set C* is bounded. 


Remark 5.46 

Again in the language of the weak*-topology (to be introduced in 
the sequel; see Definition 5.63), the above corollary says that the set 
C* C X* is bounded if and only if it is weakly* bounded. 
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Theorem 5.47 (Open Mapping Theorem) 
If X andY are two Banach spaces and A € L(X;Y) is surjective, 
then A is an open map (i.e., maps open sets to open sets). 


An interesting consequence of this theorem is the following result. 


Theorem 5.48 (Banach Theorem) 
If X and Y are two Banach spaces and A € L(X;Y) is a bijection, 
then A is an isomorphism. 


Corollary 5.49 

If X is a vector space which becomes a Banach space for the norms 
|| - || and |-| and there exists c > 0 such that ||x|| < clx| for all x € X, 
then the two norms are equivalent. 


Finally we state the third fundamental theorem of introductory 
linear functional analysis. Recall that if X and Y are two topological 
spaces and f: X —> Y is a continuous map, then Gr f = {(x,y) € 
XxY: f(x) = y} is closed. The converse is not in general true. 
However, if X and Y are two Banach spaces and f = A € L(X;Y), 
then the converse holds. 


Theorem 5.50 (Closed Graph Theorem) 

If X and Y are two Banach spaces, A: X —> Y is a linear map and 
GrAC X x Y is closed, 

then AE L(X;Y). 


Remark 5.51 

We point out that in the Banach-Steinhauss theorem (see 
Theorem 5.39), it was sufficient that the domain X is a Banach 
space. The range space Y can be any normed space (not necessarily 
complete). In contrast, in the other two theorems, the open mapping 
theorem and the closed graph theorem, it is essential that both spaces 
X and Y are Banach spaces. 


Definition 5.52 

Let X be a Banach space and let V be a closed vector subspace. A vec- 
tor subspace Y of X is said to be a topological complement of V 
if Y is closed in X, VNY = {0} and X =V+Y. Then we say 
that V and Y are complementary subspaces of X and we write 
X=VOY. 
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Remark 5.53 
If X =V @Y, then every x € X can be uniquely written as =v+y 
with v € V and y © Y. The maps 

py(x) Sv and py(x) Sy 
are well defined and py € L(X;Y), py € L(X;Y). Every finite dim- 
ensional subspace of X admits a topological complement. Also, if V is 
a vector subspace of X of finite codimension, then V admits a topo- 
logical complement. 

Finally we mention that in a Banach space, if V C X is aclosed vec- 
tor subspace and F’ C X is finite dimensional vector subspace (hence 
automatically closed), we have that V + F is closed. We stress though 
that in general the sum of two closed vector subspaces need not be 
closed. 


5.1.6 The Weak Topology 


From Proposition 5.9(a), we see that, if X is a Banach space and 
C C X is (norm) compact, then intC = 9. So, the norm (strong) 
topology on X is too rich to have compactness for some interesting 
sets. For this reason, we consider topologies on X and X* which are 
weaker than the norm (strong) topologies. 

Let X be a Banach space and let X* be its dual. For every 7* € X*, 
let f*: X —>R be the linear functional, defined by 

f* (x) = ee) VaeXx. 

Definition 5.54 
The weak topology w = w(X,X*) on X is the weakest (coarsest) 
topology on X for which all the functionals { fr*}a*ex* are continuous, 
i.e., w= w({for}arex*) (see Definition 2.62). 


Remark 5.55 

Consider all topologies 7 on X such that (X,)* = X*. Evidently the 
norm topology is such a topology 7. The weak topology on X is the 
weakest such topology t. A local basis at xo is given by 


CS {cE X: |(aj,2—29)|<e for allie I}, (5.3) 


where € > 0, J is a finite index set and a; € X* for all 7 € J. 
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Using the weak separation theorem (see Theorem 5.28) and Defi- 
nition 5.54, we can easily obtain the following result. 


Proposition 5.56 

The weak topology on X is Hausdorff and Xy ts a regular locally convex 
vector space. In a finite dimensional normed space, the norm and the 
weak topologies coincide. Finally, if {tasaez is a net in X, then 

(a) ty —> & in X <> for all a* € X*, we have (2*, tq) — (a*, 2). 
(b) tg 2 inX > aya ink. 

(c) If t, + x in X, then the set Llltearll Fees C R is bounded and 
|z|| < liminfgesz ||Zal|. 

(d) If t, > x in X and x*, — x* in X*, then (x*, 2.) — (a*,2). 


Remark 5.57 

Note that w-open (respectively, w-closed) sets are always (norm) open 
(respectively, closed). In an infinite dimensional Banach space the 
weak topology is strictly coarser than the norm (strong) topology. 
In the sequel, when mentioning topological notions with respect to 
the norm (strong) topology, we will drop the word norm (strong) (so, 
we will say, for example, open instead of norm (strong) open). It is 
clear from (5.3) that every weak neighbourhood U of xo contains an 
affine space passing through x9. So, U is unbounded. Hence B, = 
{xe X: |x|] <1} is open but not weakly open. However, there are 
infinite dimensional Banach spaces with the property that every weakly 
convergent sequence is strongly convergent (Schur property). This is 
the case of the space 


{{2n}nsi: tn €R, ||al] = S— lan] < +00}. 


n>1 


P= 


In an infinite dimensional Banach space, the weak topology is never 
first countable, in particular then it is never metrizable. 


According to the above remarks, in an infinite dimensional Banach 
space, there are closed sets which are not weakly closed. However, for 
convex sets, the situation is different. 


Theorem 5.58 (Mazur Theorem) 

In a Banach space X, every closed convex set is weakly closed (the 
converse is always true, even without the convexity property). So, for 
convex sets in X the norm and weak closures coincide. 
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Corollary 5.59 

If X is a Banach space and rn, —> x in X, 

then there exists a sequence {Un}ns1 © X consisting of convex combi- 
nations of the x’s such that u, —> «x in X. 


Corollary 5.60 

If X is a Banach space and py: X —+ R* = RU {+00} is conver, 
then y is lower semicontinuous if and only if py is weakly lower semi- 
continuous. 


The next result shows that as far as continuity of linear maps is 
concerned, the topology really does not matter. 


Proposition 5.61 
If X and Y are two Banach spaces, 
then AE L(X;Y) of and only if A € L(Xw; Yw). 


Remark 5.62 
When A € L(Xw; Yw), we say that A is weakly continuous. 


5.1.7 The Weak* Topology 


Consider X*. This is a Banach space (even if X is only a normed 
space). On X* we have the weak topology, which is the weakest of 
all topologies 7 on X* such that (X,)* = X**. We can have an even 
weaker topology on X*. So, for every x € X, let f,: X* —> R be the 
linear functional, defined by 


fol") & (a*,z) = Vat © X*. 


Definition 5.63 

The weak* topology w* = w(X*,X) on X* is the weakest (coarsest) 
topology on X* for which all the functionals {fr}rex are continuous, 
LO i = w({fe}vex) (see Definition 2.62). 


Remark 5.64 

Consider all topologies t on X* such that (X*)* = X. The weak*- 
topology is the weakest such topology 7. Since X C X**, the w*- 
topology on X is in general coarser than the w-topology. A local basis 
at xj € X* is given by 


ue = {a* € X*: | (2* —25,2;) | <e for allie I}, 
where € > 0, J is a finite index set and 2; € X for alli € J. 
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Proposition 5.65 
The weak* topology on X* 1s Hausdorff and Xj,. is a regular locally 
convex vector space. In a finite dimensional space X*, the three topolo- 
gies (norm, weak and weak* ) coincide. Finally, if {xx }aez 1s a net in 
X*, then 

(a) x* “> x* in X* => for allx € X we have (x*,x2) — (a*,2). 
(b) If x* — x* or ct, > x* in X*, then xt, ~> x* in X*. 

(c) If x*, + a* in X*, then the set {||a*,||.} 


lla" |x <liminfoes [2 x- 


iG is bounded and 


(d) If x* "xt in X* and tq —> x in X, then (2%, %q) — (a*, 2). 


The next theorem justifies the introduction of the w*-topology. 


Theorem 5.66 (Alaoglu Theorem) 
If X is a Banach space and B; Wf fat EX: la lle 1}, 
then B, is w* -compact. 


Remark 5.67 
Hence every set C* € X* which is bounded and w*-closed, it is also 
w*-compact. 


Definition 5.68 
Let X be a Banach space. The mapping 3: X —> X**, defined by 


j(a)(a*) & (ate) Vat eX” 


is an isometry known as the canonical embedding of X into X**. 
Remark 5.69 
In the sequel, for economy in the notation, for all x € X, we write 


x € X** instead of j(z) € X** (ie., in what follows we drop the 
canonical embedding when viewing X embedded in X**). 


The next theorem identifies precisely X as a vector subspace 
Ot Xt, 
Theorem 5.70 (Goldstine Theorem) 
If X is a Banach space, By ees {xe X: |x|] <1} and B, = {a** € 
—w* —w* —* * 
then Xx * =X" and By -= By : 


850 Chapter 5. Functional Analysis 


5.1.8 Reflexive Banach Spaces 


In general the canonical embedding j(-) is not surjective. Those 
Banach spaces for which j(-) is surjective form a special class. 


Definition 5.71 
A Banach space X is said to be reflexive if the canonical embedding 
j(-) (see Definition 5.68), is surjective. 


Remark 5.72 

In the above definition, it is essential that we use the canonical emb- 
edding j(-). There is a celebrated example of James [9] of a nonreflex- 
ive Banach space X with the property that there exists a surjective 
isometry from X onto X**. Consistent with the convention introduced 
in Remark 5.69, a reflexive Banach space X is identified with X** 
(i.e., X = X** for X reflexive). Note that finite dimensional Banach 
spaces are reflexive (since dim X = dim X* = dim X**). Also, Hilbert 
spaces (to be discussed later in this chapter) are reflexive and so are 
the L?-spaces for p € (1,+00). However, L', L° and C(K) (with K 
being a compact metric space) are nonreflexive Banach spaces (with 
the standard norms). 


The next result gives a convenient characterization of reflexive 
Banach spaces. 


Theorem 5.73 _ 
A Banach space X is reflexive if and only if By = {z EX: |lx|| < 1} 
1s w-compact. 


The next theorem provides a useful description of w-compact sets 
in a Banach space. 


Theorem 5.74 (James Theorem) 

If X is a Banach space and C' is a nonempty, w-closed subset of X, 
then C is w-compact if and only if every x* © X* attains its supremum 
on Cc. 


Corollary 5.75 
A Banach space X is reflexive if and only if every «* € X* attains its 
supremum on B,} = {xe X: |x|] <1}. 
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In the next theorem, we summarize the properties of reflexive 
Banach spaces. 


Theorem 5.76 
Let X be a Banach space. The following statements are equivalent: 
(a) X is reflexive. 
(b) X* is reflexive. 
(c) Every bounded sequence has a weakly convergent subsequence. 
(d) If {Cu}n 1 18 @ decreasing sequence of nonempty bounded closed 
conver subsets of X, then () C, #9. 

n>1 
(e) Every separable closed vector subspace of X is reflexive. 
(f) X is isomorphic to a reflexive Banach space. 
(g) Every x* € X* is norm attaining on B, (see Corollary 5.75). 
(h) The following does not hold: For every X € (0,1), there is a seque- 
nce {in}ns1 GC OB, such that d(conv {r,}?_,, conv {xp }k>n41) > A- 


Proposition 5.77 

If X is a reflexive Banach space and V is a closed vector subspace 
of X, 

then V is reflexive. 


In Theorem 5.76 the equivalence of (a) and (c) is a special case of 
a deeper result given in the following theorem. 


Theorem 5.78 (Eberlein—Smulian Theorem) 

If X is a Banach space and C C X is a nonempty subset, 

then C is relatively w-compact if and only if X is relatively weakly seq- 
uentially compact (i.e., every sequence {tn},51, C C admits a weakly 
convergent subsequence). 


Remark 5.79 
The Eberlein—Smulian theorem fails for the w*-topology on X* (see 
Problem 5.98). 


5.1.9 Separable Banach Spaces 


Next we focus on separable Banach spaces. First let us recall the 
definition. 
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Definition 5.80 
A Banach space X is said to be separable if there exists a countable 
set D such that D= X (i.e., X has a countable dense set). 


Remark 5.81 
Every finite dimensional normed space is separable. 


Theorem 5.82 
If X is a Banach space and X* is separable, then X is separable. 


Remark 5.83 
The converse is not true. Standard example is X = L1(0,1) with 
2 E05) 


Corollary 5.84 
Let X be a Banach space. Then X is separable reflexive if and only if 
X* is separable reflexive. 


Separability is closely related to the metrizability of the relative 
weak topology on certain subspaces. The next theorem summarizes 
these important results. 


Theorem 5.85 

Let X be a Banach space. Then 

(a) The weak* topology on By det {a* € X*: |x* || < 1} is metrizable 
if and only if X is separable. 

(b) The weak topology on By a {x EX: |x|] <1} is metrizable if 
and only if X* is separable. 

(c) If X is separable, then the weak topology on a weakly compact 
subset of X is metrizable. 


Theorem 5.86 

If X is a Banach space and C C X is a compact subset (respectively, 
w-compact subset), 

then conv C' is compact (respectively, w-compact). 


5.1. Introduction 853 


5.1.10 Uniformly Convex Spaces 


Remark 5.87 
The unit ball of a Banach space is convex (local convexity). However, 
the boundary of this ball depends on the norm. For example, if X = R? 
equipped with the Euclidean norm 

a) def 7 Es 

Zo = (ei +23)? VE= (21,22) eR’, 
then the unit sphere has no flat parts. In contrast if we consider the 
norm 


el, S fei] +le2| or [[éllo = max {|e1|, |22|}, 
then B} = {Z ER: ||Z||p < 1} (p = 1,00) is a rhombus (if p = 1) 
or the unit square (if p = +00) and so the unit sphere has flat parts. 
The notion of uniform convexity makes this situation precise and de- 
scribes those Banach spaces whose unit sphere “bulges uniformly” in 
all directions. 


Definition 5.88 

A Banach space X is said to be uniformly convex if for every « > 0 
there exists 6 = d(€) > 0 such that if x,u € X, ||z\l,|/ul| < 1 and 
||]z — ul] > e, then || *|| << 1-6. 


Theorem 5.89 (Milman-—Pettis Theorem) 
Every uniformly convex Banach space is reflexive. 


Remark 5.90 

Uniform convexity is a geometric property of the norm. An equivalent 
norm need not be uniformly convex. On the other hand, reflexivity is 
a topological property. A reflexive Banach space remains reflexive for 
an equivalent norm. So, in Theorem 5.89 as well as in Theorem 5.58 
(Mazur theorem), we have the striking feature that a geometric prop- 
erty implies a topological one. 


Proposition 5.91 
If X is a uniformly convex Banach space, 


then for every sequence {En}a>1 C X such that x, —> x in X and 
lim sup ||zp|| < ||z||, we have x, —> x in X (this property of a Banach 
n—-+00 


space is known as the Kadec—Klee property). 
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Remark 5.92 

Recall from Proposition 5.56(c) that if z, > x in X, then |l2|| < 
lim inf |Zn|| (w-lower semicontinuity of the norm functional in any 
N—>+00 


Banach space). So, in the Kadec-Klee property, we actually require 
that ||2n|| — ||z|| (see Problem 5.174). If (Q,%, 4) is a o-finite mea- 
sure space and 1 < p < +00, then L?(Q) is uniformly convex (this is 
a consequence of the so-called Clarkson inequalities). 


5.1.11 Hilbert Spaces 


Next, we turn our attention to Hilbert spaces, which are the infinite 
dimensional analogs of Euclidean spaces. 


Definition 5.93 

Let H be a vector space. An inner (or scalar) product (-,-);, on H 
is a bilinear form from H x H into R such that 

e for allu € H, (u,u)y, > 0 and (uu), A 0 if u F 0 (positive 
definite); 

e for allu,y € H, (uy) 7 = (yu) q (symmetric). 


Remark 5.94 
We have the so-called Cauchy—Schwarz inequality, which says that 


1 


1 2. 
\(unal| < (uu? (yy)? VuyeH 


(we recall that for the proof of the above Cauchy—Schwarz inequality 
we do not need the definiteness property, namely that (u, u) 7 # 0 
if u # 0), in which case (-,-), is said to be a semtinner product. 


1 
Using the above Cauchy—Schwarz inequality, we see that ||u|| = (u, wu) 7 
is anorm on H. This norm satisfies the so-called parallelogram law: 


e447, + S4G, = 42+ Iw). Vay ew. 


There is a theorem due to Fréchet—Jordan—von Neumann which 
says that if the norm of a Banach space X satisfies the parallelogram 
law, then X is a Hilbert space. 

We also have the polarization identity, which says: 


(t,u)y = Z(ll2+ul?—lle—ul?) Va,we dw. 
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Definition 5.95 
An inner product space (H,(-,:)) which is complete for the norm 
defined above is called a Hilbert space. 


Using the parallelogram law (see Remark 5.94), we have the fol- 
lowing important fact about Hilbert spaces. 


Proposition 5.96 
Every Hilbert space is uniformly convex, hence reflexive (see Theorem 
5.89). 


Theorem 5.97 

If H is a Hilbert space and C is a nonempty closed convex subset 
of H, 

then for every y € H, there exists a unique u = proj,,(y) € C such 
that ||y — ul] = aut lly — x|| and u = proj.(y) € C is characterized by 


uEC and (y—u,x-—u)y < 0 Vrecd. 


Remark 5.98 

The map H 3 y+ proj_,(y) is called the metric projection on C. 
In fact the existence of a unique best approximation u = proj.(y) € C 
is valid in any uniformly convex Banach space, not necessarily a Hilbert 
space. 


Proposition 5.99 
Let H be a Hilbert space. 
(a) IfC C H is nonempty, closed, convex, then the metric projection 
proj: H —>+C defined above is nonexpansive, 1.e., 

|[proj.(y) — proj, (v)ll < lly—vll Vy,v € H. 
(b) If V CH is a closed vector subspace, then u = proj,.(y), y € H 
is characterized by 


ueEV and (y-—u,2)y = 0 VaeVv 


and proj,, € L(H), called the orthogonal projection onto V. 


The next theorem is very basic in the theory of Hilbert spaces. It 
says that every continuous linear functional on H can be identified 
with an element of H (ie., H* = H). 
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Theorem 5.100 (Riesz—Fréchet Representation Theorem) 
Ly ae? 
then there exists a unique x © H such that 


(",u) = (@,u)_y VueH and lal. = |e). 


Remark 5.101 

Theorem 5.100 implies that there is a canonical isometry from H onto 
HT and so, we can identify H with H*. However, we should be care- 
ful with this identification. We cannot do it in every case. To see 
this, consider the following situation (typical in many boundary value 
problems). Let V and H be two Hilbert spaces and assume that V is 
embedded densely into H. So, we can find c > 0 such that 


llulla < clully VYuev. (5.4) 


Using Theorem 5.100, we identify H with its dual H*. Let y € H. 
Then the linear functional V 5 ut (y,u);, is continuous, since 


ly! < llyllzliella < ellyllziluly Yue. (5.5) 


We denote this continuous linear functional by A(y). Clearly A € 
L(H;V*) and 
|A@Ile < ellylla 


(see (5.5)). If | A(y)| y» = 0, then 


(y,ujy = 0 Vuev 


and since V is dense in H, we infer that y = 0. So, A is injective. Let 
h € V** and suppose that 


(h, Aly))y» = 90 Vyed. 
By reflexivity V** = V and so 
(A(y),h)y, = 0 Vyed, 


hence 
(yh)y = 90 Vyed. 


Then h = 0 and so A(H) is dense in V*(see Remark 5.32). Thus we 
have the following setting 


VCH =i ey (5.6) 


5.1. Introduction 857 


with both embeddings being dense. From (5.6), it is clear that we 
cannot identify V with V* although it is a Hilbert space. There- 
fore, we cannot simultaneously identify H and V with their respective 
duals. In this case H is called pivot space. The other spaces alt- 
hough Hilbert cannot be identified with their respective duals. As 
we already mentioned, this situation arises in many applications on 
boundary value problems. 

Moreover, if H is a pivot Hilbert space (i.e., H = H*) and V isa 
vector subspace of H, the annihilator V+ given in Definition 5.36(a) 
is now a subspace of H, namely 


vr {ue H: (u,v) _ =0 for allve V}. 


Then 
Vnv- = {0} and H = V4Vt. 


Indeed, every u € H can be written as 


u = projy,(u) + (w— proj, (w)) 
and so 
id — proj, = proj, - 


So, in a Hilbert space, every closed subspace is complemented (see 
Definition 5.52) and H = V @ V+. In general, if V,Y are vector 
subspaces of H, then we say that V,Y are orthogonal if 


(uyy = 0 Vuev, yeY 


and we write V | Y. Similarly, if u,y € H, then we say that they are 
orthogonal, if (u, y);, = 0 and we write u | y. Orthogonality is a very 
important notion special to Hilbert spaces. 


Definition 5.102 
Let H be a Hilbert space and Y = {us C€H:7ie€ a We say that )Y is 
an orthonormal set if ||u;|| = 1 for alli ¢ I and 


A maximal orthonormal set (in the sense of inclusion) in H is called 
an orthonormal basis of H. 
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Remark 5.103 
A compact way to express the orthogonality condition in an orthonor- 
mal set JY is to write 


(Ui, Uy) py = Oj Vag ed, 


with 6;; being the Kronecker function, i.e., 


def J O if i Fj _ 
Oj = {{ fee Vag ed. 
It is easy to see that an orthonormal set Y = {u;}iey is linearly 


independent. 


Theorem 5.104 
Every Hilbert space has an orthonormal basis. 


Theorem 5.105 

If H is a Hilbert space, Y = {e;}ier is an orthonormal set and x € H, 

then 

(a) S> | (x, €4) x i < ||x||? (Basel inequality). 

wel 

(b) If Y is an orthonormal basis of H, then |\x||? = Steele |? 
EL 

(Parseval equality). 

(c) If the Parseval equality holds for every x € H, then Y is an ort- 

honormal basis of H. 

(d) If span Y = H, then Y is an orthonormal basis of H. 


Theorem 5.106 
A Hilbert space has a countable orthonormal basis if and only if it is 
separable. 


Remark 5.107 
Let X be a Banach space and let {én},,5; be a sequence of vectors in 
X such that for every u € X, we have 


N 
u= So An(wen = lim DL An (wen: 
n>1 n=l1 


Then we say that {en}ns1 is a Schauder basis for X. According 
to Theorem 5.106, every separable Hilbert space has a Schauder basis 
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which is equal to the countable orthonormal basis. More generally, I? 
(with 1 < p < +00) has a Schauder basis. 


Definition 5.108 
Let H be a Hilbert space and let A € L(A). 
(a) The adjoint operator A* € L(A) of A is defined by 


(A(u),¥) a = (u, A*(y)) Vu,y € A. 


(b) We say that A is self-adjoint if A = A*. 
(c) We say that A is normal if AA* = A*A. 
(d) We say that A is unitary if AA* = A*A = id. 


Remark 5.109 

Since H and H* can be identified (see Theorem 5.100), Defini- 
tion 5.108(a) coincides with Definition 5.33. Any orthogonal projection 
proj,, (with V C H being a closed vector subspace) is self-adjoint. 


Proposition 5.110 

If H is a Hilbert space, Ay, A2,A € L(H) and X€R, then 
(a) [Alle = ||A*lle. 

(6) ||A" Alle = [IAI 

(c) AM =A. 

(d) (Ay + Ag)* = At + AS and (AA)* = A*. 

(e) (Ay Ap)" = ASAE, 


Definition 5.111 

Let H be a Hilbert space and leta: Hx H —> R be a bilinear form: 

(a) We say that a is continuous if there exists c > 0 such that 
la(z,y)| <cllulllyll for all u,y © H. 

(b) We say that a is symmetric if a(u,y) = a(y,u) for allu,y € H. 
(c) We say that a is coercive (or H-elliptic) if there exists c > 0 
such that a(u,y) > ¢llul|? for allu € H. 


Remark 5.112 

The inner product of a Hilbert space is a continuous, symmetric and 
bilinear form. Conversely, if a is a continuous, symmetric and coercive 
bilinear form, then 


(uy)o & alu,y) VuyeH 
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defines a new inner product on H. The norm corresponding to this 
new inner product on H is given by 


lull,  a(uu)? Vued. 


From the continuity and the coercivity of a, we have 
al i 
C2 lull < |lulla < c?ljull Vue dH. 
So, || - || and || - |g are equivalent norms on H. 


The next theorem is very useful in the study of variational 
inequalities. 


Theorem 5.113 (Stampacchia Theorem) 

If H is a Hilbert space, a: Hx H —+ R is a continuous, coercive bilin- 
ear form, C C H is a nonempty, closed and convex set and u* € A, 
then there exists a unique u € C such that a(u,y — u) > (u*,y— u) 
for ally EC. 

Moreover, if a is also symmetric, then u is characterized by 


weEC and 5a(u, u) —(u*,u) = inf (Sa(y,y) — (u*,y) iE 
y 
A useful consequence of this theorem is the following result. 


Theorem 5.114 (Laz—Milgram Theorem) 

If H is a Hilbert space, a: H x H —>+ R is a continuous, coercive 
bilinear form and u* € H*, 

then there exists a unique u € H such that 


a(u,y) = (uy) Wy ed. 
Moreover, if a is also symmetric, then u is characterized by 


u€H and $fa(u,u)—(u*,u) = (Sa(y,y) — (u*,y) ). 


inf 
yeH 
5.1.12 Unbounded Linear Operators 


Thus far we have considered linear operators which are everywhere 
defined and bounded (hence continuous; see Proposition 5.12). Next, 
we look at linear operators which are not necessarily defined on the 
whole space and do not map bounded sets to bounded ones (i.e., they 
are not bounded). 
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Definition 5.115 

Let X and Y be two Banach spaces. An unbounded linear operator 
form X into Y is a linear map A: X D D(A) —> Y defined on a linear 
subspace D(A) of X, called the domain of A, into Y. The vector space 
R(A) = A(D(A)) CY is called the range of A. We say that A is 
closed if Gr A is closed, where 


GrA = {(z,A(z)) eX xY: xe D(A)} 


is the graph of A. We say that A is densely defined if D(A) = X. 


Remark 5.116 
Recall that the operator A is bounded if D(A) = X and there exists 
M > 0 such that 


|| A(z) ||, < M||z||x Vaex. 


In this case 


|A@)Ily 
~Tellx 


||Allc = sup 

x40 

is the norm of A and (£(X,Y),||- ||z) is a Banach space (see Propo- 

sition 5.14). Note that A is closed if and only if for every sequence 

{Un}nsi © D(A) such that up —> in X and A(un) — y in Y, we 

have u € D(A) and y = A(u). If A is closed, then N(A), the kernel of 
A defined by 


N(A) © 


is closed, but not R(A). 


{u € D(A): A(u) =0} 


For densely defined unbounded linear operators, we can define an 
adjoint map (see Definition 5.33 for bounded linear operators). 


Definition 5.117 

Let X and Y be two Banach spaces and let A: X D D(A) —> Y be an 
unbounded, densely defined linear operator. Then the adjoint of A is 
the unbounded linear operator A*: Y* D D(A*) —>+ X*, defined by 


(y*,Atu))y = (A*Y"),u)y Vue D(A),y* € D(A’), 


D(A*) = {y* €Y*: there exists M >0 such that 
\(y*, A(u)) | < Mljul| for all ue D(A}. 
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Remark 5.118 
The adjoint operator A* defined above need not be densely defined. 
If A is closed, then D(A*) = Y*. Hence, if Y is reflexive, then A* is 
densely defined. 


Proposition 5.119 

If X and Y are two Banach spaces and A: X D D(A) —> Y is an 
unbounded, densely defined linear operator, 

then A* is closed. 


The graphs of A and A* are related by a simple relation. So, let X 
and Y be Banach spaces and let S: Y* x X* —+ X*x Y* be defined by 


S(y*,a*) & (-2*,y*). (5.7) 


Proposition 5.120 
If X and Y are two Banach spaces and A: X D D(A) — Y is a 


densely defined linear operator, 
then S(Gr A*) = (Gr A)*. 


Corollary 5.121 
If X and Y are two Banach spaces and A: X > D(A) — Y isa 
densely ees alot linear operator, then 


(a) A lie 


= 
k 


Remark 5.122 
Even for bounded linear operators, the inclusion in (c) may be strict. 


Theorem 5.123 
If X and Y are two Banach spaces and A: X > D(A) — Y isa 
densely defined, closed linear operator, 


then the following properties are equivalent: 
(a) R(A) is closed; 


(b) R(A*) is closed; 
(c) R(A) = N(A*)- 
(d) R(A*) = N(A)~. 


In the next theorem, we have a useful characterization of surjective 
operators. 
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Theorem 5.124 

If X and Y are two Banach spaces and A: X D D(A) — Y is a 
densely defined, closed linear operator, 

then the following statements are equivalent: 

(a) A is surjective, t.e., R(A)=Y; 
(b) there exists c > 0 such that ||y*| 
(c) N(A*) = {0} and R(A*) C X™* is closed. 


y+ < e|A*(y*)|Lx~ for all y* € 


An analogous result concerning the surjectivity of A* is also true. 


Theorem 5.125 

If X and Y are two Banach spaces and A: X D D(A) —> Y is a 
densely defined, closed linear operator, 

then the following statements are equivalent: 

(a) A* is surjective, i.e., R(A*) = X*; 

(b) there exists c > 0 such that |lul|x < c|| A(w)||,- for allu € D(A); 
(c) N(A) = {0} and R(A) is closed. 


Remark 5.126 

If dim X < +00 or dim Y < +00, then we have 
(a) A is surjective if and only if A* is injective; 
(b) A* is surjective if and only if A is injective. 
In the general case, we have 

(c) if A is surjective, then A* is injective; 

(d) if A* is surjective, then A is injective. 


5.1.13 Extremal Structure of Sets 


Definition 5.127 

Let X be a vector space and let C C X be a nonempty convex subset. 
A point e € C is said to be an extreme point of C, if there are 
no £1,22 € C such that x1 # x2 and e = Ax + (1— A)zx2 for some 
A € (0,1). The set of all extreme points of C is denoted by ext C. 


Theorem 5.128 (Krein—Milman Theorem) 

If X is a locally conver space and C' C X is a nonempty, compact, 
convex set, 

then ext C £0 and C = tonvext C. 
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Remark 5.129 
If C is only compact (not necessarily convex), then C' C conv ext C. 


Corollary 5.130 
If X is a normed space and B= fee Xs le <1}, 
then 2, = tonv’” ext B*. 


Proposition 5.131 

If X is a locally convex space, AC X is a nonempty, compact set and 
conv A is compact too, 

then ext tonv A C A. 


Remark 5.132 
According to Theorem 5.86, the above proposition is valid if X is a 
Banach space furnished with the norm or weak topology. 


Proposition 5.133 

If X is a locally conver set, C C X is a nonempty, compact, conver 
set and AC C is such that tonv A = C, 

then ext C C A. 


More generally, we can define. 


Definition 5.134 

Let X be a vector space and let E C AC X be nonempty sets. We say 
that E is an extreme set if for any x,u € A for which AXx+(1—A)u € 
E for some X € (0,1), we have z,u € E (i.e., no point of E is an 
interior point of a line segment whose end points are in A but not 
in E). 


Remark 5.135 

If F is a singleton, then we recover the definition of extreme point (see 
Definition 5.127). Note that, if E is an extreme set of a convex set A, 
then X \ E is convex, but the converse is not in general true. 


Definition 5.136 
Let X be a Banach space and let A C X be a nonempty set. By a 
slice of A we mean a set of the form 


Sa(2",n) = {ze A: (2*,2) > o(e*,A)—n}, 
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where «* € X*,n >0 and 


o(x*,A) & sup (2*,u) 
ucA 


(the support function of A). So, a slice of A is the intersection of A 


with an open half-space. If A C X*, then we can also define w*-slice 
of A by taking the defining functional in X and not in X*™*. 


Theorem 5.137 

If X is a Banach space, C C X is a w-compact, convex set (respec- 
tively, C C X* is a w*-compact, convex set) and e € ext C, 

then the slices (respectively, w*-slices) of C form a local basis of e for 
the relative weak topology (respectively, weak* topology) of C. 


5.1.14 Compact Operators 


Next we turn our attention to a special class of linear operators 
between Banach spaces, which generalize linear maps between finite 
dimensional Banach spaces. In particular, we have a rich spectral 
theory for such operators. 


Definition 5.138 
Let X and Y be two Banach spaces and let A € L(X;Y). 


(a) We say that A is compact if A(B ) is compact (here Be ={xre 
X: |zllx < Ly: The space of compact operators from X into Y is 
denoted by LAX;Y) (if X =Y, then we write £L,(X)). 

(b) We say that A is finite rank if dim A(X) < +00. The space of 
finite rank operators from X into Y is denoted by Ls(X;Y) (ifX =Y, 
then we write L¢(X)). 

(c) We say that A is completely continuous if x, —> x in X 
implies that A(r,) —> A(x) inY. 


Remark 5.139 

Since in a finite dimensional Banach space, bounded sets are rela- 
tively compact, we have £f(X;Y) C £,(X;Y). In particular then, if 
dim X < +00 or dimY < +00, then L(X;Y) C £,(X;Y). If X is 
an infinite dimensional Banach space and id: X —> X is the identity 
operator, then id ¢ £-(X) (recall that By = {x € X: |lal| < 1} is 
norm compact if and only if dim X < +00). It is easy to see that, if 
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X,Y,Z are three Banach spaces, A € £L(X;Y), C € L(Y; Z) and one 
of them is compact, then Co A € £L,(X;Z). These last two observa- 
tions imply that compact operators in an infinite dimensional Banach 
space are not invertible. 


Proposition 5.140 
If X and Y are Banach spaces, 
then (CaxsY), Il - IIc) is a Banach space. 


Proposition 5.141 

If X andY are Banach spaces and {An}n51 C Lf(X;Y) is a sequence 
such that ||Ay — Alle — 0, 

then A € L.(X;Y). 


Remark 5.142 

The converse of the above proposition is the celebrated “approxi- 
mation problem”, which asks the question whether it is true that 
Boar = £.(X;Y). This question remained open for a long 
time and finally in 1972 Enflo [7] produced a counterexample. How- 


ever, for some particular spaces this is true (see Problems 5.155 5.157 
and 5.160). 


Theorem 5.143 
If X and Y are Banach spaces and Ac L(X;Y), 
then AE L.(X;Y) if and only if A* € L.(Y*; X*). 


Theorem 5.144 

If X is a Banach space, A € £L.(X) and X€ R \ {0}, 

then N(did — A) is finite dimensional and R(\id — A) is closed 
and finite codimensional (i.e., has a finite dimensional topological 
complement). 


These properties lead to the introduction of the following impor- 
tant class of linear operators. 


Definition 5.145 

Let X and Y be two Banach spaces and let Ac L(X;Y). We say that 
A is a Fredholm operator if N(A) is finite dimensional and R(A) is 
finite codimensional. The number i(A) = dim N(A) — codim R(A) is 
called the index of A. 
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Remark 5.146 
From Theorem 5.144, we see that if A € £.(X), then for every A 4 0, 
Aid — A is a Fredholm operator. 


The next theorem is useful in the study of boundary value 
problems. 


Theorem 5.147 (Fredholm Alternative Theorem) 
If X is a Banach space, A€ £L.(X) and X #0, then 


N(\id— A)={0} <> Rd — A) =X. 


Remark 5.148 
The Fredholm alternative deals with the solvability of the operator 
equation 

Au— A(u) = Ah 


and it says: “Either the equation has a unique solution for every h € Y 
or the homogeneous equation Au—A(u) = 0 has n-linearly independent 
solutions (n = dim N(Xid — A))”. 


5.1.15 Spectral Theory 


As we already mentioned, compact operators have interesting spectral 
properties. So, next we concentrate on the spectral properties of com- 
pact operators. In order to have the full strength of the theory, we 
will assume (and this is the only place in this chapter that we do this) 
that all Banach spaces are over C. 


Definition 5.149 
Let X be a Banach space and let A € L(X). The spectrum a(A) of 
A is defined by 


o(A) = {AE C: A— Xid is not invertible}. 
The resolvent o(A) of A is defined by 0(A) = C \ o(A). 


Remark 5.150 
If X is infinite dimensional and A € £,(X), then from Remark 5.139, 
we have 0 € o(A). Also, for any A € £L(X), we have 


o(A) {NEC [A <r(A) =, lim |JA"l|* J. 
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Proposition 5.151 
If X is a Banach space and Ace L(X), 
then o(A) #0 and it is compact in the disc {XE C: |A| < ||Allc}. 


Remark 5.152 
The nonemptiness of o(A) may fail if we consider real Banach spaces. 


Definition 5.153 

Let X be a Banach space and let A € L(X). We say that \ € o(A) 
is an eigenvalue if there exists uc X, u #0 such that A(u) = ru. 
Such element u is called an eigenfunction corresponding to the eigen- 
value A. The space N(A — Xid) is the eigenspace corresponding to 
the eigenvalue 1 € C. We denote the set of eigenvalues of A by o)(A) 
(point spectrum of A). 


Remark 5.154 
If dim X < +00, then the operator A — Aid is invertible if and only if 
it is injective. Therefore o(A) = 0(A). 


Theorem 5.155 
If X is an infinite dimensional Banach space and A € L,(X), then 
(a) 0€ o(A); 
(b) o(A) \ {0} = op(A) \ {0}; 
(c) one of the following cases holds: 

(i) o(A) = {0}; or 

(it) o(A) \ {0} is a finite set; or 

(itt) o(A) \ {0} is a sequence converging to 0. 


Remark 5.156 
In fact, for a given sequence {An}n>1 C C such that A, —> 0, we can 
find A € L(X) such that o(A) = {An},51 U {0}. 


Proposition 5.157 
If H is a Hilbert space, A € L(A) is self-adjoint and 
m © inf {(A(u),u),,: ve H, |lul] = 1}, 
def 
M = sup{(A(u),u),: w€H, |lul| = 1}, 
then o(A) C [m,M], m € o(A), M € ofA) and |Tllc = 
max {|m|,|M|}. 
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Remark 5.158 
From the above proposition, it follows that 


Alle = sup {|(A(u),u) y|: we H, lull = 1} 
= sup {|(A(u), u) |: u € H, |lul| <1}. 


Moreover, it is clear that for a self-adjoint operator A, we have 
o,(A) CR and eigenvector corresponding to distinct eigenvalues are 
orthogonal. 


Proposition 5.159 

If H is a Hilbert space, A € L(A) is self-adjoint and X € C, 

then » € o(A) if and only if inf {||(A — Aid)(u)|| : uw € A, |lul] = 
=O, 


The main spectral theorem for compact self-adjoint operators on a 
Hilbert space is the following. 


Theorem 5.160 

If H is an infinite dimensional separable Hilbert space and A € L,(H) 
is self-adjoint, 

then there is an orthonormal basis {ex}, of H formed by eigenvectors 
of A such that 


A(u) = So Nx (tt; ek) ay Ck Vue H, 
k>1 


with A, being eigenvalues corresponding to ex. 


Proposition 5.161 

If H is a Hilbert space and P € L(A), 

then the following statements are equivalent: 

(a) P is an orthogonal projection (i.e., N(P)+ = R(P), H = N(P)® 
R(P)); 

(b) P is self-adjoint; 

(c) P is a normal operator (see Definition 5.108(c)); 

(d) (u— P(u), P(u)) , =0 for allu € H; 

(e) ||Plle=1. 


We conclude this look at the spectral properties of bounded lin- 
ear operators on Banach spaces and Hilbert spaces, with the following 
theorem, which has useful applications in the study of spectral prop- 
erties of second order elliptic equations. 
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Theorem 5.162 (Krein-Rutman Theorem) 

If X is a Banach space, C C X is a closed, convex cone with vertex 
0 (i.e, Au+ ny € C for all \,n > O and all u,y € X), intC F O, 
C#X, AEL,(X) and A(C \ {0}) C int C, 

then there exist ug € intC and Ag > 0 such that A(uo) = Aouo and 
Ao is the unique eigenvalue corresponding to an eigenvector of A in 
C, i.e, A(u) = Au with u € P \ {0}, imply X = Ao and u € Ryu. 
Finally Ao = max {|\|: 4 € o(A)} and the multiplicity of Ao (i-e., the 
dim N(A — Apid)) equals 1 (i.e., Ao is simple). 


5.1.16 Differentiability and the Geometry of Banach 
Spaces 


In this section, we investigate the relation between separability, re- 
flexivity, differentiability of the norm and rotundity of the unit ball. 
A first notion in this direction was introduced in Definition 5.88, where 
we defined uniform convex spaces. Now, we go behind this notion, 
introducing more general ones and establishing a duality with the dif- 
ferentiability properties of the norm. We start our discussion by intro- 
ducing the main differentiability notions for R-valued functions defined 
on a Banach spaces. 


Definition 5.163 

Let X be a Banach space and let f: X —+R be a function. 

(a) We say that f is Géteaux differentiable at x € X if there exists 
fG(2) € X* such that 


lim Fer) F@) = (fi(2) pn) VReEX. (5.8) 


We say that f is Gadteaux differentiable, if it is Gdteaux differen- 
tiable at everyx Ee X. 
(b) We say that f is Fréchet differentiable at x € X if there exists 
f'(x) € X* such that 


lim L2+H=f@)-(F'@).b) _ og 
0 Tal 


We say that f is Fréchet differentiable if it is Fréchet differentiable 
at everyx Ee X. 
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Remark 5.164 

If f: X — R is a continuous function which is Fréchet differentiable 
at x € X, then it is also Gateaux differentiable at « © X and f’(x) = 
f(x). Moreover, f is Fréchet differentiable at x € X if it is Gateaux 
differentiable at x and the limit in (5.8) is uniform for ||z|| < 1 as 
A — 0. Finally, in finite dimensional Banach spaces, for continuous 
convex functions, Gateaux and Fréchet differentiability coincide. 


Definition 5.165 

Let X be a Banach space with a norm ||: ||. We say that || - || ts 
Fréchet (respectively, Géteaux) differentiable if the (convex) func- 
tion x +—+ ||x|| 1s Fréchet (respectively, Gateaux) differentiable at every 
xe xX \ {0}. 


Remark 5.166 

Due to homogeneity, a norm is differentiable at «x if it is differentiable at 
Az for some A € R. Therefore, it is enough to check the differentiability 
at points of OB, = { © X: ||a|| = 1}. 


Proposition 5.167 

If X is a Banach space and the dual norm of X* is Fréchet differen- 
tiable, 

then X is reflexive. 


Definition 5.168 

Let X be a Banach space. 

(a) A norm ||- || of X ts said to be strictly convex (or rotund) if 
ext By = OB, (recall that B} = {x EX: |z|| <1}, OB, ={reEXx: 
In| =1}). 

(b) A norm || - || of X is said to be locally uniformly convex if 
||tn — x|| —> 0 whenever zn, x € By and |\r_, + 2|| — 2. 


Remark 5.169 


Evidently || - || is strictly convex if = u whenever ||x + u|| = 2 and 
||x|| = ||u|| = 1. In the sequel we will say that X is strictly convex 
(respectively, locally uniformly convez) if it has a norm || - || with 


these properties. A locally uniformly convex space is strictly convex. 
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Proposition 5.170 
Let (X,||- ||) be a Banach space. 


(a) If the dual norm is strictly convex, then || -|| is Gateaua differen- 
tiable. 

(b) If the dual norm is locally uniformly convex, then || - || is Fréchet 
differentiable. 


Theorem 5.171 

(a) If X is a separable Banach space, then X admits an equivalent 
locally uniformly convex norm. 

(b) If X* is separable, then X admits an equivalent norm whose dual 


is locally uniformly convex (in particular then this equivalent norm is 
Fréchet differentiable). 


From Proposition 5.170 and Theorem 5.171, we obtain the follow- 
ing Corollary. 


Corollary 5.172 

(a) If X is a separable Banach space, then X admits an equivalent 
norm which is both locally uniformly convex and Gateaux differentiable. 
(b) If X* is separable, then X admits an equivalent norm which is 
both locally uniformly convex and Fréchet differentiable. 


Definition 5.173 

A Banach space X is said to be an Asplund space (respectively, weak 
Asplund space) if every continuous conver function defined on a 
nonempty open convex set U C X is Fréchet (respectively, Gateaux) 
differentiable on a dense G's5-subset of U. 


Theorem 5.174 


(a) A separable Banach space is a weak Asplund space. 
(b) If X is a Banach space with separable dual, then X is an Asplund 
space. 


The “Asplund property” is hereditary on closed subspaces. 


Proposition 5.175 
If X is an Asplund space and V is a closed vector subspace of X, 
then V is an Asplund space. 


We have a converse of this proposition. 
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Proposition 5.176 
If X is a Banach space and every separable, closed vector subspace of 


X is an Asplund space, 
then X is an Asplund space. 


Next we introduce a notion weaker than separability which has 
implications for both Asplund and weak Asplund spaces. 


Definition 5.177 

A Banach space X is said to be weakly compactly generated (WCG 
for short), if there exists a weakly compact set C C X such that 
spanC = X. Since spanC is w-compact (see Theorem 5.86), we can 
always assume that the generating set C' is convex. 


Remark 5.178 

Clearly a reflexive Banach space is WCG (see Theorem 5.73). Similarly 
a separable Banach space X is WCG. Indeed, let {an},,., be a dense 
sequence in X and let C = Via U {0}. Note that in this case 
C is in fact compact. However, a WCG Banach space need not be re- 
flexive nor separable. For example, if (2, ©, 4) is a measure space with 
u finite and separable (see Remark 3.140), then L1(Q) is nonreflexive, 
separable Banach space which is WCG. Consider C' = {x jt AS =} 
which is relatively w-compact by the Dunford—Pettis theorem (see 
Theorem 4.75). Finally for an uncountable set [', the Banach space 
X = co(I) is a nonreflexive, nonseparable Banach space, which is 
WCG. Consider C = {ey},er U {0}, where e, is the usual unit basis 
vector. Note, though that l'([) is WCG if and only if I’ is countable. 


Theorem 5.179 
If X is a Banach space such that X* is WCG, 
then X is an Asplund space. 


Remark 5.180 
The converse of this theorem is not true. Let X = co(I’) with T being 
uncountable. Then X* = I(T) (see Remark 5.178). 


Theorem 5.181 
If the Banach space X is a subspace of a WCG space, 
then X is a weak Asplund space. 
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5.1.17 Best Approximation: Various Theorems for 
Banach Spaces 


We conclude this chapter with a closer look at the “best approxima- 
tion” problem. So, let (X,|| - ||) be a Banach space, C C X and 
y € X \C. We consider the following minimization problem: 


dist(y,C) = inf lly — ull (5.9) 


Definition 5.182 

(a) A point uo € C such that dist(y,C) = |ly — uol| (see (5.9)) is 
called a point of best approximation to y in C. 

(b) The set C C X is said to be a Chebyshev set if for every y € X, 
there is a unique point of best approximation to y€ X inC. 

(c) For a Chebyshev set C C X, the map y +— proj.(y) (where 
proj. (y) is the unique best approximation to y) is called the metric 
projection of X into C. 

(d) A closed set C C X is said to be almost conver if for any closed 
ball B which does not intersect C, there exists a closed ball B D> B of 
arbitrary large radius which does not intersect C. 


Theorem 5.183 

If X is a Banach space and C C X is a Chebyshev set with continuous 
metric projection, 

then C is almost conver. 


Remark 5.184 
Almost convexity is very close to convexity. In fact in certain spaces 
they coincide. 


Theorem 5.185 
If X is a Banach space with strict convex dual, 
then every Chebyshev set with continuous metric projection is convex. 


Corollary 5.186 
In a Hilbert space, every Chebyshev set with continuous metric projec- 
tion 18 conver. 


Corollary 5.187 
In a Hilbert space, every weakly closed Chebyshev set is convex. 
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Remark 5.188 
Remains an open question (even in Hilbert spaces), whether every 
Chebyshev set is convex. 


We conclude with three important results about Banach spaces. 


Theorem 5.189 (Banach—Dieudnné Theorem) 
If X is a Banach space and C © X™* is a nonempty conver set such 


that CO nBy is w*-closed for all n > 1 (here B; “ {x* € X*: 


||a* lx < 1}), 
then the set C' is w*-closed. 


Theorem 5.190 
If X is a Banach space, CC X is a nonempty set and x € Cc. 


then there is a countable set DCC such that x € Dp: 


Remark 5.191 

According to Theorem 5.190, the weak closure of a set in a Banach 
space is countably determined. Note that this does not mean that X, 
is first countable, which is not true if X is infinite dimensional. 


The third theorem is a very helpful tool in theory of maximal 
monotone maps. 


Theorem 5.192 (Troyanski Renorming Theorem) 

Every reflexive Banach space can be given an equivalent norm so that 
X and X* are both locally uniformly convex and have Fréchet differ- 
entiable norms. 
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5.2 Problems 


Problem 5.1 ** 
Let X be a normed space with dim X > 2 and let 0B, = {2 EX: 
|||] = 1}. Show that OB, is path-connected. 


Problem 5.2 ** 

Let X be a topological vector space and let C' C X be a convex set 
such that int C 4 @ (such a set is usually called convex body). Show 
that C = int C and int C = int C. 


Problem 5.3*** 

Let X be a Banach space and let V C X be a vector subspace, which 
is a G5-set in X. Show that V is closed (hence a Banach space too). 
Then show that a normed space X, which is topologically complete 
(see Definition 1.56), is a Banach space. 


Problem 5.4* 
Let X be a normed space and let V C X be a vector subspace such 
that int V 4 0. Show that V = X. 


Problem 5.5*** 

Let X be a normed space and let {x,}/"., C X be linearly independent 
vectors. Show that there exists « > 0 such that, if {y,}?, C X 
satisfy ||yg|| < for all k € {1,...,m}, then {x, + yx }%, are linearly 
independent. 


Problem 5.6* 
Let X be a topological vector space and let C _X be a nonempty open 
set. Show that conv U is open too. 


Problem 5.7 * 

Suppose that X is a Banach space, V is a vector subspace of X and 
{Vn}ns1 is the sequence of closed vector subspaces of X such that 
V = U V,. Show that for some nop > 1, V = Vay. 


nel 


Problem 5.8 ** 

Let X be a Banach space and let C C X be a nonempty set. Show 
that the set C is relatively compact if and only if for every « > 0 there 
exists a relatively compact set C- C X such that C C eB, + C.. 
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Problem 5.9* 
Let X be an infinite dimensional Banach space and let C C X bea 
nonempty, compact set. Show that int C = @. 


Problem 5.10* 

Let X be a Banach space and let V C X bea finite dimensional vector 
subspace. Show that for every « € X, we can find u € V such that 
|x — ul] = dist(x, V). 


Problem 5.11 * 

Let X be a Banach space and let {rp },,,; G X be a sequence such that 
Y= ||an|| < +00. Show that there exists x € X such that x = )> Zp. 
n>1 


n>1 


Problem 5.12 ** 
Let X be a normed space and let {%n},5, C X be a sequence. We say 
that the (formal) series 5> x, is convergent if the sequence of partial 
>1 
" m 
sums {Sm}ms1 (where 5m = >) %n) converges to some x € X in the 
n=1 
norm of X. We say that the series }> x, is absolutely convergent if 
n>1 
the real series )> ||x,|| converges. From Problem 5.11, we know that 
n>1 
in a Banach space, every absolute convergent series is also convergent. 
Show that if in a normed space X every absolutely convergent series 
is also convergent, then X is a Banach space. 


Problem 5.13 ** 

Let X be a normed space and let V be a closed vector subspace of X. 
Assume that both V and X/7 (with the quotient norm; see Defini- 
tion 5.18) are Banach spaces. Show that X is a Banach space. 


Problem 5.14 ** 
Let X and Y be two Banach spaces and let A: X —> Y bea 
linear operator such that for every sequence {%p},5, CG X with 
In —> 0, we have that the sequence {A(ta) basi is bounded. Show 
that A € L(X;Y). 


Problem 5.15* 
Suppose that X and Y are two normed spaces, dim X < +00 and 
A: X —+Y isa linear operator. Show that A € L(X;Y). 
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Problem 5.16 * 
Suppose that X is a normed space, Y is a Banach space and 
A €L(X;Y) is a surjective isometry. Show that X is a Banach space. 


Problem 5.17 * 

Let X and Y be two normed spaces and let A: X —> Y be an in- 
jective linear operator. Show that the following three statements are 
equivalent: 

(a) A is a surjective isometry; 

(b) A(By) = By ; 

(c) A(@BX) = OBY. Recall that BY “ {a € X: |lellx < 1}, 


B, @ {yeY: |lylly <1}. 


Problem 5.18 ** 

Suppose that X and Y are two normed spaces, {An: xX — Vy css is 
a sequence of linear operators and A: X —> Y is a linear operator. 
Let 


oes {rEeX: TARE) od does not converge to A(x) in Y}. 


Show that C' is either empty or dense in X. 


Problem 5.19 ** 
Let X be a Banach space, let 2* € OBY = {x* € X*: ||x*||, =1} and 
let x € X. Show that dist (x, ker 2*) = | (aa) i. 


Problem 5.20** 
Let X = C([0,1]) be furnished with the norm 


I[28|]oo = qnax |u(t)| YVuex 


(hence (X, || - |loo) is a Banach space) and let €: [0,1] —+ [0,1] bea 
continuous function. Let 4: X¥ —+ X be the linear operator, defined 
by A(u) = wo€. 

(a) Show that A is an isometry if and only if € is surjective; 

(b) Produce an example of an isometry A € L(X) which is not 
surjective. 
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Problem 5.21 ** 

Let C1((0,1]) be the space of continuous functions on [0,1], which 
are continuously differentiable on (0,1) and whose derivative can be 
extended continuously on [0,1]. Evidently C1((0,1]) € C((0,1]). We 
endow both spaces with the supremum norm 


ulloo = max |u(t)| 


and consider the linear operator A: C1((0, 1)) — C((0, 1), defined 


by A(u) “ W/. Is A continuous? Justify your answer. 


Problem 5.22 * 

Let X be a Banach space. 

Suppose that V C X is a vector subspace and there exists a bounded 
projection of X onto V (i.e., an operator P € £(X;V) which is sur- 
jective and P|y = id,,). Show that V is closed. 


Problem 5.23 ** 

Let X £0 = {8 = {an}os,: [lBlla = Nps lenl < too} and let 
{ex}ns1 C X be a sequence, defined by ex = {dkn}n51 for k > 1 (where 
Okn is the Kronecker symbol). Let C = conv {ex},5,. Is it true that 


0€¢C? Justify your answer. 


Problem 5.24 *** 

Let X and Y be Banach spaces and let a: X x Y —> R be a func- 
tional which is continuous and linear in each variable. Show that a is 
continuous. 


Problem 5.25 *** 

Let X and Y be two normed spaces. We know that if Y is a Banach 
space, then so is (£(X;Y),|| - ||c) (see Proposition 5.14). Show the 
converse, namely that if (C(X;Y),||- ||c) is a Banach space, then so 
is Y. 


Problem 5.26 ** 
Let X be a Banach space and let A € £(X), A £0. Is it true that: if 
\|2n|]| —> +00, then ||A(z,)|| —+ +00? Justify your answer. 
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Problem 5.27 * 

Let X be a Banach space, let A € £(X) and assume that for every 
x € X, we can find an integer n > 1 such that x € N(A”). Show that 
there exists an integer no > 1 such that A" = 0 (we say that A is 
nilpotent). 


Problem 5.28 ** 
Suppose that X and Y are two Banach spaces, A € £L(X;Y) and 
{An}nsi S L(X;Y) is a || - ||c-Cauchy sequence such that 


An(z) —> A(z) Vaex. 
Show that ||A, — Al|c — 0. 


Problem 5.29 ** 

Let X and Y be two Banach spaces and let A € L(X;Y). Suppose 
that R(A) is a dense proper vector subspace of Y. Show that there 
exists y € Y such that 


if lim A(rp)=y, then ||zp||x > +00. 
n—+o0o 


Problem 5.30* 

Suppose that X is a Banach space, Y is a normed space and 
A€L(X;Y) is injective with A~! being continuous on A(X). Show 
that, if A(X) is dense in Y, then A is surjection. 


Problem 5.31 *** 

Let X and Y be two normed space with dimY < +00 and let 
A: X —+Y be a linear operator. Show that A is continuous (i.e., 
A €L(X;Y)) if and only if ker A is closed. 


Problem 5.32 *** 

Suppose that X is a normed space, V is a vector subspace of X and 
x € X \V. Show that there exists «* € X* such that ||x*||. = 1, 
(x*,x) = dist(z,V) and x*|y = 0, where dist(x#,V) = inf |x — ull. 


Problem 5.33 *** 

Let X be a Banach space and let h: X —> R be a linear functional. 
Show that either N(h) = kerh is closed or N(h) is a dense proper 
vector subspace of X. 
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Problem 5.34 ** 

Suppose that X is a Banach space, V C X is a closed vector subspace 
and zp ¢ V. Show that the set span {V, x0} is a closed vector subspace 
of X. 


Problem 5.35 ** 

Suppose that X is a normed space, V C X is a vector subspace and 
h: V —> Ris a continuous functional. Show that the set of all Hahn— 
Banach extensions of h is convex. 


Problem 5.36 ** 
Suppose that X is a normed space, € € (0, 5], wu 6k. ie |= 
||w* ||. = 1 and assume that 


| (u*,x) | <e Va €keraz*, |/z|| <1. 


Show that ||2* — u*||4 < 2e or ||a* + u* ||, < 2e. 


Problem 5.37 ** 
Let X bea Banach space and let V and Y be two vector subspaces of X 
such that X =V@Y. Show that X* = V+ @Y+ (see Definition 5.36). 


Problem 5.38 * 

Let X = C((0,1]). On X we consider the usual L®-norm, ice., ||ul]oo = 
quax |u(t)| and another norm || -|| with the property that “if un AM, U, 
then u,(t) —> u(t) for all t € [0,1]”. Suppose that (X,||- ||) is a 


Banach space. Show that the two norms || -||,. and ||-|| are equivalent. 


Problem 5.39 ** 
Assume that X,V,Y are three Banach spaces, A € L(X;Y), 
BeL(V,Y) and for every x € X, there exists a unique v € V such 
that A(z) = B(v). Let S: X —+ V be defined by S(x) = v. Show 
that S € £(X;V). 


Problem 5.40* 

Assume that X and Y are two Banach spaces, {An},5, © £(X;Y) is 
a sequence such that A,(a) —> A(x) in Y for all x € X. Show that, 
if t, —> xz in X, then A,(z,) —> A(x) n Y. 


882 Chapter 5. Functional Analysis 


Problem 5.41 ** 
Let X be a Banach space and let A: X —>+ X* be a linear operator 
such that (A(x), 2) > 0 for all « € X. Show that A € £(X; X*). 


Problem 5.42 ** 

Let X be a Banach space and let A: X —+ X™* be a linear oper- 
ator such that (A(x),u) = (A(u),x) for all z,u € X. Show that 
AE L(X; X*). 


Problem 5.43 ** 

Let X and Y be two Banach spaces and let A € £L(X;Y) be surjec- 
tive. 

(a) Show that if C C X is a nonempty set, then A(C) is closed in Y 
if and only if N(A) + C is closed in X. 

(b) Show that if V is a closed vector subspace of X and 
dim N(A) < +00, then A(V) is closed in Y. 


Problem 5.44** 

Let X and Y be two Banach spaces and let A € £(X;Y) be a surjec- 
tion. Show that there exists M > 0 such that for a given y € Y, we 
can find « € X with ||z||x < M|ly||y for which we have A(x) = y. 


Problem 5.45 ** 

Let X and Y be two Banach spaces and let Y C L(X;Y). Show that 
Y is equicontinuous if and only if it is equibounded (i.e., there exists 
M > 0 such that ||Al|c¢ < M for all A € Y). 


Problem 5.46 ** 
Let X be a Banach space and let A € L(X), with ||A]|c < 1. Show 
that id — A is an isomorphism and (id — A)~' = )> A”. 

n>0 
Problem 5.47 ** 
Let X be a Banach space and let {An},3, GC £(X) be a sequence 
of isomorphisms such that ||A71||¢ < 1 for all n > 1 and A, —> A 
in £(X). Show that A is an isomorphism too. 


Problem 5.48 *** 
Suppose that X is a Banach space, Y is a normed space and 
{An}nsi © £(X;Y) is a sequence such that x, —> 0 in X implies 


that A,(2#,) —> 0 in Y. Show that sup ||Ap||c¢ < +oo. 
n>1 
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Problem 5.49 *** 

Let X be a Banach space and let V,Y C X be two closed vector 
subspaces such that VN Y = {0}. Let OBY = {veEV: |lv|| =1} and 
OBY ={y EY: |lyll| =1}. We set 


n © dist(@BY,ABY) = int {|lv—yll: v € OBY, y € OBY}. 


Show that V + Y is closed if and only if 7 > 0. 


Problem 5.50 ** 
Let X bea Banach space, let A,S € £(X) and suppose that AS = SA. 
Show that AS is invertible if and only if A and S are invertible. 


Problem 5.51 ** 

Suppose that X and Y are two Banach spaces, A € L(X;Y) and 
{An}nsi © £(X;Y) is a sequence such that Ap(xz) —> A(x) in Y 
for all x € X. Suppose that C C X is a compact set. Show that 
An(x) —> A(x) in Y uniformly for all x € C. 


Problem 5.52 ** 

Let X and Y be two Banach spaces and let A € £L(X;Y) be a surjec- 
tion. Show that the following two statements are equivalent: 

(a) There exists an operator S € L(Y; X) such that AS = id, (ie., 
A has a right inverse). 

(b) N(A) has a topological complement (see Definition 5.52). 


Problem 5.53 * 

Let X,Y, Z be three Banach spaces and let A € £L(X;Y), S € L(Y; Z). 
Show that: 

(a) (So A)* = A*o S*. 

(b) If A € L(X;Y) is a bijection, then so is A* € L(Y*; X*) and 
(4*)-} = (4-H. 


Problem 5.54 ** 

Let X and Y be two Banach spaces and let A: X —> Y be a linear 
map. Show that A is continuous (ie., A € £(X;Y)) if and only if 
D(A*) = ¥*. 
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Problem 5.55 *** 

Let X be an infinite dimensional Banach space and let (B,, w) denote 
the closed unit ball By = {x € X : |lz|| < 1} furnished with the 
relative w-topology. Show that 0B, = {# € X : ||a|| = 1} is a dense 
G5-subset of (By, w). 


Problem 5.56 ** 

From Problem 5.55, we know that, if X is an infinite dimensional 
Banach space, then B, = OB: . Use this fact to show that X furnished 
with the weak topology (denoted by X,,) is not metrizable. 


Problem 5.57 ** 


Suppose that X is a normed space, dimX = m > 2 and 
Ge C X are linearly independent vectors. Show that there ex- 
ists a vector %», € X such that ||z~|| = 1 and ||%m — x%|| > 1 for all 


ke {l1,...,m-— 1}. 


Problem 5.58 * 
Suppose that X is a normed space, {%n},5, C X is a norm Cauchy 


sequence such that x, —> 0. Show that x, —> 0 in X. 


Problem 5.59 * 
Show that an infinite dimensional Banach space X with the weak 
topology is of first Baire category. 


Problem 5.60* 

Let X bea Banach space and let C C X be anonempty, norm compact 
set. Suppose that {%n},,5, C C is a sequence such that rp, +2 in X, 
Show that 7, —> x in X 


Problem 5.61 ** 

Let X and Y be two Banach spaces, let A: X —> Y be a linear 
operator and suppose that for every y* € Y*, we have y*o A © X*. 
Show that A € £(X;Y). 


Problem 5.62 ** 

Let X and Y be two Banach spaces and let A: X —> Y be a linear 
operator. Show that A € £(X;Y) if and only if A € L(X;Y,,) (here 
Y denotes the Banach space Y furnished with the weak topologies). 
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Problem 5.63 ** 

Let X be a normed space and let V C X be a vector subspace. Show 
that w(V,V*) = w(X, X*)ly, ie., that the weak topology on V (ind- 
uced by its dual V*) is the restriction on V of the weak topology of X. 


Problem 5.64 * 
Suppose that X is a Banach space, CE C X are nonempty sets such 
that C' is weakly closed and E is weakly compact. Show that C'+ E 
is weakly closed. 


Problem 5.65 ** 

Let X be a Banach space and let C* C X* be a nonempty set. From 
Corollary 5.45 and Remark 5.46, we know that the set C* is bounded 
if and only if it is w*-bounded. Show that this is no longer true if X 
is only a normed space (i.e., completeness of X is necessary). 


Problem 5.66 *** 


Let (X, ||- ||) be a normed space and let |-|, be a norm on X*. We say 
that |-|, is an equivalent dual norm if there exists an equivalent 
norm |-| on X such that | - |, is the corresponding dual norm of | - |. 


Show that | - |, is an equivalent dual norm on X* if and only if | - |, is 
w*-lower semicontinuous. 


Problem 5.67 ** 

Let X and Y be two Banach spaces and let A € L(X;Y). Show 
that: 

(a) If C C X is a nonempty and w-compact set, then ext A(C) C 
A(ext C). 

(b) If A is an isomorphism and the set C is convex, then ext A(C) = 
A(ext C). 


Problem 5.68 ** 
Let X be a Banach space. Show that X is finite dimensional if and 
only if X* is finite dimensional. Moreover, dim X = dim X*. 


Problem 5.69 ** 

Let X be a Banach space and let D C X* be a set. Show that D 
separates points in X (i.e., for every x € X \ {0}, there exists «* € D 
such that (a*, a) #0) if and only if X* = span” D. 
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Problem 5.70** 
Let X and Y be two Banach spaces and let A € £(X;Y). Show that 
A is injective if and only if A*(Y*) is w*-dense in X*. 


Problem 5.71 ** 
Show that the Mazur theorem (see Theorem 5.58) does not hold for 
the w*-topology. 


Problem 5.72 ** 
Show that every normed space is a dense vector subspace of a Banach 
space. 


Problem 5.73 ** 

Show that every normed space X is isometrically isomorphic to a sub- 
space of C(i) (the Banach space of continuous functions on some 
compact topological space I). 


Problem 5.74** 
Let X and Y be two Banach spaces and let A € £(X;Y) be such that 


A(BY) C Y is weakly compact (such an operator is called weakly 
compact). Show that A**(X**) CY. 


Problem 5.75 ** 
Suppose that X is a Banach space, V C X is a vector subspace and 
u* € X*. Show that there exists &* ¢ V+ such that ||u* — "||, = 


inf |lu* — v* ||, = mt. 
vteVt 


Problem 5.76 ** 

Let X be a Banach space and let C C X be a nonempty, w-closed set. 
Suppose that for every « > 0, there exists a w-compact set C; C X 
such that C C C: + ¢B,. Show that the set C is w-compact. 


Problem 5.77 ** 
Show that no infinite dimensional vector subspace of 


rr {@ = {tn}nsi* (ell = 2 len] < +00} 


nol 


is reflexive. 
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Problem 5.78* 
Let X be a reflexive Banach space and let V C X be a closed vector 
subspace. Show that X/,, is reflexive. 


Problem 5.79 * 

Let X be a normed space and let C C X* be a nonempty and w*-closed 
set. Show that for a given x* € X*, we can find u* € C such that 
|c* — u*||, = dist(x*,C) (a set in X* (or in X) with the “best approxi- 
mation” property for every element in the space is called proximinal). 


Problem 5.80 ** 
Show that a Banach space X is reflexive if and only if every closed, 
convex set is proximinal (see Problem 5.79). 


Problem 5.81 ** 
Let X be a reflexive Banach space and let y: X —> R = RU{-+oo} be 
a convex, lower semicontinuous function not identically +-oo. Suppose 


that y is weakly coercive, ic., lim g(x) = +00. Show that there 
\|2|| +-++00 


exists zo € X such that v(x) = inf p(x). 
rE 


Problem 5.82 * 

Let X and Y be two Banach spaces with X being reflexive and let 
AéL(X;Y). Show that A(B*) C Y is closed (where a. ={rex: 
l|zlx < 1}). 


Problem 5.83 ** 
Let X and Y be two Banach spaces with X being reflexive and let 
A €L(X;Y) be a surjection. Show that Y is reflexive too. 


Problem 5.84 ** 

Let X be a Banach space. Show that the following two statements are 
equivalent: 

(a) X is reflexive; 

(b) for every decreasing sequence {C,},,, of nonempty, closed, con- 
vex and bounded subsets of X, we have (| C, #0. 


n>1 


Problem 5.85 * 

Let X and Y be two Banach spaces with X nonreflexive and Y reflex- 
ive. Suppose that A € L(X;Y) is injective. Show that A(X) is not 
closed in Y. 
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Problem 5.86 * 
Let 


Dae = i 
PoE (B= {eahao: llBlle = (D> 22)? < +00} 


nel 


and 


def ~~ 
ps {z = {In }ns1 > |lz|ln = yy ial) < +00}. 


n>1 


Suppose that A € L(I';1?) is injective. Is A(I') a closed vector sub- 
space of /?? Justify your answer. 


Problem 5.87 * 

Let X be a Banach space. We say that {@n},5; C X is a 
weak Cauchy sequence if for every x* € X*, the sequence 
LG sate) ee C Ris Cauchy. We say that X is weakly sequentially 
complete if every weak Cauchy sequence has a weak limit. Show that 


a reflexive Banach space is weakly sequentially complete. 


Problem 5.88 *** 

Suppose that H is a Hilbert space, C C A is a nonempty, closed, 
convex, bounded set and f: C —> C is a nonexpansive function (see 
Definition 1.48). Show that f has a fixed point (i.e., there exists x € C 
such that f(x) = 2). 


Problem 5.89 *** 

Let H and V be two Hilbert spaces and let A € £(H;V). Assume that 
there is no z € OBP = {x € H: ||a||q = 1} such that || A(x) ||, = 
||Allc. Show that there exists a sequence {7,},,, GC OBf! such that 
tn —> 0 in H and || A(zn)|| — Alle. 


Problem 5.90 ** 

Let X be a reflexive Banach space with X* being strictly convex and 
let F: X —> 2*" \ {0} be the duality map (see Remark 5.27). Show 
that F is single-valued, sequentially continuous from X into X*, (X%, 
denoting the duality space X* furnished with the weak topology) and 
(F(x) — F(u),z —u) 20 for all z,u € X (ie., F is monotone). 
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Problem 5.91 ** 

Let X be a normed space and let C C X be a nonempty compact 
set. 

(a) Is conv C necessarily closed? 

(b) Is convC necessarily compact? Justify your answer. (Compare 
with Theorem 5.86.) 


Problem 5.92 *** 

Suppose that X is a finite dimensional vector space, dim X = n and 
CC X is a nonempty set. Show that every x € conv C can be written 
as a convex combination of at most n+ 1 vectors of C. 


Problem 5.93 ** 

Let X be a finite dimensional vector space and let C C X bea 
nonempty, compact set. Show that convC is compact too. (Com- 
pare with Theorem 5.86.) 


Problem 5.94 ** 
Let X be a locally convex space and let C C X be a nonempty and 
totally bounded set. Show that conv C' is totally bounded too. 


Problem 5.95 ** 
Let X be a Fréchet space and let C C X be a nonempty, compact set. 
Show that the set conv C is compact. (Compare with Theorem 5.86.) 


Problem 5.96 *** 

Let X be a Banach space with a separable dual. Let B(X*) be the 
Borel o-algebra of X* with the norm topology and let B(X*..) be the 
Borel o-algebra of X* with the w*-topology. Show that B(X*) = 
BUX): 


Problem 5.97 *** 
Show that the Banach space Cr ((0, 1)) of bounded continuous func- 
tions on (0,1) with the supremum norm 


def 
llulloo = sup |u(t) 
0<t<1 


Vue Cz ((0, 1)) 


is not separable. 
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Problem 5.98 ** 
Give an example to show that the Eberlein—Smulian theorem is not 
true for the w*-topology (see Theorem 5.78 and Remark 5.79). 


Problem 5.99 ** 
Show that every separable Banach space is isometric to a subspace of 


def px ” 
ms {F a {ln}ns1 > |[Zll1e0 = es el = +00}. 
Nne2 


Problem 5.100 ** 

Let X be a Banach space, let C C X and assume that for every 
separable, closed vector subspace V C_X, the set CNV is w-compact. 
Show that C is w-compact. 


Problem 5.101 ** 
Suppose that X is a Banach space which is w-separable (i.e., separable 
with respect to the weak topology in X). Show that X is separable. 


Problem 5.102 ** 

Let X be a separable Banach space. Show that there exists a sequence 
{a* }ns1 C OBY = {a* € X*: ||x*||, =1} which separates points in 
X, ie., if c € X \ {0}, then there exists no > 1 such that (x*,,x) # 0. 


Problem 5.103 ** 
Let X be a closed, infinite dimensional vector subspace of 


def --~ ” 
bs {& = {Zn}n>1 > ||Zlln = y ley < +00}. 
n>1 


Show that X* is nonseparable. (Compare with Problem 1.18.) 


Problem 5.104 ** 
Let X be a separable Banach space. Show that X*. (ie., X* furnished 
with the weak* topology) is a Souslin space. 


Problem 5.105 *** 
Show that every separable Banach space is isomorphic to some quotient 
space of 


BS {X= Dalnsr® Ulli = > [Anl < +co}. 


n>1 
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Problem 5.106 *** 
Let X be a separable Banach space and let C C X be a nonempty sub- 
set. Show that C is relatively compact if and only if for every sequence 
{Zi }nsi C X* such that x}, —“+ 0, we have sup | (x, x) | — 0. 

rE 


Problem 5.107 ** 
Let X be a separable Banach space and let C C X* be a nonempty, 
weakly compact set. Show that the set C' is norm separable. 


Problem 5.108 ** 

Let X be an infinite dimensional Banach space and assume that X* 
is separable or X is reflexive. Show that we can find a sequence 
{In}ns1 C OBi (where 0B, = {x € X : ||x|| =1}) such that z, “0 
in X. 


Problem 5.109 ** 

Let H be a separable Hilbert space and let V C H bea vector subspace 
of H which is dense in H. Show that V contains an orthonormal basis 
of H. 


Problem 5.110 ** 
Let X be a uniformly convex Banach space and let V C X be a closed 
subspace. Show that X/j, is uniformly convex. 


Problem 5.111* 
Show that the Banach space C'([—1, 1]) with the supremum norm 


lIuIloo SS max ju(t)| Vue C({-1,1]) 


-1<t<1 


is not a Hilbert space. 


Problem 5.112 ** 

Let {Un},s, be an orthonormal sequence of the Hilbert space 
L*([0,1]). Show that, if there exists M > 0 such that | un (t)| <M 
for almost all ¢ € T = [0,1] and >7,,5; AnUn(t) converges for almost all 
t€T = [0,1], then A» — 0. 
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Problem 5.113 ** 
Let H be a Hilbert space and suppose that x, —> x in X. Show that 
there exists a subsequence {%n, },5, Of {@n},51 Such that the sequence 


k 
thes * yo sl : 
of “arithmetic means {z > . Bre isd converges in norm to z. 

— 


Problem 5.114** 

Let H be a Hilbert space and let A € £(H). We say that A is positive 
and write A > 0 if and only if A is self-adjoint and (A(z), ahs > 0 for 
all x € H. Show that, if A € L(A) is positive, then 


|(A(), u) |? < (A(z), 2) ,,(A(u), u) 5 Va,ueH 


and 
|A@" < llAllce(A@), 2) y 


Problem 5.115 * 

Let H be a Hilbert space. For two given self-adjoint operators A, S € 
L(H), we write A < Sif S—A > 0 (see Problem 5.114). Let {An} p51 © 
L(H) be a monotone sequence of self-adjoint operators (i.e., An < 
An+1 for all n > 1 or Ap > An+i for all n > 1) such that ||A,||¢ <M 
for all n > 1 and some M > 0. Show that there exists a self-adjoint 
operator A € £(H) such that A,(x) —> A(x) in A for all « € H. 


Problem 5.116 * 

Let H be a Hilbert space and assume that A € L(H) is self- 
adjoint. 

(a) Show that for every n > 1, we have A?” > 0 (see Problem 5.114). 
(b) Show that, if A > 0, then for all n > 1, we have A?”+! > 0. 


Problem 5.117 *** 
Show that, if V is a closed subspace of L*([0,1]) and V C C((0, 1), 
then dim V < +00. 


Problem 5.118 *** 
Show that the Banach—Steinhaus theorem (see Corollary 5.40) fails if 
the space X is not complete. 
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Problem 5.119* 
Let H be a Hilbert space and let {An},5, C L(H) be a sequence 


such that sup |(An(x), ¥) | < +oo for all z,y € H. Show that 
n>1 


sup ||An||c < +00. 
nel 


Problem 5.120* 
Let H be a Hilbert space and let {en},, be an orthonormal basis 


of H. Show that e,, —> 0 in H. 


Problem 5.121 ** 

Let H be a Hilbert space and let C C H be a nonempty, closed, 
convex set. Let x ¢ C and let proj.(x) be its metric projection on C 
(see Theorem 5.97 and Remark 5.98). Show that proj.(x) € OC (see 
Definition 2.9(e)) and dist(x,C) = dist(x, OC). 


Problem 5.122 ** 
Let H be a Hilbert space and let {Cn},5, C H be a decreasing se- 


quence of nonempty, closed convex sets such that C = pce 


nel 
Show that proj,,, —> proj, (proj, being the metric projection on the 


corresponding set S C X). 


Problem 5.123 * 
Let H be a Hilbert space and let A € L(H). Show that 
|A* Alle = ||Allz- 


Problem 5.124 ** 
Let H be a Hilbert space and suppose that A € £(#) is normal. 
Show that ||A(z)||? < || A2(z)||||z|| for all 2 € H. 


Problem 5.125 * 
Let H be a Hilbert space and let A € £(H) be normal. Show that, if 
A? is compact, then A is compact too. 


Problem 5.126 * 

Let H be a Hilbert space and let A € £L(#) be a surjection. Show that 
the following three statements are equivalent: 

(a) A is unitary (see Definition 5.108). 

(b) A is an isometry (see Definition 5.16). 
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(c) A preserves the inner product (i.e., (A(x), A(u)) 7 = (#,U)z for 
all z,u € H). 


Problem 5.127 * 

Let H be a Hilbert space and let A € L(A) be a self-adjoint opera- 
tor. Show that eigenvectors corresponding to different eigenvalues are 
orthogonal. 


Problem 5.128 ** 

Let H bea Hilbert space and let C C H be a nonempty, closed, convex 
cone (i.e., AC’ C C for all \ > 0). Show that for x,u € H, the following 
conditions are equivalent: 

(a) u= proj, (x); 

(b) ue C,x—uluand (& —u,c)y, < 0 for alle EC. 


Problem 5.129* 

Suppose that H is a Hilbert space, V C H is a nonempty vector 
subspace, X is a Banach space and S € L(V; X). Show that there 
exists A € £(H;X) such that Aly = S and ||Al|c = ||S|lc. 


Problem 5.130 *** 
Give an example of a Hilbert space and a set in it, which is closed and 
sequentially weakly closed but not weakly closed. 


Problem 5.131 * 
Let X be a Banach space and let P € £(X) be a projection (ie., 
P? = P). Show that P* is a projection in X*. 


Problem 5.132 ** 
Let H be a Hilbert space. Show that every orthogonal projection 
P €L(H) satisfies 0 < P < id (see Problems 5.114 and 5.115). 


Problem 5.133 ** 

Let X be a normed space and let 7,u € X be two linearly independent 
vectors such that ||x|| = ||u|| = 1 and || + ul] = |||] + ||u|]. Show that 
the unit sphere of X contains a line segment. 
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Problem 5.134** 

Let X be a separable Banach space with a Schauder basis {en},,51- 

Show that there exist c > 1 such that for any x = )> Anen, we have 
n>1 


| 3° Aneal] <el) 2 Anen|| for all m > 1. 
n=1 ne1 


Problem 5.135 ** 
Let H be a Hilbert space and let P € L(H). Show that P is an 
orthogonal projection if and only if P? = P and P is self-adjoint. 


Problem 5.136 ** 
Let X and Y be two Banach spaces and let a: X x Y —> R bea 
bilinear form such that: 

(i) a is continuous, i.e., there exists M > 0 such that 


Ja(z,y)| < Mllelxllylly Vee X, yeY; 
(ii) there exists c,; > 0 such that 


la(e-y)| 
sup Telhx 
vextyoy lx 


>alylly VyeyY; 


(iii) there exists co > 0 such that 


|a(a,y)| 


su on | | a 
P Tully 


yeY \{0} 


> ©||z\|x Vae X. 


Show that for given «* € X* and y* € Y%, there exist unique elements 
xo € X and yo € Y such that 


a(zo,y) = YW ¥)y VyeY 


and 
a(z,yo) = (2",2) 5 Vane X. 


Problem 5.137 ** 

Let H be a Hilbert space, let A € £(#) and assume that there exists 
c > 0 such that (A(x), x) > clja||? for all 2 € H. Show that A is an 
isomorphism. 
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Problem 5.138 ** 

Let X and Y be two Banach spaces and let A € £(X;Y). Show that 
the following statements are equivalent: 

(a) A is an isomorphism; 

(b) R(A) is dense in Y and there exists c > 0 such that ||A(zx)||y > 
clla||x for all x € X. 


Problem 5.139 ** 
Can we find a surjective operator A € L(I?;1')? Justify your answer. 


Problem 5.140** 

Let X and Y be two Banach spaces and let D(X;Y) be the subset 
of £(X;Y) which consists of all A € £(X;Y) which are injective and 
R(A) is closed. Show that D(X; Y) is an open subset of £L(X;Y). 


Problem 5.141 ** 

Let X and Y be two Banach spaces and let Y(X;Y) be the subset of 
£L(X;Y) which consists of all A € £(X;Y) which are injective. Show 
that Y(X;Y) is an open subset of £(X;Y). 


Problem 5.142 ** 
Let H be a Hilbert space and let A € £(H) be such that (A(z), x) 
(x, x) ,, for all « € H. Show that A is an isomorphism. 


He 


Problem 5.143 ** 
Let X be a normed space and let CC X be a nonempty set. Show 
that 


convC = {rE X: (2*,x) < o(2*,C) for all z* € X*}. 


Problem 5.144** 

Let X be a Banach space and let B; = {x* € X*: ||z*||, <1}. Show 
that ext Bi separates the points of X (i.e., for every z,u€ X, x2 #u, 
we can find e* € ext B; such that (e*,) 4 (e*,u)). 


Problem 5.145 ** 

Let X be an infinite dimensional Banach space and let A € L£,(X). 
Show that there exists h € X for which the equation A(x) = h has no 
solution x € X. 
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Problem 5.146 ** 
Let X be a reflexive Banach space and let A € £(X;1'). Show that 
AEL(X;I). 


Problem 5.147 * 
Let X and Y be two Banach spaces and let A € £,(X;Y). Show that 
A(X) is a separable vector subspace of Y. 


Problem 5.148 ** 
Let X and Y be two Banach spaces and let A € £,(X;Y). Show that 
A is completely continuous (see Definition 5.138(c)). 


Problem 5.149 ** 

Let X be a reflexive Banach space, let Y be a Banach space and let 
A€L(X;Y). Show that A is compact if and only if A is completely 
continuous. 


Problem 5.150** 

Let X and Y be two Banach spaces, with Y 4 0. Show that X is 
reflexive if and only if for every A € £.(X;Y) we can find rp € X 
with ||xo|| < 1 such that ||Al|c = || A(zo) ||. 


Problem 5.151 * 
Let o@ {u € L'(0,1): u(t) > 1 for almost all t € [0, 1]}. Is this set 


w-closed in the Banach space L'(0,1)? Justify your answer. 


Problem 5.152 ** 

Let (X,||- |x) and (Y,||- lly) be two Banach spaces with (X, || - ||x) 
being reflexive and let A € £,(X;Y). Let |-|x be another norm on X 
which generates a weaker metric topology than || - ||x. Show that for 
every € > 0, we can find c, > 0 such that 


|A(@)||y < ellellx+elalx VareX., 


Problem 5.153 ** 

Let X be a Banach space and let A € £.(X) with R(A) being infinite 
dimensional (i.e., A € £.(X) \ L(X)). Show that 0 € A(OB,) (where 
OB, = {xe X: |x| =1}). 


Problem 5.154** 
Let X and Y be two Banach spaces and let A € £,(X;Y). Show that 
R(A) is separable. 
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Problem 5.155 *** 

Suppose that X is a Banach space, H is a Hilbert space and 
AéL,.(X;H). Show that A is the limit of a sequence of finite rank 
operators. 


Problem 5.156 *** 

Let X and H be two Hilbert spaces such that X is dense in H and X is 
embedded compactly into H (i.e., the identity operator id: X —> H is 
compact). Let a: X x X —+ R be a continuous bilinear form such that 
a(x,x) = 0 if and only if « = 0. Suppose that there exist constants 
c1,¢2 > 0 such that a(z,x) > ci|lx||2, — c2||a||?,; for all 2 € X. For 
a given ug € H, show that there exists unique x) € X such that 
a(xo, 2) = (uo, x);, for all a € X. 


Problem 5.157 ** 
Let X be a Banach space with a Schauder basis (see Remark 5.107). 


Show that £;(X)""* = £,(X). 


Problem 5.158 ** 
Let X be an infinite dimensional Banach space. Show that 
dist(ta,£7(%)) = 1. 


Problem 5.159 *** 
Suppose that H is an infinite dimensional separable Hilbert space, 
{€n}n>1 is an orthonormal basis for H and A € L(H) is defined by 


A(e€n) = enti Vno>l. 
Is A compact? Justify your answer. 


Problem 5.160 ** 
Let X = C((0,1]) with the supremum norm 


llullo “ max ju(t)} Vue C((0,1). 


0<t<l1 
Show that £,(X) = £;(x)"". 


Problem 5.161 ** 

Show that if 1 < p < q < +o, then the embedding I? 
compact (note that l? C 1? and (I")* = I” with t4+4 
1<r<-+oo). 


17 is not 
1 for all 


le 
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Problem 5.162 ** 
Let A and Y be two Banach spaces and let A € £(X;Y). Show that 
A€éL,.(X;Y) if and only if the operator A: X/N(A) —> Y, defined by 


is compact. 


Problem 5.163 ** 
Consider the Hilbert space H = I? and A € L(I?;1?), defined by 


def 


A({an}asy) a {An@n}nsi> 


with >, —> 0. Show that A € £,(17; 1). 


Problem 5.164 ** 
Let X be a Banach space and let A € £,(X). Show that, if id — A is 
injective, then it has a continuous inverse on (id — A)(X) 


Problem 5.165 *** 
Recall that for p € [1, +00), 


1 
PE = {enhasr + lle = (S- [eal?)® < +00} 


n>1 


and ” 
IS {B= {am}uo1 + [lll = sup len| < +0}. 
Ne 


These are Banach spaces for 1 < p < +o0. Let A: /? —> IP be the 
linear operator, defined by 


A@) = {tn}ns2  VF={tn}no €P 
(the so-called backward shift operator). 
(a) Show that A € £(/?) and find ||Allc. 
(b) Determine o(A) and o,(A) (in this case the spaces are over C). 


Problem 5.166 ** 
Let H be a (complex) Hilbert space and let A € £(H) be a self-adjoint 
operator. Show that 0(A) CR. 
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Problem 5.167 ** 
Let X be a Banach space and let x) € X, xj € X* be such that 
(xj, 20) #0. Let A € L(X) be defined by 


A(z) 2 (ign) ag Vaex. 


Show that A is a projection (ie., A? = A) if and only if (2},29) = 1 
and find o(A). 


Problem 5.168 ** 
Let H be a Hilbert space and let A € L(A) be a self-adjoint operator. 
Show that ||A"||c = ||Al|# for all n > 1. 


Problem 5.169 *** 
Let X = C((0,1]) be furnished with the supremum norm 


llulloo max Ju(t)| Yu € C((0,1]), 


O<t<1 


let k € C([0, 1] x [0,1]), M= sup |k(t,s)| and let A: X —> X be 
O<t,s<1 
defined by 


Show that A € £(X) and find o(A). 


Problem 5.170* 

Suppose that X is a Banach space, A € £L(X), A € C and assume that 
there exists a sequence {2},,5, C X such that ||zp|| = 1 for alln > 1 
and A(a,,) — At, —> 0. Show that  € o(A). 


Problem 5.171 * 
Let H be a Hilbert space and let A € L(A) be a self-adjoint operator. 


We set 


Alle = sup {|(A(x),2)| = |lx|] = 1}. 


Show that at least one of ||Al|c or —||A||c is an element of o(A). 
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Problem 5.172 ** 

Let (X, || - ||) be a Banach space. Show that the following three state- 
ments are equivalent: 

(a) || - || is strictly convex (see Definition 5.168(a)). 

(b) Ifu,x € X\{0} and ||~+ul| = ||z||+|l|ul], then 2 = Au for some X. 
(c) If z,u€ X and 2\|x||? + 2I|u||? = |lz + ull?, then x = u. 


Problem 5.173 *** 
Consider the Banach space 


1 def -7~ oa 
Be = (onbasy: [lle = ST lanl < +00}. 
n>1 
Show that the norm ||-||;1 is Gateaux differentiable at all & = {tn },51 € 
! such that x, # 0 for all n > 1 and it is not Fréchet differentiable at 
any = {tn}n>1 El. 


Problem 5.174** 

Show that a locally uniformly convex Banach space X has the Kadec— 
Klee property (i.e., if an “9 x in X and ||rn|| — ||a||, then 2, —> x 
in X; see Proposition 5.91). 


Problem 5.175 ** 
Let X be a uniformly convex Banach space. Show that every x* € X* 
attains its norm at a unique u€ OB, = {re X: |x|] = 1}. 


Problem 5.176 ** 

Let X be a Banach space and let y: X —> R = RU{+00} be a convex 
function which is continuous at 29 € X. Show that the following two 
statements are equivalent: 

(a) ¢ is Fréchet differentiable at ro € X. 

(b) lim sage ee = 0 uniformly for all h € OB. 


Problem 5.177 *** 
Let X be a Banach space and let x € OB, = {x € X: |a|| = 1}. 
Show that the following two statements are equivalent: 


(a) || -|| is Fréchet differentiable at x € X. 

(b) For every two sequences {x*},.51,{ux}ns1 C OB] = {a* € X*: 

\|z*||x = 1} such that lim et) = lim (ux,xz) = 1, we have 
N—-+0o N—->+00 


[lt — Un lle —> 0. 
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Problem 5.178 ** 

Let (X,||-||) be a Banach space and let || - ||, be the dual norm of X*, 
which we assume that it is locally uniformly convex. Show that || - || 
is Fréchet differentiable. 


Problem 5.179 ** 

Let X be a Banach space and let C C X be a nonempty, w-compact 
set. Show that for every E C C and x € E’, we can find a sequence 
{In}ns1 C E such that x, “yain X. 


Problem 5.180 ** 
Let X be a separable Banach space and let C* C X* be a nonempty, 
convex and sequentially w*-closed set. Show that C* is w*-closed. 
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5.3 Solutions 


Solution of Problem 5.1 

Let x,u € OB,. First suppose that u # —a (ie., x and wu are not 
antipodal). Then, for all \ € [0,1], we have (1 — A)x + Au 4 0 and so 
we can define the continuous path yo: [0,1] —> 0B,, by 


1—A)a+Au 
7) = Teer 


(see Definition 2.122). Note that 


y0(0) = pa = & and wll) = pa = ¥ 
(since x,u € OB)). 

Next suppose that u = —a (ie., x and u are antipodal). Since by 
hypothesis dim X > 2, we can find y € X such that {z,y} is linearly 
independent. Then x # Tul and —x # wl . From the first part of the 
solution, we can find a continuous path y,: [0,1] —> OB, such that 


n(0) = @ and (1) = py 


and a continuous path 72: [0,1] —> OB, such that 


72(0) = -@ and (1) = 7H. 


We concatenate the two paths 71, y2 and produce a new continuous 
path 73: [0,2] —> 0B), defined by 


(t) if t € [0,1], 
a(t) = oe if te [1,2]. 


Evidently 


Solution of Problem 5.2 
We show that for every A € [0,1), we have 


AC +(1—A)intC C int C. (5.10) 
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Note that 


AC +(1—A)intC = (J ut (1-Ajint C), 
ue 
hence the left-hand side in (5.10) is an open set. So, in order to 
show (5.10), it suffices to show that 


AC+(1—Aj)intC C C. 
To this end, let y € intC. Then 
(1—A)(intC — y) € N(0), 
(where \V(0) is the filter of neighbourhoods of 0) and so 
AC AC © AC +(1—Aj(int C — y) 
= AC+(1—A)intC-—(1-—A)y C C-(1-A)y, 


so 
AC+(1—-A)y C C, 
with y € int C, which proves (5.10). 
Note that intC C C. Let x € C and y € intC. From (5.10), we 
have 


At+(1—A)y € intC VA€(0,1) 


and so x € int C, which proves that int C = C. 
Next, note that int C C int C. Let x € int C and y € intC. Then 


zg = Ay+(1—-A)u 


for some \ € (0,1) and some u€ C. Using once again (5.10), we infer 
that x € int C, which proves that int C = int C. 


Solution of Problem 5.3 
Let D = V \ V. Since by hypothesis V is a Gg-set in X, it is 
also Gs in V and so V = () U, with U,, being open subsets of V. 
n>1 
Then D = (J) (V \ U,). Note that for every n > 1, the set V \ Up is 
n>1 
nowhere dense in V (note that V C U, C V for alln > 1). Therefore 
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D is of first category (see Definition 1.25). We claim that D = 0. 
To this end, let uo € D and consider Vo = ug + V. We have Vo C D. 
To see this, note that Vo C V and if for some u € V, ug tu € V, then 
ug € V—u=V, a contradiction. Therefore, Vo is of first category in 
V and then so is V = Vo — up. Since V = V UD, we infer that V is 
of first category in itself, which is a contradiction since V is a Banach 
space. 

If the normed space X is topologically complete, then by the 
Alexandrov theorem (see Theorem 1.58), X is a G5-subset of its com- 
pletion Y. But then from the first part of the problem, X is a closed 
subspace of Y, hence a Banach space too. 


Solution of Problem 5.4 

Let u € int V and let r > 0 be such that B,(u) = {xe X: ||z—ull < 
r} CV. Then B,(0) = B,(u) —u CV. For a given « € X \ {0}, we 
have 


T 
Ps 


and soz € V,i.e., V 


Solution of Problem 5.5 

We argue by contradiction. So, suppose that for every « > 0, we can 
find yx € Be(rg), k € {1,...,m} such that {y,}7_, C X are linearly 
dependent. Then we can find {A;,}7, C R such that 


Sle > 0 and So Nev = 0. 
k=1 k=1 


We have 
So An(te— Ye) = D> Ante, 
k=1 k=1 


sO 


m m 
So Anas] < eS > |X| 
F=1 i 
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and thus 
| So Ancel| < ¢ witha, = we Vke{l,...,m}. (6.11) 
kel > Akl 
k=1 
Note that 
yd 4. 
k=1 
Let 


C= {X= {rg} €R™: |e =1} 
k=1 


and let y: C —> R be defined by 
k=1 


Evidently C is compact (being closed and bounded) and ¢ is con- 
tinuous. By (5.11), for every « > 0, we can find Az € C such that 
y(Ac) < €. Hence inf y(C’) = 0 and by the Weierstrass theorem, we 
can find \* € C such that 


Then m 
do reel] = 0 
k=1 


and this due to the linear independence of the elements of {x,}7", 
implies that 
Ay = 0 Vke {l,...,m}, 


m 
a contradiction to the fact that }> |AZ| = 1. 
k=1 


Solution of Problem 5.6 
We will show that every element of conv U is an interior point. Evi- 
dently, it suffices to show this for every x € conv U \ U. We have 


nm 
L= S Ak&k, 
4A 
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nm 
with a, € U, A, > O and SO Ay = 1. By rearranging things if neces- 
k=1 
sary, we may assume that A; > 0. Let V € N (21) (with NV(21) being 
the filter of neighbourhoods of x) be such that V C U. Then 


MV + S° AptE € N(x) 
k=2 


and it is contained in conv U. Hence zx is an interior point of conv U 
and so we conclude that conv U is an open set. 


Solution of Problem 5.7 
By the Baire category theorem (see Theorem 1.26), we have that, for 
some ng = 1, 


int V,, # 0. 
Then Problem 5.4 implies that V = V,,). 


Solution of Problem 5.8 

“——»”: Since the set C is relatively compact, it is totally bounded (see 
Definition 5.7 and Theorem 1.71). So, for a given ¢ > 0, we can find a 
finite set C, = {v1,...,2m.} such that 


Me 
CC (J Be(ae) © eBit Ce. 
b=1 


“<—": Let € > 0. Since by hypothesis, the set Ce is relatively com- 


pact, we can find a set {i ee ri, } such that 
M- 
Cz © |) Be(a§). 
k=1 


We claim that 
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To see this, let x € C. By hypothesis, we can find re€ Ce such that 


lIe— asl] < 5. 


On the other hand, xz € Be (xj,,) for some ko € {1,..., Me}, hence 
llzs — hol < 5. 
So, finally 


lz — xegll < lla—es|l +l|leg+ 2% ll < ¢. 


Solution of Problem 5.9 
Suppose that int C 4 0 and let x € int C. Then we can find r > 0 such 
that B,(x) C C, where 


B,(z) = {ue X: lu-al <r} = c4+rBy. 


Hence B, is compact and so X is finite dimensional (see Proposi- 
tion 5.9(a)), a contradiction. Therefore, int C = 0). 


Solution of Problem 5.10 

We know that V is closed in X (see Proposition 5.9). Let {un}js1 GV 
be a sequence such that ||” — up|] \, dist(a,V). Clearly the sequence 
{Un}nsi © V is bounded and since V is closed, by passing to a suitable 
subsequence, we may assume that u, —> u € V in X. Then 


|z — un > ||a—ul] = dist(z,V) and we’V. 


Solution of Problem 5.11 
We set 
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Then for n > m > 1, we have 


nr nm 


lsu — $mll = |] SO zeal] < SO zell, 
k=m+1 k=m+1 
so lim ||sn — %m|| = 0 and thus {s,},., is a Cauchy sequence in X. 
mM—-+00 ee 


So, there exists x € X such that r= lim s,, hence x= > Ip. 
n—- +00 n>1 


Solution of Problem 5.12 
Let {In}n>1 C X be a Cauchy sequence. By induction, we can gener- 
ate a strict increasing subsequence {nx} ,5, of {n},,5, such that 


[|e Bia | 3E VY nom S tig, Sl. 


We define zn, = 0 and yz = %n, — Ln,_, for all k > 1. Then, we have 


Ye llvell < lenill +o ge < +00, 


k>1 k>1 


so 
S> yx is absolutely convergent. 
k>1 
By hypothesis it is convergent. But the partial sums of this series 
equal x,,, i > 1 and so the subsequence {%n;},51 Of {@n}n51 converges 
in X. But, if a Cauchy sequence has a convergent subsequence, then 
the sequence itself converges to the same limit. 


Solution of Problem 5.13 
Let {@n}ys1 G X be a Cauchy sequence. By definition 


|[2n — &m]| < ||en — tml Vm,n 2 I, 


hence { (tal ss C X/7 is a Cauchy sequence. Since by hypothesis 


X/v is a Banach space, we have that 


[tn] —> [y] € X/y 
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for some y € X. Then we can find y, € X such that 
[yn] = [tn — y] and lly lk < [tn — y]| + oe Vn>1 
(see Definition 5.18). 
It follows that y, —> 0 in X, hence {fn —y- i ae CVisa 
Cauchy sequence. Let u € V be such that x, — y — yn —> u. Then 
fn = (fn-—Y-Yn)t+¥n—y — uty 


and so we conclude that X is a Banach space. 


Solution of Problem 5.14 
We argue by contradiction. So, suppose that A is not continuous. Then 
according to Proposition 5.12, we can find a sequence {2p}, C X 
such that x, —> 0 in X and 


| A(@n) ly ae) Vn 1. 


Let 


Un = 
en|lx 


Then u, —> 0 in X and so by hypothesis, we can find M > 0 such 
that 


a contradiction. This proves that A € L(X;Y). 


Solution of Problem 5.15 
Let 


Ze = Iz Ix + ||A(@)||) Vane X. 


5.3. Solutions 911 


Then |- |x is a norm in X and so by Remark 5.23, norms | - |x and 
|| - |x are equivalent. Hence there exists c > 0 such that 


la|x < ellailx Vare Xx, 


so 
|A(z)||y < ellzlix Vaex. 


This proves that A € £L(X;Y) (see Proposition 5.12). 


Solution of Problem 5.16 
Let {2n}ns1 G X be a Cauchy sequence. Since 


Alen) — A@em)|y = llen—2mllx — ¥nzm>1, 


it follows that {A(tn)} ot CY is a Cauchy sequence. Because Y is a 
Banach space, we can find y € Y such that 


A(tn) — y my. 
Note that A! is an isometry too, hence continuous and so 
In —> Al(y) in X. 


This proves that X is a Banach space. 


Solution of Problem 5.17 

“(a) <= (c)”: It is clear from the homogeneity of A. 

“(a) = > (b)”: Clearly, if A is a surjective isometry, then 
aX, __ aY 

A(B,)=B,. 

“(b) => (c)”: Suppose that A(By) = i Then A(OBy) C OBY. 

Suppose that we can find u € 0B¥ such that || A(w) ||, =U <1. Then 


llsllx > 1 and |AG) L 


lly a 
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Let x € 2, be such that A(z) = A(4) with « # 4. This contradicts 
the injectivity of A. Therefore A(0B;) = OB}. 


Solution of Problem 5.18 
Let 
D= X\C = {tEX: A(x) — A(x) in Y}. 


Due to the linearity of the operators, D is a vector subspace of X. Let 
u € C. Then for all A € R and all x € D, we have that 7 + Au € C. 
To see this, note that, if + Au € D, then u € D (since D is a vector 
subspace of X), a contradiction. Hence x + tu € C and soz € C. 
Therefore D C C and so X = CUD CC, ie., X = C, which proves 
that C' is dense in X. 


Solution of Problem 5.19 
Let u € kerx*. Then, since ||x*||,. = 1, we have 


Iz -ull > |(a*,e—u)| = |e", 2) |, 
dist(#,kera*) > |(2",a) |. 


On the other hand, for a given « > 0, we can find y € OB, = {y EX: 
lly|| =1} such that 


Note that 


Therefore 


* |(x* x) |(x* «)| 
dist (a, ker x*) < earn < : 


Since € > 0 is arbitrary, we let « \, 0 and we obtain 


dist(x,kerz*) < | (2*,2) |. 
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Thus finally, we conclude that 


dist(,ker2*) = Kae) Ll 


Solution of Problem 5.20 
(a) Let ue X. Then 


AC@Ilo = Meelis = wax lHEO)| = max, [uo]. 6.12) 
If € is surjective, then €([0, 1]) = [0,1] and so 
peek y WO] = llesleo: 
hence || ACu leo = |lulloo (see (5.12)). On the other hand, if C = 


€((0, 1]) A [0,1], then C is a compact interval in [0,1] and we can find 
a nontrivial closed interval I C [0,1] such that COI = @. Let @e X 
be such that suppt C J. Then, from (5.12), we have ||A(@)||_, = 0 
hence A is not an isometry (in fact it is not even injective). 


(b) Let €: [0,1] —> [0,1] be defined by 
€(t) = 4t(1 -t) Vte (0, 1). 
Then € is surjective and from (a), we have that 
A(u) = uo€ YVuex 
is an isometry. Let h € R(A). Then 
h(t) = h(1-t) Vte (0, 1], 


which of course is not true for all elements of X. Therefore A is not 
surjective. 


Solution of Problem 5.21 
The linear operator is not continuous. To see this let 


tig it) St" Vte [0,1], n 21. 
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Then {tn}ns1 € Ct([0,1]) and 
Pete lle: Sta card! [leis |bege = Vw 1. 
So, we cannot find M > 0 such that 
|| A(un) ||. < M|lunlloo Yn>1, 


hence A is not continuous (see Proposition 5.12). 


Solution of Problem 5.22 
Let {Un}ns1 G V be a sequence such that uw, —> u in X. Then 


Plit,) = Wy ¥ te 


and 
P(un) — P(u) inX. 


So, u= P(u), hence u € V. This proves that V is closed. 


Solution of Problem 5.23 
No. We know that 


()* = 1 = {8 = {enh : llallee = sup len| < too}. 
nel 
Let u* € I© be the constant sequence equal to 1. Then 
ta eg) = 1 Vk>1 


and so {ex},51 C (u*)1(1). Since the latter is closed and convex, we 
infer that C C (a@*)~'(1) and so0 ZC. 


Solution of Problem 5.24 
For a given ¢ > 0, let 


Bi = {yeY: llyly <Z} 
Dy {xe X: |a(x,y)| <e for all ye Bi}. 


3|K 
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The continuity of the map x +> a(x, y) implies that for every y € B:, 
the set {a EX: Ja(x, y)| < e} is closed, hence the set D, being 
the intersection of closed sets is closed. The continuity of the map 
y+ a(x, y) implies that 


L Dn. 


nel 


By the Baire category theorem (see Theorem 1.26), for some integer 
no > 1, we have 
int Dy - @. 
So, we can find 6 > 0 such that for all e € BX(0) = {te X: 
\|z||x < 5} and all y € Bi, we have that |a(zx, y)| < €, hence a is 
90 
continuous at (0,0). Now, if (an,Yn) —> (x,y) in X x Y, then 


Olas Un.) _ a(x, y)| 
(Ln — £, Yn — y) + a(2n,y) + A(z, Yn) — 2a(z, y)| 
A(tn — £,Yn — Y)| + |a(en — x, y)| + |a(z, yn — y)| — 0, 


IN I 


so a is continuous everywhere. 


Solution of Problem 5.25 
By Problem 5.12, it suffices to show that, if a sequence {Yn}ys1 C Y 
is such that 


Yo Ilynlly < +00, 


n>1 


then the series )*> y, converges in Y. Let 2 € X be such that 
n>1 


\|zo||x = 1. By Corollary 5.26, we can find 23 € X* such that 
(29,20) = llaollx = 1. 
Let {An}ns1 C £(X;Y) be defined by 
AG) = (agst) Un Vrex,n>1 


Then 


|Anlle < |lxollx«llynlly Wane] 
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and so >> ||An||z < +00. Since by hypothesis (£(X;Y), || - ||c) is a 
nel 


Banach space, by Problem 5.11, 
S7An 6 A € £(X;¥). 
n>1 

Then 


|| $5 An(#0)—A(20)|| y < \| $5 An—Al| loll x => 0 asm —> +00, 
n=1 


n=1 


sO 
m m 
Sym = (28,20) Syn —> Alao) in Y asm— +00 
n=1 n=1 


and thus 5> yp, converges in Y. So, by Problem 5.12, Y is a Banach 
>1 
space. 7 


Solution of Problem 5.26 
No. To see this, let X = L°(0,1) and let A € L(X) be defined by 


U Yue L*(0,1). 


Let un = 7X4) € L™(0,1) for n > 1. Then |lun|lo = and so 


2 
||’ Ilo0 —> +00. On the other hand 


Solution of Problem 5.27 
By hypothesis 
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Invoking the Baire category theorem (see Theorem 1.26), we can find 
no > 1 such that int N(A") 4 0. Then Problem 5.4 implies that 
X = N(A”) and so A” =0. 


Solution of Problem 5.28 
For n,m > 1 and x € X, we have 


(An - AV@)]ly = ||(A t) + (Am — A)(2)||y 


Se Aattioli + H = ANI 
For a given € > 0, we can find ng = no(e) > 1 such that 
|An-—Amlle < § Vnm >no 

(recall that {An},,51 is || - ||c-Cauchy). So, we have 
||(An—A)(x)||- < §llelixt||(Am-A)(z)||) Va eX, n,m > no. 
Since A(x,,) —> A(x) in Y, we can find No(e, x2) > no such that 

||(Am -A)(2)||y < § Vm>no. 
Therefore, 

|| (An — A)(z)|| < §|lx|| + § VrEX, n>n, 


sO 


|An — Allc <e Vn>no 


and thus A, "S$ A. 


Solution of Problem 5.29 
Arguing by contradiction, suppose that no such y exists. Then the 
set A(BX) is absorbing (see Definition 5.7(a)), hence A(B;‘) is a 
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neighbourhood of the origin in Y, which means that A is surjective, a 
contradiction. 


Solution of Problem 5.30 

Since X is a Banach space and A is an isomorphism onto A(X), it 
follows that A(X) is complete. Therefore A(X) is closed in Y. Since 
by hypothesis it is also dense in Y, we conclude that A(X) = Y, ie., 
A is surjective. 


Solution of Problem 5.31 
“==”: Clearly the continuity of A implies that ker A is closed. 


“<——"”: Suppose that dim A(X) = n and let {e,}7%_, be a basis of 
A(X). Then for every x € X, we have 


A(z) = So Ag(r)ex: 
k=1 


with {A,};_, being linear functionals on X (the coordinate func- 
tionals). For every k € {1,...,n}, let x, € X besuch that A(x,) = ex 
and let us set X, = span {x1,...,%p}. We have 


X = X,@ker A. 


Since by hypothesis ker A is a closed linear subspace of X, dist(x, ker A) 
is a norm for X, and the finite dimensionality of X,, implies that it is 
equivalent to the norm || - || which X,, inherits from X. Hence we can 
find c > 0 such that 


ell] << edist(a; X,,) Vre Xn. 


The finite dimensionality of X, implies the continuity of A, on X, for 
every k € {1,...,n}. So, we can find M; > 0 such that 


[Ac(x)| < Myla]  Vae Xp. 
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Let ue X. Thenu=2+y with x € Xn, y € ker A and 


|Ac(u)| = |Ag(x)| < Mgllal] < cMpdist(x, ker A) 
< cMy\le + yl] = cMgllull, 


so A, is continuous on X for every k € {1,...,n} andso A € L(X;Y). 


Solution of Problem 5.32 
Let Vi = V @ Ra and let h: V, — R be the linear functional, 
defined by 

h(u+ Ax) = dAdist(#,V). 


Evidently h(x) = dist(z,V) and h(w) = 0 for all u € V. Also, we have 
|h(u+Ax)| = |Aldist(z,V) < |Al|/ze- (- ¥)|| = llu+Acll, 
so 
heV* and |All, < 1. 
In addition, we have 
dist(z,V) = |h(x—u)| < |[hlls|]x — ul] Vue, 
so 
dist(z,V) < ||hAl|.dist(a, V) 


and thus 
||Allx 2 1. 


We infer that ||h||. = 1. 
Finally, by the Hahn—Banach theorem (see Theorem 5.24), we can 
find «* € X* such that x*|y, =A and ||z*||, = ||Al|~ = 1. 


Solution of Problem 5.33 

If h is continuous, then the set N(h) = h~!({0}) is closed. Conversely, 
suppose that the set N(h) is closed. If N(h) = X, then h = 0. If 
N(h) # X, let u€ X\N(h) be such that h(u) = 1. For x € X, we have 
x —h(x)u € N(h), hence x = y+ h(x)u for some y € N(h). Suppose 
that 2 = y’ + u for some y’ € N(h) and \ € R. Then h(x) = A (recall 
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that h(u) = 1) and so y = y’. Therefore, X = N(h) @ Ru. Using 
Problem 5.32, we can find a* € X* such that ||x*||, = 1, 2*|w,) = 0 
and (a*,u) = 1. For all x € X, we have x =y+Ah(ax)u with y € N(h) 
and so (a*,xz) = h(x), hence z* = h and so h is continuous. 

If N(h) is not closed, then h is not continuous and since N(h) is a 
proper vector subspace of X, we have h £4 0. Suppose that N(h) 4 X. 
Then for some u € X \ N(h), h(u) = 1 and for some z* € X*, we have 
z*| n(n) = 0, (x*,u) = 1. As above, we show that x* = h, hence x* is 
not continuous, a contradiction. So, N(h) is dense in X. 


Solution of Problem 5.34 
Let {Un}ns1 © span {V, xo} and suppose that un —> u in X. We have 


Un = Yn+t€EnXo, with yn, EV, & €R Vne1. 


By Problem 5.32, for every n > 1, we can find x*, € X*, with ||x* ||, = 1 
such that 


ev = 0 and: (jay = 1. 
So, we have 
llenll = | dens un)| = lEnl|(re,to)| = lel Val 


and thus the sequence {£,},51, C R is bounded. 
Hence, by passing to a suitable subsequence if necessary, we may 
assume that €,, — €. Then 


Un — EnXo > u-—€x% in X, 


hence yn, —> u— €x%9 € V. Therefore u = y + Exo with y ECV, € ER, 
which proves that the set span {V, xo} is closed. 


Solution of Problem 5.35 
Let f,g: X — R be continuous, linear functionals which extend h 
and 


fll = llgll = [Al 
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(i.e., they are Hahn—Banach extensions of h; see Theorem 5.24). Let 
A € (0,1) and let us set 


hy = Af+(1-A)g: X OR. 
This functional hy is continuous, linear. Also, if x € V, then 
Ay(x) = Af(x)+(1-Ajg(z) = Ah(z) + (1—A)A(z) = A(z) 


(recall that fly =h, gly =h). So, hy extends h. 
For every « € X, we have 


rx(x)| < AlF(w)|+—A)|g(@)| < (AILFIFG—Allgll) lel) = (allie 
(recall that ||f|| = ||g|| = ||h|]). Therefore, 

mall < [All = VA € [0,4]. 
Since hy extends h we also have 

laal| > [All = VA € [0,4]. 


We conclude that 


exl| = lll VA € (0,1). 


Solution of Problem 5.36 
By hypothesis Ile" a Il. < e¢ and by the Hahn—Banach theorem (see 
Corollary 5.25), we can find y* € X* such that 


* * 
i and |ly*|lx < e. 


We have 
(u* —y")(x) = 0 Va €kera™, 


sO 
u'—y* = Xx* for some AER. 
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Then 
[1 —|Al] = |lle*lle— lle* —y* le] < lly" lle < e- 


If A > 0, then we have 
jz*— ux = [A -A)a*—y" |], < [L-Al + lly* le < 2¢. 
If A < 0, then we have 


Jc* tut, = | +ANe*+y"l], < L+Al+ llth. < 26. 


Solution of Problem 5.37 

From Proposition 5.37, we know that V+ and Y+ are both closed. 
Next we show that V+ 7 Y+ = {0}. To this end, let u» e Vtn Yt. 
If « € X, then since X = V @Y, we can write (in a unique way) 
r=vt+y, withveV,yecY. We have 


(ut,2) = (ut,v) + (uty) = 0 VareX, 


so 
u* = 0, hence Vt nY+ = {0}. 


Finally, we show that X* = V+ +Y+. To this end, let «* € X* and 
let proj,,, proj, € £(X) be the projection operators, defined by 
proj, (z) =v, proj, (xz) =y Va=vud+y, veV, yey. 


Then u* o proj,, € X* and for all y € Y, we have proj, (y) = 0 and so 
Uo proj,, aye Similarly u* © proj, E€ V+ and u* = uto proj,, +u*o 
proj,,. 


Solution of Problem 5.38 
Let id: (X, ||-||o0) —> (X,||-||) be the identity operator. Suppose that 
Ill 


Un —S u and un ql, y. Then from the two convergences, we have 


Un(t) —> u(t) and u,(t) — y(t) Vte [0,1], 
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so 
u(y) = y(t) Vte [0,1], 

i.e., u = y. Invoking the closed graph theorem (see Theorem 5.50), we 

infer that id is continuous. So, we can find c > 0 such that 


lull < ellullo WueX=C((0,1)). 


Finally an application of Corollary 5.49 establishes the equivalence of 
the two norms || - ||oo and || - ||. 


Solution of Problem 5.39 


Clearly S$ is linear. Let {(%n,S(tn)) } Gr S be a sequence such 


= 
nol = 
that rz, —> x in X and S(z,) —> v in V. Then 


Ala;,) = BIS) Vn21 


and so passing to the limit as n — +00, we have A(x) = B(v), hence 
S(a) =v. Therefore Gr S' is closed and so by the closed graph theorem 
(see Theorem 5.50), we have that S € L(X;V). 


Solution of Problem 5.40 
From Corollary 5.42, we know that A € L(X;Y) and there exists 
M > 0 such that 

|Anllz < M Vn2i. 


We have 


|| An(tn) — A(z) || An(@n) — An(2)||, + |]|An(x) — A(z)||) 


M||en — 2\|x + || An (2) — A(z)||) — 0, 


Solution of Problem 5.41 
Let {@n}ys1 G X be a sequence such that 


In —> &@ inX and A(zt,) — 2 in X*. 
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By hypothesis, we have 
(A(tn)—-A(u),2n—u) = (A(an—-u),tn—u) 2 0 Vn2>1,ueX, 
so 

(x*— A(u),c—u) 2 0 Vue X. 


In the last inequality, we choose u = «+ Ah for \ > 0, h € X. We 
obtain 
—(a* — A(x),h) + 7(A(h), hb) > 0, 


7 (x* — A(ax),h) — A(h),h) < 0. 


Let A \, 0. Then 
(2* — A(z),h) < 0 VRE X, 


hence z* = A(x). So, GrA is closed and invoking the closed graph 
theorem (see Theorem 5.50), we conclude that A € L(X;Y). 


Solution of Problem 5.42 
Let {%n},51 © X be a sequence such that 


In —> @ inX and A(zt,) — 2 in X*. 


By hypothesis, we have 


Gia = Awig) = {AG),u Yuex 
and thus 
(x* — A(z),u) = 0 Vwe xX, 


i.e, «* = A(x). Therefore A has a closed graph and so invoking 
the closed graph theorem (see Theorem 5.50), we conclude that A € 
L(X; X*), 
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Solution of Problem 5.43 
(a) “=>”: Note that 


N(A)+C = A71(A(C)). 


Since A(C) is closed and A € £L(X;Y), we have that the set A~'(A(C)) 
is closed in X. Therefore the set N(A) + C is closed in X. 


“<—": Let N(A)+C be closed in X. Since A is surjective, we have 
that 


A((N(A) +€)°) = A(CY’. 


But by the open mapping theorem (see Theorem 5.47), we have that 
the set A((N(A) + C)*) is open and so the set A(C) is closed. 

(b) Since dim N(A) < +00, it follows that the set N(A)+ V is closed 
(see Remark 5.53) and so by part (a), we infer that the set A(V) is 
closed in Y. 


Solution of Problem 5.44 

From the open mapping theorem (see Theorem 5.47), we can find e > 0 
such that eBY C A(BX), where BX = {x € X: |la|l|x < 1} and 
BY{yeY: |lylly <1}. Therefore for every y € Y with ||y|| = 6 <e, 
we can find z € By such that y = A(x). Let M = + > 0. This is the 
desired M > 0. 


Solution of Problem 5.45 
“==”: Since the set Y is equicontinuous, for a given ¢ > 0, we can 
find 6 = 6(€) > 0 such that 


|A(z)||} < « VAEY, llallx <4, 


sO 
|AGgplly <¢ VAY, rex 
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and thus 
| A(z)|,- < §|lt|lx = Millz|lx VAEY, tEX, 
with M = §. 
So, by the Banach-Steinhaus theorem (see Corollary 5.40), we can 
find M > 0 such that 
|Allc < M VAEY. 
“<=”: By hypothesis, we have 
|A(z)||, < Mllallx Vane x. 
So, for a given € > 0, we choose 6 = d(€) = 7 > 0 and we have 


|| A(z) ||) Ke VAEY, |la\lx <6, 


so Y is equicontinuous. 


Solution of Problem 5.46 
We know that (£(X),||-||z) is a Banach space (see Proposition 5.14). 


Since ||Al|c < 1, the real series )° ||A||% converges. Because 
n20 


|A"Ilc < [Alle Vn20, 


the real series 5> ||A”||c also converges. Hence, by Problem 5.11, we 


n>0 
have 
S = 5 A" € LX). 
n>0 
Let us set ‘ 
Sm = S\A" € L(X). 
n=0 
Then 
Sm — S in Ll(X). 
We have 


||(Gd — A)Sm idl] = A™ Io < [Al 
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Since ||Al|z < 1, we have 


lim (td — A)S,, = id, 


m—- +00 


sO 


(id —A)S = id. 


Similarly, we show that S(id — A) = id. Therefore (id — A)~! € L(X) 
and (id — A)" =S= > A”. 


n>0 


Solution of Problem 5.47 
Since A, —> A in £(X), we can find no > 1 such that 


|An — Alle < 1 Vn no. 
Then, for all n > no, we have 
lid -— Ant All, = [|An’(An-A)||, < [An'IicllAn -Alle < |An’lle < 1, 


so A;,, A is an isomorphism (see Problem 5.46) and thus A = Ay, A; A 
is an isomorphism too. 


Solution of Problem 5.48 
For a normed space V, let 


co(V) = {t= {tn}nsi: Un EV, 2» J OmV}. 
Furnished with the norm 


[Plo = sup |lenl]| < +00, 


Ne 


the space co(V) becomes a normed space (it is a “vector-valued” ver- 
sion of the classical Banach space co). It is straightforward to check 
that if V is a Banach space, then so is (co(V), || - |loo)- 
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For every n > 1, let S;,: co(X) —> co(Y), be defined by 
Sale) = ArG@a Ao), 25 An Ga) ice) 
Also, let S: co(X) —> co(Y) be defined by 
Siz) = {An(tn) ast: 
Then hypothesis of the problem implies that S is well defined. Clearly 
Sn € L(co(X),c0(Y)). 
We have 


SE) — Sn@||Q0 = sup ||Ae(ee) [ly and | lim” sup |lAe(e)|ly = 0 


(by hypothesis), so 
Sn(Z) —> S(Z) V & € o(X), 
thus S € L(co(X);co(Y)) (see Corollary 5.42) and 
(Sic = sup {||S@], + [Bloc <1} < +00. 


For n > landu€ X, let @, = (0,...,0,u,0,...) (where wu is at the 
nth position). Then %, € co(X) and we have 


|SEw|oo S WSllelEulleo = [Sllellullx, 


sO 


||An(w)|]y < [Sllellullx 


and thus 


Solution of Problem 5.49 
“=”; Let A: V x Y —> V+4Y be defined by 


A(v,y) = uty. 
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Evidently A is linear, continuous and bijective. So, by the Banach 
theorem (see Theorem 5.48), A is an isomorphism. Thus, there is a 
bounded linear projection 


proj? V+ Y¥ = V, 
defined by 
proj,(v+y) = v. 
Then, for every v € OB} and every y € OB}, we have 
1 = |lol| = |[proj,(v—y)|| < IIproi, |lcllv — yl, 
so 
1 : V Y 
Tproj Te < dist (OB, , OB; ) 
(since v € OB} and y € OB} were arbitrary). 


“<=”: We proceed by contradiction. So, suppose that V + Y is not 
closed. Then from the first part of the solution, there is no c > 0 such 
that 

elv—yll 2 lull VueVv, yey. 


So, for every n > 1 we can find vz € V and yn € Y such that 
llenl] = 1 and lon + yn 


thus 
|1 _ lyr | _ |llonl _ llr | < Ion + Yn 
and so ||y,|| —> 1. We have 


lem + pearl S llen + ynll + Upper = al 
< f+ llyelliit1-pepll Vreh 


thus 
\lun + all = 0. 


i.e., 7 = 0, a contradiction. 


Solution of Problem 5.50 
“<—": Evidently, if A and S are invertible, then (AS)~! = S-!A-t € 
L(X). 
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‘—=>”: Suppose that AS is invertible. Then we show that A and S 
are both injective. Indeed, if for 4 0 and S(x) = 0, then 


(AS)(x) = A(S(x)) = A(0) = 0 


and so AS is not injective, a contradiction. So S is injective. Similarly, 
if for some z # 0 we have A(x) = 0 (recall that SA = AS). If 
A(X) 4 X, then AS is not surjective, a contradiction. Similarly, if 
S(X) #4 X, since AS = SA. Therefore, invoking the Banach theorem 
(see Theorem 5.48), we have that (A9)~! € L(X). 


Solution of Problem 5.51 
We argue by contradiction. So, suppose that the convergence is not 
uniform on C. Then we can find ¢ > 0, a subsequence of {An},51 © 


L(X;Y) (denoted for simplicity by the same index) and x, € C for 
nm > 1 such that 


| An(tn) -A(tn)||) 2 e Vane. (5.13) 
By passing to a further subsequence if necessary, we may assume that 
In — x inX. 
By Corollary 5.40, we can find M > 0 such that 
|Anllc < M YVn21, |/Alle < M. (5.14) 
Then, we have 


||(An — A)(2n)|]- < |](An — A)@)||y + [|An — A) (en - 2)]| 
[wale (x)|| + [An Ae |x 


An — A)(z)||, + 2M len — a\||x, 


IN IN. IX 


sO 


|| An(@n) — A(zn)||y — 0 asn-— +on, 
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a contradiction to (5.13). Therefore, the convergence is uniform 
on C. 


Solution of Problem 5.52 
“(a) = > (b)”: Let V = R(S). Note that 


llyly = |AS@MIly < IAllcS@Mllx Vee, 


sO 


raqzllvlly < [SMI VueY 


and thus R(S) = V C X is a closed vector subspace. 

Let W = N(A) and let x © VOW. Then x = S(y) for some y € Y 

and so 
y = A(Siy)) = 0, 
sox =0. Therefore V1 W = {0}. 

From the Banach theorem (see Theorem 5.48), we know that 
A: X /w — Y is an isomorphism and for every y € Y, we have 
that y € A(S(y)). Hence X =V+W. Therefore X = V @ W (see 
Definition 5.52). 

“(b) => (a)”: Let V be the topological complement of W = N(A). 
Let proj,, € £(X) be the projection onto V. Let y ¢ Y. Then, since 
R(A) = Y, we can find x € X such that A(x) = y. Let S(y) = 
proj,,(x). Clearly S is well defined (i.e., independent of the choice of 


x € A7+(y)). Moreover, using the isomorphism A: Xl — Y, we 
see that S € L(Y; X) and AS = id,. 


Solution of Problem 5.53 
(a) Let z* € Z*. Then for every x € X, we have 


((S ° Ay*(2");@) = 


sO 
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(b) From the Banach theorem (see Theorem 5.48), we have that 
A-'EL(Y;X). We have 


AA = id, and A'‘A = id,, 


sO 


(A-1)*A* = id), and A*(A!)* = id,, 


Y 


x 


(see part (a)), hence 


Solution of Problem 5.54 
“+”: Follows from Definition 5.33. 


“<—=”: Suppose that D(A*) = Y*. Then, for every y* € Y*, we have 


sup { (y*, A(z))y = llal| <1} = [ly* All, 


so the set {A(x) : ||z|]| < 1} is w-bounded. Invoking the uniform 
boundedness principle (see Corollary 5.40), we see that we can find 
M > 0 such that 


Iz7l<1 => At) < ™, 


soA€ L(X;Y). 


Solution of Problem 5.55 
First we show that 0B, is w-dense in By, i.e., 


BR) ="Bi, 


So, let x9 € X be such that ||xo|| < 1. Let U € Mw(xo) (the filter of 
weak neighbourhoods of 29). We may assume that 


U = {re Xx: | (zi, — ato) | <e for all ke {1,...,m} }, 
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where ¢ > 0 and xj € X* for all k € {1,...,m}. Consider the map 
€: X —>+ R", defined by 


(a) = Ce see): 


This map is not injective or otherwise dim X = m, a contradiction. 
So, we can find up # 0 such that €(uo) = 0, hence 


(o;,uo.) = 0 Vke{l,...,m}. 


Then 
to +Aug9 € U VAER. 


Let us set 
H(A) = ||xo + Auoll VAER. 


Then (0) = ||zo|| < 1 and since ¥(A) —> +00 as A > +00, we can 
find Ao > O such that 0(Ao) = 1. This means that rg+Aguo € OB, NU, 
hence to € OB; . Since xp € By = {x € X: ||2|| < 1} is arbitrary, 
we conclude that OB, = B, (see the Mazur theorem; Theorem 5.58). 
So, we have proved that OB, is w-dense in By. 

Next we show that 0B, is Gs in (Bi, w). Note that 


OB, _ () Un, 


n>1 
where 
U, = {ve By: |\z|| >1-4} Vn>1. 


By the weak lower semicontinuity of the norm functional (see Propo- 
sition 5.56(c)), U, is open in (B;,w), so, we conclude that OB, is G5 
in (Bi, w). 


Solution of Problem 5.56 
Suppose that X,, is metrizable and let @ be a metric on X generating 
the weak topology. Since 0 € OBy, we can find x, € O(nB;) such that 
O(a, 0) < 1. Then x, —> 0 in X and so the sequence {Zn}ns1 CX 
is bounded, a contradiction. 
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Solution of Problem 5.57 
Let x* € X* be such that ||x*||, = 1 and 


ker” =: spat (4.23.9) 
(see Corollary 5.31). Also, let u* € X* be such that 
ao 23) S 1 Vke{l,...,m—-1}. 
Since 0B, is compact, we have 
C= {ee0Ri? ie w= 1) AY. 


Let us choose x2, € C such that 


tn = inf, (a @) < 
Then 
lS site|| S io" te — oe) = em) = 1 Vere {1,...,;%7—1}. 
Note that 


(u", fm — 2p) = (u",ofm)—1 < (u", tm) Vke{l,...,m-—1} 
and so &m — t, ¢ C, hence 


lem — £x|| > 1 Vke{l,...,m—1}. 


Solution of Problem 5.58 
Since by hypothesis {7,},,51 is a norm Cauchy sequence, for a given 
€ > 0, we can find np = no(e) > 1 such that 


In € mt Be VYn>me2no. 
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The set 2m + Bz is closed, convex, so by the Mazur theorem (see 
Theorem 5.58), it is w-closed. Passing to the limit as n + +oo and 
since by hypothesis 

= TeX, 


we have 
0 € m+ Bz Vme2no, 


sO 


Im € B; Vme2no 


and thus x, — 0 in X. 


Solution of Problem 5.59 
We know that 


X = LU nBi and w-int(nB,) = @. 


n>1 


So, Xy is a countable union of nowhere dense sets, thus it is of the 
first Baire category (see Definition 1.25). 


Solution of Problem 5.60 

Since {%n},51 G C and the set C is compact, we can find a subsequence 
{Tn }p>1 Of the sequence {Xp},,5, such that x, —> y in X for some 
y € X. We know that zp, "> a in X. Therefore y = x. Hence 
every subsequence of 12nbass has a further subsequence that norm 
converges to z in X. Thus by the Urysohn criterion (see Problem 1.3), 
we conclude that the original sequence norm converges to x in X. 


Solution of Problem 5.61 
Let {ta}acy be a net in X such that 2. “> x in X. Then 


(y* 0 A)(ta) —> (y*oAl(z) Vy EY", 
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so 
Cy Awa) yy — (y*, A(z))y Vy e€Y* 
and thus 


A(tq) > A(z). 


Therefore A € £(Xw;Yw) and invoking Proposition 5.61, we conclude 
that A € £(X;Y). 


Solution of Problem 5.62 

“+”: From Proposition 5.61, we have A € L(Xw;Yw) (Xw being the 
Banach space X endowed with the weak topology). In particular then 
AE L(X;Y,). 

Alternatively, recall that the weak topology is smaller than norm 

topology. Therefore directly from the definition of continuity, we have 
that if A € £(X;Y) then A € L(X;Y,,). 
“<—": Let tn —> xin X and A(rzp) —> y in X. Since by hypothesis 
A € L£(X;Y,), we have that A(r,) “> A(x) in Y, hence y = A(z) 
and so Gr A is closed in X x Y. By the closed graph theorem (see 
Theorem 5.50), we have that A € L(X;Y). 


Solution of Problem 5.63 
Let {xj }~f_, C X* and e > 0. For i: V —> X being the identity 
(inclusion) map, let vz = a, 07 € V* for all k € {1,...,n}. We have 


{veV: | ata | eter all k= 1ascym} 

= {veV: | {on ve | <2 forall K—1,...,m} 

= Viii@ex> |\@.ay| <2 toralk—L...,n} 
V OU (0; {xe} Rise) 


U (0; {ug } e135 €) 


I 
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(see Remark 5.55). Next, let {vz}?_, C V* and e > 0. Let 2% € X* 
be the extension of vj € V* on all of X for all k € {1,...,n} (see 
Corollary 5.25). Then reasoning as above, we show 


Vn U (0; ee ae e) = U (0; {Up} he e). 


Therefore, the two topologies coincide on V. 


Solution of Problem 5.64 
Let {ta}oery C C+ E be a net and assume that 


W ° 
La —> x inxX. 


We have 2a = Ca + €a with {casaey C C and {eghacy C E. Since E 
is w-compact, we can find a subnet {eg}ge, such that eg Seep 
in X. Then 


ce = tg- eg “ys; @r7-e=ceEC inX. 


So, x =c+e with c€ C,e € E, hence x € C+ E and we conclude 
that C+ E is w-closed. 


Solution of Problem 5.65 
Let 


Xe=4e= {2n}ns1 i Tn #0 only for a finite number of n’s}. 


We furnish Xo with the || - ||:-norm. Clearly (Xo, || - ||1) is a noncom- 
plete normed space. Let €, > 0 be a sequence such that €,; —> oo. 
We consider the sequence {77,},,51 C X$, defined by 


(oe) = ay Vn21, ©={In}ns1- 


Let C* = {0} U aa n> 1} C X>. Note that 


Ena xs = & — +00 asn-—> +00, 
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so the set C* C X@ is unbounded. On the other hand, for every 
zx E Xo, we have 


(EnZn)0) = Extn —? 0 asn—-+oo 


so the set is w*-bounded. 


Solution of Problem 5.66 
“+”: Follows from Proposition 5.65(c). 


“<—”: A norm |-| on X which is the predual norm of |-|, is given by 


= : = |(x* x) 
el) = sud Gee) le pl = SUP ih 
a*A~0 
Then, we have 
. = (x*,a)| |(x* «) | 
sup {| (*,2) | || <1} sup sup CHD 
«tA~0 zA40 sup 7 
Utz Ju |x 
[(x* x) ||" |e __ 


Let 


g(a") = sup {| (e*,2)|: [el <1}. 
Suppose that for some x«* € X* we have 
E(x") < |a"|s, 
so 
rE(x") < |x" |x, 


for some A > 1. Note that 


pee Bi = {v* Ee X*: ||, <1}. 


[x*]« 
Also, from the choice of A, for every x € X, we have 


y lier2) 


“eas sup el = sup {| (u*, 2) | : ju" |< 1}. 
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i 
r* Riil* 

So, |z*|x E By, 
is not w*-lower semicontinuous, a contradiction. 


, hence Bir is not w*-closed which means that | - |, 


Solution of Problem 5.67 
(a) Let y € ext A(C). Let Co = CNA(y). Since A € L(Xw; Yu) 
(see Proposition 5.61), we see that Co C X is w-compact and so, we 
can find ug € ext Cp such that A(uo) = y. Let uo = 5(x + 2) with 
x,z€C. Then 

A(uo) = y = 3(A(a) + A(z). 
Since y € ext A(C), we must have 

A(x) = A(z) = A(uo); 


hence x,z € Co. Since ug € ext Co, we must have x = z. Therefore 
ug € ext C and so we conclude that ext A(C) C A(ext C). 


(b) Let  € C\extC. Then x = $(u+z) with u,z € C, u # z. Since 
1 
Az) = 5 (A(u) + A(z)) 
and A(u) 4 A(z) (A being an isomorphism), 


A(C \ ext C) C A(C) \ ext A(C). 


Since A~! exists (A being an isomorphism), we also have opposite 
inclusion. Therefore A(ext C) = ext A(C). 


Solution of Problem 5.68 
“+”: We assume that X is finite dimensional with m = dim X. Let 
{ex }i_, C X be a basis of X. For « € X, we have 


m 
L = ) ARECk 
k=1 
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and then let us set 
hale) = Ap Vke{l,...,n}. 


Then {hx }~_, C X* (see Problem 5.15), they are linearly independent 
and span X*. Therefore dim X* = dim X =m < +o. 


“<—”: Suppose that X* is finite dimensional. Then from the previous 
part of the solution, we infer that X** is finite dimensional too and 
dim X** = dim X*. Let 7: X —> X*™ be the canonical embedding 
(see Definition 5.68). We know that 7 is an isometric isomorphism. 
Moreover, from the Goldstine theorem (see Theorem 5.70) and since 
X** is finite dimensional, we have that j(X) = X** and so dim X = 
dim X** < oo. 


Solution of Problem 5.69 

“—": Let V = span” D and suppose that X* # V. Then 
by the strong separation theorem (see Theorem 5.29), we can find 
ge (X*.)* = X such that c|y = 0 and « £0. Then 


(2) = 0 Va" ED 


and so D is a non-separating family, a contradiction. 


“<—”: Suppose that D C X* does not separate points. Then we can 
find « € X \ {0} such that 


Cie a) =O) Va" eD. 


Then 
Cay =o V a* € span” D 


and so we conclude that span” D # X. 
g 


Solution of Problem 5.70 
“==>”: We argue by contradiction. So, suppose that 


aye ee 


AY)” A X*. 
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Then, by Corollary 5.31, we can find x € (X;.)* = X, x £0 such that 


x| = 0, 


aw)” 
By definition, we have 
0= (AY), 2), = YAG)y VyreY, 

so A(x) = 0, hence x = 0 since A is injective, a contradiction. 
“<—”: Suppose that A(x) = 0. Then 

Ag), =O Veer", 
hence 

(A*(y*), 2) x = Vy eEyY™. 


Since by hypothesis A*(Y*)" = X*, we infer that x = 0. Therefore 
A is injective. 


Solution of Problem 5.71 
Let X be a nonreflexive Banach space and let 


By = {ce X >» ||| <1}. 


Then B, is closed, convex in X**, but by the Goldstine theorem (see 
Theorem 5.70), it is not w*-closed. So, the Mazur theorem is not valid 
for the w*-topology. 


Solution of Problem 5.72 
Let X be a normed space and let 7: X —> X** be the canonical 
embedding. We know that 7 is an isomorphism onto V = 7(X) C X™. 
Let 

xX -= VY, 


Then X is a closed subspace of X** which is a Banach space and V 
is dense in X. Since V is isometrically isomorphic to X, we conclude 
that X is dense in a Banach space. 
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Solution of Problem 5.73 
Let 
K = By = {ate X*: ll" <1} 
furnished with the relative weak* topology. By the Alaoglu theorem 
(see Theorem 5.66), this is a compact topological space. Recall that 


using the canonical embedding, we can view X as a vector subspace 
of X**. Then every x € X belongs in C(iv) and 


lel =sup {| (a*,2) |= la*|k < 1} 
= sup {|x(2*)| : a €K}=|l2\locx)- 


So, X is isometrically isomorphic to a subspace of C(K). 


Solution of Problem 5.74 - 
By hypothesis A(B; ) is relatively w-compact in Y. Viewing A(B; ) 
as a subset of Y**, we have 


x w* —v 
A(B; ) = A(B;) , 
since w-compact sets in Y are w*-compact sets in Y**. Since the set 


A(B;) is convex, by the Mazur theorem (see Theorem 5.58), the last 
equality becomes 


—————_p* —=———— 

AB) = A(B?) C Y. 
But by the Goldstine theorem (see Theorem 5.70), By is w*-dense in 
B, , while it is easy to see that A*™* € L(XR2; Yi). Hence 


w*) 


A*(B} ) ¢ ABT) C Y, 


sO 


Solution of Problem 5.75 

Let {vx}ns1 © V~ be a sequence such that ||u* — vx||, \. m+ as 
n — +00 (see Definition 5.36(a)). Then the sequence {vy }y51 C V+ is 
bounded. So, by the Alaoglu theorem (see Theorem 5.66), the sequence 
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{un }ns1 is relatively w*-compact. So, we can find a subnet {vi }acs 
of {Un }ns1 Such that 


yt 2 oO in X* 
and 0* € V+. From the w*-lower semicontinuity of the norm function 
(see Proposition 5.65(c)), we have 


u* —Ol], < liminf |lu* —o*|, = mt and @ © Vt, 
acd i 


sO 


Solution of Problem 5.76 
Recall that the w*-topology of X** restricted on X C X** equals the 
w-topology of X. We view C as a subset of X**. If we can show that 
a C X, then clearly we are done. 

By hypothesis, we have 


* * 


G £ Oia, = OC” +eB, = C,+6€B 


(by the Goldstein theorem; see Theorem 5.70), so 


Solution of Problem 5.77 

Let X be an infinite dimensional subspace of J and suppose that X 
is reflexive. Then By = {ue X: |lulla < 1} is w-compact (see 
Theorem 5.73). Then from the Schur property (see Remark 5.57) 
and the Eberlein-Smulian theorem (see Theorem 5.78), we have that 


By is compact which in turn implies that X is finite dimensional, a 
contradiction. 
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Solution of Problem 5.78 

From Proposition 5.37(a), we know that V+ is a closed vector sub- 
space of X*, hence it is reflexive. Since (X Iv) is isomorphic to V+ 
(see Proposition 5.38), we infer that (X al is reflexive. Invoking 
Theorem 5.76, we conclude that X/;7 is reflexive. 


Solution of Problem 5.79 
Let {uy }ns1 G C be a sequence such that 


Ila" —unlle Nv dist(a*, C+). 


Evidently {u;,},51 is a bounded sequence and so by the Alaoglu theo- 
rem (see Theorem 5.66), {u;,},51 is relatively w*-compact. So, we can 


find a subnet {ug focus of {un },5, such that uZ, “", u* in X*. Since C 
is w*-closed, we have u* € C. Also, from the w*-lower semicontinuity 
of the dual norm (see Proposition 5.65(c)), we have 


|Ia* —u* lle < liminf ||2" — walls = dist(z*,C) and u* EC, 
a 


sO 


Solution of Problem 5.80 

“——”: Since C is w-closed (by the Mazur theorem; see Theorem 5.58) 
and X is reflexive, this implication is a particular case of Problem 5.79. 
“<—”": Suppose that X is not reflexive. Then by Theorem 5.76, we 


can find 2* € X*, with ||z*||, = 1 which does not attain its norm. 
Then 


dist (0, (x*)~*({1})) =1< |z|| V «2 € (a*)—4({1}). 
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but the set («*)~1({1}) is closed, convex, hence by hypothesis proxim- 
inal, which contradicts the above inequality. 


Solution of Problem 5.81 
Let u € X be such that \ = y(u) < +00 and consider the set 


C = {rEeX: g(x) <A}. 


The convexity and lower semicontinuity of y imply that the set C is 
convex, closed, hence by the Mazur theorem (see Theorem 5.58), C 
is w-closed. Moreover, the coercivity hypothesis on y implies that C 
is bounded. Therefore, from the reflexivity of X, we have that the 
set C is w-compact (see Theorem 5.73). The functional y: X —> 
R = RU {+00} being convex, lower semicontinuous, is weakly lower 
semicontinuous (see Corollary 5.60). Hence by Theorem 2.86, we can 
find xo € C such that 


p(to) = inf y(@). 
rEC 


If z € X\C, then y(x) > Ao and so 


Solution of Problem 5.82 
From Proposition 5.61, we know that A € L(Xw;Yw), while from 


Theorem 5.73, we have that a is w-compact. So, the set A(By) CY 
is w-compact, hence w-closed. Therefore the set A(BY) is closed. 


Solution of Problem 5.83 . 
The operator A: X/N(A) —+ Y, defined by A((z]) = A(x) is an 
isomorphism. Therefore Y is isomorphic to X/ N(A): But since X 


is reflexive and N(A) C X is a closed vector subspace (recall that 
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AéL(X;Y)), from Problem 5.78, we have that the space X/N(A) is 
reflexive. Then by Theorem 5.76, we conclude that Y is reflexive. 


Solution of Problem 5.84 

“(a) == (b)”: Let {C,},5, be a sequence of nonempty, closed, convex 
and bounded subsets of X. For every n > 1, the set C), is w-closed (by 
the Mazur theorem; see Theorem 5.58) and bounded. Then the reflex- 
ivity of X implies that for every n > 1, the set C,, is w-compact (see 
Theorem 5.73). Since the sequence {Cr} asi is decreasing, Cy, C Cy 
for all n > 1 and the family has the finite intersection property. Then 
Theorem 2.81 implies that 


()Cn # 0. 


nel 
“(b) ==> (a)”: Let 2* € X* \ {0} and let 
On = {mEX: |z|| <1, @*,2) > |lz*|.-— 4}. 


Evidently {Cr}ns1 is a decreasing sequence of nonempty, closed, 
convex and bounded subsets of X. Hence by hypothesis, we have 
() Cr #0. Let x € () Cy. Then 


n>1 n>1 
lz] <1 and (e*,2) > |e*,-2 Vane, 


sO 


Ill] < 1 and (2*,2) = |e". 


Since «* € X* \ {0} is arbitrary, from Theorem 5.76, we infer that X 
is reflexive. 


Solution of Problem 5.85 
Let V = A(X) and suppose that it is a closed vector subspace of Y. 
Since Y is reflexive, V is reflexive too, while A: X —> V is an 
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isomorphism (see the Banach theorem; Theorem 5.48). Then by Theo- 
rem 5.76, X is reflexive, a contradiction. 


Solution of Problem 5.86 

No. Indeed, if A(/') C I? is closed vector subspace of I?, then V = 
A(I*) is reflexive (see Proposition 5.77 and recall that /? is a Hilbert 
space, thus reflexive). From the Banach theorem (see Theorem 5.48), 
we have that A: 1‘ —> V is an isomorphism and so Theorem 5.76 
implies that I is reflexive, a contradiction (the result also follows from 
Problem 5.85). 


Solution of Problem 5.87 
Let {tn}n51 CG X be a sequence such that for every z* € X*, 


lim (2*,2,) exists. Then, by Corollary 5.43, the sequence {x,},., 
n— +00 7 


is bounded. Since X is reflexive, Corollary 5.75 and the Eberlein— 
Smulian theorem (see Theorem 5.78) imply that there exists a subse- 
quence {%n,},5, Of {{n},51 Such that rp, —“s x in X. Hence 


lim (@*,am) = lim (2*,m,) = (aa) Wate Xt, 


‘W ° 
sO 2, —> xin X. 


Solution of Problem 5.88 
First, we show that 


inf |jx — = 0. 
inf ll — f(@)|| 
To this end, we fix u € C and for € € (0,1), we consider the map 
f(z) = eu+(1—e)f(z) Vanecd. 
Since C' is convex, we have f-: C —> C. Note that 


\|fe(x) -fe@)|| < -e\lle-yll Vayec. 
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Invoking the Banach fixed point theorem (see Theorem 1.49), we can 
find a unique x- € C such that f(x-) = x-. We have 


Ice — f(xe)|| = lew + (1 — €)f (ae) — f(ae)|| 


ellu — f(ae)|| < ediamC, 


0) 
\|z- — f(xe)|| — 0 ase\0 


(recall that the set C' is bounded). This proves that inf, \|e- Fiz) | =) 
We can find a sequence {%},5, © C such that 


\|en — f(zn)|| — 0. 


Since the set C is w-compact and {%n},5, © C, by the Eberlein— 
Smulian theorem (see Theorem 5.78), we may assume that 


ie — eC. 
We have 


l|zn — F@)I|° - [en - 2? 
= (||2n — f(en)|| - llen — all) (|e — f(@)|| + Ilan — 2Il) 
< lan — f(2n)|| (\lan — f(x)|| + llaen — 2l]) — 0. 


On the other hand, we have 


tn —- f(@)||’ = llen-2t+a- f(2)|)? 
= (Ga-2)+ =f); Ga- 2+ @—f@))y 
= |\z_ — 2? + |ja — f()||° + 2(ay,—2, x cal 
ttm — f(2)||? - lla - all? — || - #(@)|)? 


(recall that x, > x in X). Thus, we conclude that 


and so x = f(z). 
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Solution of Problem 5.89 
We know that 


|Allc = sup {||A@)||) = lela = 1}. 
We can find a sequence {%n},51 © AB such that 
|Alen)|ly — [Alle 


By the Eberlein theorem (see Theorem 5.78) and by passing to a suit- 

able subsequence if necessary, we may assume that xz, —> x in H, 
SH 

x € B, . We have 


|Al@n) — A@|", < NlAllzllen — allie: (5.15) 
Note that 
Ita 21%, = Ga—2,2n—2)q = |lenll3e + [lel —2@n.2)y 
= 14 ]el?-2(en,2)y, 
so 
Him, len — oll = 1 — [lel 


Also, we have 


|| A(en) — A(a)||7, 


(A(z) — A(z), A(tn) — A(z) y 
|A@n) Ip + |A@|ly — 2(A@n), A) y- 
From Proposition 5.61, we know that A € L(Hw; Vw) and so 

A(an) > A(x) in V. 
So, if in the last equality, we pass to the limit as n + +00, then 


fim, ||A@n) - A@)|ly = [Alle — IA@)II- 


Returning to (5.15) and passing to the limit as n — +00, we obtain 


NAll2 - |A@|h, < (Allz - WAllz lel 
sO 
|Allellella < ||A@|) with |lz¢ll7 <1 
and thus 
|A(z)||, = [lAllellellz- 
If x £0, then 


AG. = lAlle 
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and since | ia 4 = 1, we contradict our hypothesis. Therefore x = 0 


and so tn, —> 0. 


Solution of Problem 5.90 
First we show that F is single-valued. Let x}, 23 € F(x). Then 


(vj,2) = |lx|? = llaglle for k = 1,2. 

So, we have 

Ql llellell < lei + |e? = @i+23,2) < lap t23llsllell, 
thus 

lei < pllet + 2 Il.. 

Since ||x7||. = ||v5||. and X™* is strictly convex, it follows that xj = x3, 
i.e., F is single-valued. 

Let t, —> X in X. Then ||F(zn)|| = |lzn|| — ||al]. Note that 
the sequence (F (On) Fos C X* is bounded and X™ is reflexive (since 


X is). So, we may assume (at least for a subsequence) that 
F(t,) —> a* in X 


(see Theorem 5.73 and the Eberlein-Smulian theorem (see Theo- 
rem 5.78)). We have 


. <4, ee a = 
(o*,h) = lim (F(a),h) < lim |jxnl|lfAl| = [alla Whe X 
and 
* _ : —_ : 2 2 
(o*,2) = lim (Flem),a) = lim |leall? = (lol? 
Therefore 
lz"l|k = |x|], 


16, o = F(x), 


5.3. Solutions 951 


Then, by the Urysohn criterion (see Problem 1.3), for the original 
sequence, we have 


Pits) “, F(x) in X, 


so F is sequentially continuous from X into X%. 
Finally, let x,uw€ X. Then 


(F(a) — F(u), 2-1) = (F(x), 2) — (F( ),u) — (F( ),a) + ely 


2 Jol? — 2hel ll + Tul? — = (ah — al) 2 0, 


so # is monotone. 


Solution of Problem 5.91 
(a) No. First let 


X= @ = {P= {en).57% Gx 0} 
furnished with the norm 


l@lles = sup le, VEEX. 


n>1 


Let @* = {ok = 2 Onk b asy for all k > 1 and let us set C = ee 
U {0}. Evidently e* —> 0 as k + +00 and so the set C is compact. 
But 


= ) xe € tonvC, 2 ¢convC. 


k>1 


Therefore, the set conv C is not closed (in particular then conv C is 
not compact). 


(b) No. Next, let 
— 1 = {2n}n>1 : Xn #0 only for a finite number of n}. 
We furnish X with the supremum norm 


IZlloo = max |p]. 
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Note that (X,||-||x) is not a Banach space. Let C be as above. Then 
C is compact in X, but 
= Lowe 


k>1 


and so & ¢ conv C.. Let 


n-1 
1ak it 
tin = y aE Le eat Vno1. 
k=1 


Then {Un}n>1 C conv C is a Cauchy sequence, but it is not convergent 
in tonvC’. This proves that tonvC is not compact in X (hence in 
Theorem 5.86 completeness of X is crucial). 


Solution of Problem 5.92 
We have 


m 
= So Antn with r1,...,am€C and A,...,Am > 0, 
k=1 
m 

Sod 

k=1 
We assume that this representation of x is so chosen that x cannot 
be written as a convex combination of fewer than m vectors from C. 
This implies that all vectors {x;,}/"., are distinct and \1,...,Am > 0. 
We will show that m <n+1. Arguing by contradiction, suppose that 


m>n+1. Then {x;,}7., must be affinely dependent and so we can 
find t1,...,tm € R not all zero such that 


m m 
S> te@lk = 0 and > tr = 0 
k=1 k=1 


Let r > 0 be such that Ay, +t,r > 0 for all k € {1,...,m} and at least 
one of them is zero. Such a choice of r > 0 is nosable. since all A; are 
positive and at least one of ty, is negative. Then 


m 


L= S On + ter) te 


k=1 
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If we drop the zero coefficients, we have a convex combination of fewer 
that m vectors in C’, which contradicts the minimality of m. Therefore 
m<xntl. 


Solution of Problem 5.93 
Let n = dim X and let 


n+1 
B= {X= {ett e Ret: SoA, =1} 
k=1 


and consider the map h: E x X"+! —+ X, defined by 


n+1 
h(A, 21,---,En41) = S> Ap k- 
= 


Evidently h is continuous, while E and C"+! are compact sets. 
Hence h(E,C"*!) C X is compact. But according to Problem 5.92, 
h(E,C"*') = conv C. Therefore conv C is compact. 


Solution of Problem 5.94 
Let U be a convex neighbourhood of the origin. Since C’ is totally 
bounded, we can find a finite set F C X such that 


1 
Ce Pt st 


(see Definition 5.7(c)). From Problem 5.93, we have that conv F' is 
compact. Let « € conv C. Then 


m m 
e = Sods with (oS, Ayes Am 20, Se Si 
k=l k=] 
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For each k € {1,...,m}, there exists y, € F such that x, © yz, + 5U, 
then 


w= So AR(te— Yn) + >> Aye, D> AR(TE- YR) EU 
k=1 k=1 k=1 
(since U is convex) and 


m 
So RUE € conv F. 
k=1 


Therefore 
convC’ C conv F' + 5U. 


But conv F' is compact. So, we can find a finite set Fo C conv F’ such 
that 


1 
conv FC fo + 5U. 


So, finally we have conv C' C Fg +U, which shows that conv C is totally 
bounded. 


Solution of Problem 5.95 

Since C' is compact, it is totally bounded and so by Problem 5.94, 
the set conv C' is totally bounded. Because X is a metric space (see 
Definition 5.5(a)), it follows that conv C' is compact. 


Solution of Problem 5.96 
Evidently X* with the norm topology is a Polish space (see Defini- 
tion 2.150). Also 


Ae = U (nB,,w"), 
n>1 
where B; = {a* € X*: ||x*||, <1}. Since X is separable (X* being 
separable), by Theorems 5.66 and 5.86(a), (nBy, w*), the set nB; with 
the relative w*-topology is a compact metric space, hence also a Polish 
space. Then 


Xix = LJ (nBi,u*) 


n>1 
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is a Souslin space (see Definition 2.156 and Proposition 2.159). But 
then invoking Corollary 4.36, we conclude that 


Solution of Problem 5.97 
Let 
a {& = {In}ns1 > |Z |l100 = sup |tn| < +00}. 
NZ 


We know that /°° is a nonseparable Banach space (see Problem 1.18) 
with the |] - ||oo-norm. Let {un},5, © Cp((0,1)) be a sequence such 
that 


suppUn CG Festa and ||Un|lo = 1 Vn. 


Let A: I —+ C;((0,1)) be defined by 


AG). = S- Typing: 
nel 
Evidently A € £(1°°;C,((0,1))) and it is injective. So, Cy((0, 1)) con- 
tains an isometric copy of [°° which is nonseparable, hence Cy((0, 1)) 
cannot be separable. 


Solution of Problem 5.98 
We consider the nonseparable Banach space X = I% (see Prob- 
lem 1.18). For n > 1, let u,: [°° —> R be defined by 


iis) = By V @={anhnoi €l™. 
Clearly, 
Un € I)" and |lun||qooys = 1 Vn 1. 


By the Alaoglu theorem (see Theorem 5.66), the unit ball in (/°°)* is 
w*-compact. Suppose for the moment that the Eberlein—Smulian theo- 
rem was valid in the w*-topology. Then we can find a w*-convergent 


956 Chapter 5. Functional Analysis 


subsequence { tn, } ror Of {Un}nsi- Hence cae k>1 1S convergent for 
every © = {Xn},5, € 1°, which of course is not true. Therefore the 
sequence {Un},5, cannot have any w*-convergent subsequence and so 
the Eberlein—Smulian theorem is not true for the w*-topology. 


Solution of Problem 5.99 
By the Alaoglu theorem (see Theorem 5.66) and Theorem 5.85(a), 
the dual unit ball By = {x* € X*: ||x*||, < 1} furnished with the 
w*-topology is a compact metric space. So, we can find a sequence 
{Ui tas1 © B; such that By = {ug}ysi- Let A: X —+ I be de- 
fined by 

Ala) = 4 Wine) test Vane X. 
Then 

lal) = sup | (uz,2) | = ||A@||0 

k>1 


and so A is a linear isometry into 1. 


Solution of Problem 5.100 

Let {2n}n51 G C be a sequence and let V = span {%n},5,- Then V 
is a separable, closed subspace of X. So, by hypothesis the set CN V 
is w-compact. Since {%n}ns, GC COV, from the Eberlein-Smulian 
theorem (see Theorem 5.78), we can find a subsequence {%n,},51 of 
the sequence {%p},,, such that rn, —“s x in V, hence in X too. We 
have that x € CNV and so once again the Eberlein—Smulian theorem 
implies that the set C is w-compact. 


Solution of Problem 5.101 
Since by hypothesis, X is w-separable, we can find a countable set 
DCX such that D” = X. Consider the set 


E = spangD 


(the set of linear combinations of elements of D with Q-coefficients). 
Then the set E is countable and norm dense in V = span D. From the 
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Mazur theorem (see Theorem 5.58), we have that X = V=V-" and 
so E = X, which proves the separability of X. 


Solution of Problem 5.102 

Since X is separable, we can find a sequence {2n}n>1 COB, = ie € 
X: |\x|| = 1} such that 0B, = Tet sss By Corollary 5.26, we can 
find a sequence {2},},,5, © OB} such that 


te Sl Vn 1. 


If z € OBy, then we can find an index no > 1 such that ||z—an9|| < 4. 
Then, we have 


1 


(Thor Eno — 2) S [leno — 2l] < 9, 


no? "no 
sO 
2 < (i) - 


Because X = LJ r0Bj, we conclude that the sequence {x7,},5, © OBY 
r>0 
separates points in X. 


Solution of Problem 5.103 

Recall that 0 € OBS, where OBS = {2 € X: ||, = 1} 
(see Problem 5.55). Suppose that X* is separable. Then by Theo- 
rem 5.85(b), the set (BS, w) is metrizable. So, we can find a sequence 
{Znhusi G OBS such that, —“ 0 in I’. Since I! has the Schur prop- 
erty (see Remark 5.57), we have that x, —> 0 in 1', a contradiction. 


Solution of Problem 5.104 

Let By = {x* € X*: |\x*||, <1} and let (By, w*) denote the set By 
equipped with the relative w*-topology. From the Alaoglu theorem 
(see Theorem 5.66) and from Theorem 5.85(a), we know that the set 
(By, w*) is compact and metrizable, hence it is a Polish space (see 
Definition 2.150). Then 
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Xe = LU n(B,w*) 


nel 


is a Souslin space (see Definition 2.156 and Proposition 2.159(c)). 


Solution of Problem 5.105 
Let X be a separable Banach space and let {fn}n>1 be a sequence 
dense in By = {x € X: ||x|| <1}. Let A: 1’ — X be defined by 


=o wee VAS Deere: 


n>1 


We have 


AQ) < So YAnlllenll < So Vnl = Alle, 


nel n>1 


so A € L(I'; X). 

We claim that A is surjective. Due to the linearity of A, it suffices 
to show that it is onto B,. So, let 2 € By. We choose rp, € {In}n>1 
such that ||z — 2p, || < 5 and then we a Cio = {not such that 
|2(@—2n,) —2n9|| < $ (so also || x — ( (fn, +5 sive) | < 3) and ng > 74. 
Suppose that rp,,...,@n, have been ee with ny g ng <<... < Ng. 
We choose %n,,, € {Tn} p51 Such that 


k+1 


=1 


Let A, = 0, if n # nz for all k > 1 and A, = 


A 
< 5RFL and Nk+1 > Np. 


yer ; ifn = ny. Then 


X= (rnkuor € Ut and AQ) = 2. If N = N(A), then A: I /yy — X, 
defined by 
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Solution of Problem 5.106 
“+”: Let kK =C and let us proceed indirectly. So, suppose that the 
sequence {xz}, },5, C X* does not w*-converge to 0 uniformly in K. 


Then we can find ce > 0 and {fn}n>1 C K such that 
[ota | Se Vn>1. 


Since K is compact, by passing to a suitable subsequence if necessary, 


we may assume that 7, —> x € K. Also, since x* ae 0, we can find 
M > 0 such that 


le*|le < Mo Vn>1. 


Let no > 1 be such that 


|2n — =| < oa Vn eno 
Then 
| se) | 2 | (tsi) | = (ete _— z)| 
> e—llxtlallen—2| > §  Vn>n0, 


which contradicts the fact that «7, 0) 

“<—": Let K = (Bi, w*), where B; = {x* € X*: ||x*||, <1} and 
w* denotes the relative w*-topology on B,. By the Alaoglu theorem 
(see Theorem 5.66) and of Theorem 5.85(a), the set AK is compact 
metrizable. From Problem 5.73 (see its solution), we know that there 
exists an isometric isomorphism A of X into C(k). Suppose that C 
is not bounded. Then we can find a sequence {%,},5, G C such that 
|zn|| > for all mn > 1. Let ux € X*, |luz ||, = 1 be such that 


| Caan) | Vn21. 


We set vx = tn . Then ||v* x 0 and in particular v* —> 0, but 
p 
n m, n n ’ 


| (OF an) | > Jn for all n > 1, contradicting our hypothesis. So, C is 


> 
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norm bounded. Hence, we can find M > 0 such that ||z|| < M for all 
re CG, Then 


|A(x)|| < [Allellel] < MI|Alle Vere, 


so A(C) C C(K) is equibounded. 
We will show that the set A(C) is also equicontinuous. Let x*, —> 
x* in K = C and arguing by contradiction, suppose that we can find 


é > 0 and a sequence {%n},5, CG C such that 
| a =a" a,) | Ze Vu 2 i. 


Since x7 — a* “". 0 in X*, this contradicts our hypothesis. So, 
A(C) C C(Kk) is equicontinuous. By the Arzela—Ascoli theorem (see 
Theorem 2.181), the set A(C) is relatively compact in C(/‘) and since 
A is an isometric isomorphism, C is relatively compact in X. 


Solution of Problem 5.107 

Clearly the set C' is also w*-compact and id: (C,w) —> (C,w*) isa 
continuous bijection, hence a homeomorphism. From Theorem 5.85(a), 
(C,w*) is compact metrizable, hence separable. Then so is the home- 
omorphic space (C,w). Let D C C be a countable set such that 
D” =C. Let Y= spang D (spang denoting rational linear combina- 
tions). Then Vo is countable and Vp = V = Span D. Hence V is norm 
separable, closed vector subspace of X*. Note that C C V and so C 
is norm separable. 


Solution of Problem 5.108 
First suppose that X* is separable. Setting B) = {x € X: |x|] < 1}, 
from Theorem 5.85(b), we know that (B,,w) (w denoting the relative 
weak topology on B,) is metrizable. Moreover, from Problem 5.55, 
we know that OB; = By. So, we can find a sequence {fn}n>z1 © OP1 
such that 2, —> x in X. 

Now suppose that X is reflexive. Since X is infinite dimensional, we 
can find {Un},s,; © X linearly independent. Let V = span {un},51- 
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Then V is infinite dimensional, separable reflexive and so we are back 
to the previous case. 


Solution of Problem 5.109 

Evidently V is separable. Let {vn},,5, be dense in V and let Ex = 

span {vp }*_,. Then {Ex},5, is an increasing sequence of finite di- 

mensional vector subspaces of V and the set (J Ey is dense in H. Let 
k>1 

e; € E; be such that |le;|| = 1. If By #4 Ey, then we can find eg € F2 

such that {e),e2} is an orthonormal basis of F2. Continuing this con- 


struction, we produce an orthonormal basis {én},5; © U En © V 


k>1 
of H. 


Solution of Problem 5.110 
Let [2], [y] © X/7 be such that 


liz]] < 1, || < 1, and |[z]—[y]] > «. 
Since X is reflexive, we can find u1,ug € X such that 
jz —uil| < 1 and |lx—uall < 1 
(see Problem 5.80). Also, we have 
\|(2 — y) — u| 2 e YVuev 
(see Definition 5.18). The uniform convexity of X implies that 
5 ||(« — ui) +(y—ug)|| < 1-6 


(see Definition 5.88), so $|[a] + [y]] < 1—6 which proves that X/r is 
uniformly convex (see Definition 5.88). 


Solution of Problem 5.111 
By Remark 5.94, it suffices to show that the parallelogram law fails 
for the supremum norm || - ||,o. To this end, let 


ui(t) = min{0,t} and wue(t) = t Vte [-1,]]. 
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Then ui, v2 € C({[-1, 1]). We have ||u1|loo = |!ualloo = 1, ||u1 + uel = 
2 and ||w1 — ua|| = 1. So, the parallelogram law fails. 


Solution of Problem 5.112 

Let € > 0 be such that €M? < 1. By the Egorov theorem (see Theo- 
rem 3.76), we can find a Lebesgue measurable subset D of T such 
that |T \ D| < € (by |-| we denote the Lebesgue measure on R) and 
AnUn = 0 on D. Then 


1 


= J Qnun(o)? at = J Onun(t))?at + / (Antin(t))? dt 


0 D T\D 
< sup(AnUn)” + M?)2€ YVn>1, 
D 


sO 


(1 — M*é)r. < sup(Antn)? —> 0 asn— +00 
D 


and thus A,, —> 0. 


Solution of Problem 5.113 
By replacing x, with x, — x for n > 1, if necessary, we may assume 
that « = 0. Let ny = 1 and choose integer ng > 1 such that 


| (Zni5 Eng) | < 1 


(such a choice is possible since rp, —> 0 in H). Having chosen ni < 
ng <...< Mr, we choose nz141 > Nz such that 


(line Pied zy < t Vie {l,...,k}. 
Since Xp “ 0, we can find M > 0 such that 


|zn|| < Vue, 
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Therefore 
k k k k ok 
1 2 _ 1 1 
i oemll” = ge Sem Sam) = BL nie tny) 
i=1 i=1 j=l = 1 =) 
1 2 
= 7 ( oe I|rn, || 5 ar (Gis) 
t=1 g=i4+1 
1 2 
< (kM > S a) 
w=1 j=it+1 
2 2 
= aM ee = Abas > 0 as k— +00. 


Solution of Problem 5.114 
Let (-,-),: H x H — R be defined by 


(4) 6 = (A(z), u) a Va,ue Hi. 


Clearly, this is a semi-inner product and from the Cauchy—Schwarz 
inequality (see Remark 5.94), we have 


l(eu4l? < @2),4uuy, 


sO 


Let u= A(x). Then 


|A@)|* = (A), A())% < (Ale), 2) (4? (2), A(2)) 
|A*(z)||]4@]] < (A@),2) gIAl4@]- 


I 
= 
8 

& 


sO 
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Solution of Problem 5.115 

Without any loss of generality, we assume that {An}n>t is increasing 
(i.e., An < Ani for all n > 1). The reasoning is similar, if the sequence 
is decreasing. For m > n and using Problem 5.114, we have 


2 


|| Am(2) — An(x)||" < 2M(Am(x) — An(z), 2) Vae dH. 


H 


Note that the sequence {(An(z), x) a is bounded and nondecreas- 
ing, hence convergent. Therefore, from the last inequality, it follows 
that 


A(z) = lim Ap(x) exists for all x € H. 


n—-+00 


Then A € L(#) (see Corollary 5.42) and clearly it is self-adjoint. 


Solution of Problem 5.116 
(a) For every x € H, we have 


(A?"(x),2) = (A"(a),A"(x)) = ||A"(a)||? > 0 


(since for every m > 1, we have that A” is self-adjoint), so A?” > 0. 


(b) For every x € H, we have 
(A7"t1(a),2) = (A(A"(z)), A"(z)) 3S 0 


(since A > 0), so A?”+! > 0. 


Solution of Problem 5.117 
Consider the identity operator 


id: (C((0,1)), II -Ileo) —* (E*([0, 1), 1I- Ile). 


Since |]-|2 < ||-||.0, it follows that id is continuous. Moreover, since V is 
closed with respect to the norm ||-||2, it follows that (V, ||-||o0) is closed 
(inverse image under a continuous map of a closed set). Therefore 
(V, ||-||2) and (V, ||-||.0) are Banach spaces and so the Banach theorem 
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(see Theorem 5.48) implies that id: (V,|| + |loo) —> (V.||- lz) is an 
isomorphism. Therefore, we can find c > 1 such that 


llull2 < |lulloo < ellull2 Vuev. 


Let {un}~_, be an orthonormal sequence in V (n < dimV). If 
Ai, A2,--.;An € R, from the Parseval identity on span {u,}7_, (see 
Theorem 5.105(b)), we have 


| So deull, = DOA 
k-1 k=1 


Thus, we have 


JD rvue()] = (DAs) 
k-1 


k=1 


NIH 


Vte (0,1). 


Let Ax = uz(t) for every k = 1,...,n, t € [0,1]. Then, we have 


S> up(t)? < c( ux(t)?) 2, 
k=1 k=1 


So ug(t)? <c  Wte [0,1]. 
k=1 


Integrating both sides over [0,1] and recalling that ||u,||2 = 1 for all 
n > 1, we obtain 
nie, 


so dimV < c’, ie., V is finite dimensional. 


Solution of Problem 5.118 
Let 


i 
He? = atta? a= 2)? <4} 


n>1 


and let 


V= {f €1?: x, =0 for all but only a finite number of n’s}. 
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We know that H =I? is a Hilbert space and V C H is a dense vector 
subspace of H. For n > 1, let An: V — H be defined by 
Ags) = {ntndin}ast V @ = {Inns € V. 
Note that 
A,(x) — 0 nA VaeEV. 
So, 
the sequence S(Z) = {An(@)} 51 is bounded VZEV. 


It is clear from the definition of A, that ||A,||c <n. Also, if en = 
{Skn} p51, then An(en) =n and so ||An||c 2 7, hence ||An||c = n and 
so the sequence {An},5, CG L£(V;H) is not bounded, although it is 
pointwise bounded. 


Solution of Problem 5.119 
From the Riesz—Fréchet representation theorem (see Theorem 5.100) 
and the Banach-Steinhaus theorem (see Corollary 5.40), we have that 


sup || An (x)]|| < +00 Voroe H. 
n>1 


Using once more Corollary 5.40, we infer that 


sup ||An||c¢ < +00. 
n>l1 


Solution of Problem 5.120 
Let « € H. Then from the Parseval equality (see Theorem 5.105(b)), 


we have ; 
|!a\|? = Ss Genel ’ 


n>1 
so 
(,€n)p —> 0 Vae dH. 


From the Riesz—Fréchet theorem (see Theorem 5.100), we have 
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Solution of Problem 5.121 
Let u = proj.,,(x) and let €: R —> H be defined by 


et) = te+(1—-thu VteR. 


Evidently € is continuous and €(0) = u. Arguing by contradiction, 
suppose that u € int C. Then €(0) € int C and by the continuity of €, 
we can find 6 € (0,1) small such that 


Et) € C VteE[-d,d]. 


Hence 
€(0) = dr+(1—d)u € C, 
sO 
dist(z,C) < || — (6a + (1 — 6)u) | = (1—0)||x — ull, 
thus 


lz —ull < —9)|la — al), 


a contradiction since 6 € (0, 1). 
So, u ¢ intC and since u € C, we infer that u € OC. Moreover, 
dist(x,C) = dist(x, OC). 


Solution of Problem 5.122 
Let « € H. By Theorem 5.97, we can find a unique u, € C,, such that 


Mn = ||x—up|| = dist(x,C,) Yume 1 


Since the sequence {Cp},,51 is decreasing, the sequence {mn},,51 is in- 
creasing and bounded above by m = dist(x,C). So, we have mp, 7m. 
From the parallelogram law (see Remark 5.94), we have 


joes lease |? = 2 (le—enll?+ zum?) Vm n>, 
sO 
Jn = tll? < 2(my—m;,) Vm >n 


and thus u, —> u in H. Evidently u € C,, for all n > 1 (recall that 
the sequence {C},,5, is decreasing) and so u € C. We have 


Mn = |la—Uunll < lle-yll VyeCn, n>, 
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so 
|lz—unll < la—-yll Vyee 
and thus 
|Iz—ull < |la-yll Vyee, 
so 
m =m = dist(z,C) = |la—ull, ie. proj.(x) = u. 


Finally, we conclude that proj oy > Pro] 5: 


Solution of Problem 5.123 
We know that 


|A* Alle < ||A*llellAlle = IAllz 
(see Proposition 5.110). Also, for all « € H, we have 
2 * * 
|A@)" = (A@), A), = (A*AQ@),2) 7 < A*Allcllel?, 


sO 


x 


Alle < ||A* Alle 


and thus 


Alle = l|A* Alle. 


Solution of Problem 5.124 
Since A is normal (see Definition 5.108(c)), we have 


(AA* (uw), u) = (A* A(u), u) 


H Vue dH, 


AH 


|A(u)|| = ||A*(w)|| “Vue 
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Then, using the last equality with u = A(x), for every x € H, we have 


|A@|/? 


(A(z), A(z)) , = (A*A(u),u) 
||A*A(a)|[ lle 
||A’(2)|[ lle. 


vel 


I /A Il 


Solution of Problem 5.125 
Let {tn}no1 S Bi = {x € H: |\a|| < 1} be a sequence. From 


Problem 5.124, we have 


|| A@n) — A@m)|[? <_ ||A?(@n) — A?(@mn)||Il2n — 2rll 
< 2|| A? (an) — A*(am)]| Vn,m >i. 


So, if { A? (2n) bast is a Cauchy sequence, then {A(rn) } ast is a Cauchy 
sequence too. Because A? is compact, by passing to a subsequence if 
necessary, we have that the sequence { A? (ay is convergent. Then 
the sequence {A(tn) bast 
proves that A is compact. 


is convergent (as a Cauchy sequence), which 


Solution of Problem 5.126 
“(b) <= (c)”: Follows from the polarization identity (see Re- 
mark 5.94). 


“(a) ==> (c)”: Suppose that A € £(H) is unitary. Then 
(A(z), A(u)) , = (A*A(z),u), = (Wy Va,ue Hi. 


“(c) ==> (a)”: Suppose that A preserves the inner product. Then, we 
have 
(A* A(x), u) 5, = (2,4) x Va,uceH 


so 
A* A(x) = & Vaed. 
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Since A is surjective and an isometry, A~' € L(H) (see the Banach 
theorem; Theorem 5.48). So A~! = A*, ie., A is unitary. 


Solution of Problem 5.127 
Let Ai, A2 be two distinct eigenvalues of A and let ui,u2 € H \ {0} be 
corresponding eigenvectors. We have 


A(u1) = Arury and A(ug) = Agus. 


Then 
(A(u1), U2) = Ar (ur, U2) y 


and 
(A(u1), ua) 7 = (ui, A(u2)) 7 = (1, Agta) 5 = 2 (u1, U2) py 


Therefore 
(Ar — Az) (ui, U2) = 9, 


so (tl, U2) 7 = 0 (since Ay # Az). 


Solution of Problem 5.128 
“(a) => (b)”: From Theorem 5.97, we know that 


ueC and (f-u,c—u)y < 0 VceC. (5.16) 
Note that 0 € C and 2u € C. Therefore, from (5.16), we have 
(c-—u,—u)y < 0 and (x-4u,u) < 0, 


sO 


Le., 7—uLu. 
So, from (5.16), we have 


(x—u,c)y < 0 VceC. 


5.3. Solutions 971 
“(b) ==> (a)”: Since x —u L u, we have that (# — u,u), = 0. Hence 
(c—u,c—u)y < 0 and weEC, 


so u = proj,,(x) (see Theorem 5.97). 


Solution of Problem 5.129 
Since S is uniformly continuous (see Proposition 5.12), it admits an 
extension S € L(V; X) (see Theorem 1.47). Let p = proj, € L(H) 


be the orthogonal projection onto V and let us set A = So p. Then 
Aé £(H;X) and A(z) € S(p(z)) = $(a) for all z € V. We have 


[Alle < WSllcllPlle = Sle = |[Sllz- 
On the other hand, since A is an extension of S on H, we have 
[Alle 2 WSllc, 


sO 


Alle = WSlle. 


Solution of Problem 5.130 
Let H be any infinite dimensional Hilbert space. Let {en}, be an 
orthonormal sequence and let {An},51 © [1, +00) be such that 


So = +00 and A, 7~+00 


n 
n>1 


(for example, we can choose An = Yn). Let C = {Anen: n> 1}y51- 
We have 


l|Anén — Am€m||? 2 V2 Vn,m2 1, n#=m. 


So, every Cauchy sequence in C’ is eventually constant, hence C' is 
closed. 
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Let {Un}nsi G C be a weakly convergent sequence. Then it is 
bounded and so, since A, 7 +00, the sequence must be eventually 
constant, hence the set C' is sequentially weakly closed. 

Let U be a weak neighbourhood of 0. We may assume that 


= {xeH: | (vn) e | <2 for all k= 1,...,m}, 


for some € > 0 and {yx}i, C H. Let 


m 
=> \¢ Yk en) y 
k=1 


We have 
{| (yeen)itlbusr CP Whe {1,...,m}, 

so 

So ee SD oe 

nel n>1 
So, the set 

D= fie ls On < =} 
is infinite. For every k € {1,...,m} and every n € D, we have 


| (Yes Ann) xr | = An| (ies en) zr | < AnVn < é, 


so {Anéen}nep C U. Thus 0 € C” and so the set C is not weakly 
closed. 


Solution of Problem 5.131 
For every «* € X* and x € X, we have 


(P" ya") @) (P'a"), Pa) = a" P*@)) 
(x*, P(x)) = (Poa an, 


o (P*)? = P*, ie., P* is a projection in X*. 
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Solution of Problem 5.132 
Since P € L(H) is a projection, we have P? = P. Therefore, for every 
x € H, we have 


(P(z),2) = (P%(a),x) = (Plz), P(x) = ||P(a)||? > 0 


(since P is self-adjoint being an orthogonal projection; see Prob- 
lem 5.114), so P > 0. 
Also, since P is an orthogonal projection, we have 


H =kerP@®P(H), kerP1P(H), ker P= (id — P)(A). 


Hence P 
lz? = ||P(z)||? + ||Ga — Py(a) ||’, 


sO 


|P@) 


|? < lll? Vaed, 


therefore P < id. 


Solution of Problem 5.133 

For every t € [0, 1], we have ||t2 + (1 —t)u|| <1. Let y = “4%. Then 
lvl = Sle + ul] = (all + lull) = 1. Suppose that there exists 
v € tae + (1—t)y with ¢t € (0,1) such that ||v|| < 1. The vector y 
belongs in the segment which contains x and v. Let A € (0,1) be such 
that y = Av + (1— A)ax. We have 


lIyll < Alle] + —A)llall < 1, 


a contradiction. 


Solution of Problem 5.134 


Let 
m 
la, = sup {|| a An€n|| : meN}. 
n=1 
It is easy to check that |-| is a norm on X and (X,|-|) is a Banach 
space. We have 


zl = || So Anen|| < sup {|| So Anen|| : meEN} = (al. 
n=1 


nel 
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Invoking Corollary 5.49, we have that ||-|| and |-| are equivalent norms 
and so there exists c > 0 such that 


lel = sup {|| $> Anen|l : meéN} < ella = a|| S. Aeeal| 
n=1 n>1 


for all c = 55 Anen. Evidently c > 1. 


nel 


Solution of Problem 5.135 

“==>”: We assume that P is an orthogonal projection onto a closed 
vector subspace V. If ue H, then u=v+ywithv eV andyeY. 
We have 


so P? = P. 
Also, if @ =0+9, with de V,7eV4, then 


(P(u),@), = 2) = (Oe = (uP@)y, 


so P = P*, i.e, P is self-adjoint. “<=”: Let V = R(P). Note that 
V = N(id — P) and so V is closed in H. Also, from Corollary 5.121, 
we have 


Vi = N(P). 
Therefore, for a given v € V and y € V+, we have 
Pw+y) = Po)+Py) = 2@) = », 


so P is the orthogonal projection onto V. 


Solution of Problem 5.136 
Let A: X —> Y* be the linear operator, defined by 


(A(x), y)y, =. Ory) Vyey. 
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Then, from hypothesis (i), we have 
(A@),9)y] < Mllallxllylly, 


sO 
|A@ |], < Mllsllx, 


ie., AE L(X;Y*). Similarly, Ae L(Y; X*), where 
(Aly), 2) y = ale,y) Vaure xX. 

Hypotheses (ii) and (iii) imply that 
|AMlx. > allyly vyeY 


and 


|A@)| 
By Theorems 5.124 and 5.125 and the above estimates, we have that 


y« = eallr|lx Vae X. 


A and A are both bijective. 


Therefore, there exist unique vp € X and yo € Y such that 


A(zo) =y* and A(yo) = 2*, 


sO 


Solution of Problem 5.137 
First note that the fact that 


(A(z),2) > e||a||? Va eH, 


implies that N(A) = {0} and so A is injective. From the last estimate, 
we have 


(x, A*(x)) > ellall?, 
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sO 
|A*(@)|| > ellell 


and thus 
N(A*) = {0}. 


From Corollary 5.121(d), we know that 


R(A) = N(A*y-. 
So, R(A) = HA and we infer that R(A) is dense in the Hilbert space 
HT. Since 


|A(z)|]| > ellzl| Vee d, 


it follows that R(A) is also closed in H. Therefore, R(A) = H, ice., 
A is surjective, hence a bijection. Invoking the Banach theorem (see 
Theorem 5.48), we conclude that A is an isomorphism. 


Solution of Problem 5.138 
“(a) ==> (b)”: Since A is an isomorphism, R(A) = Y. Also 


lIzllx = ||A7*(A@)) |x < IATMcl]A@|], Vee X, 


so 
clla|lx < A(z), Vnex 


and with c = ||A~1||71. 


“(b) ==> (a)”: From Theorem 5.125, we know that R(A) is closed. 
Since by hypothesis, the set R(A) is dense in Y, it follows that 
R(A) =Y.If x € N(A), then A(x) = 0 and so 


0 = |A(z)|| > ellell, 


hence x = 0. Therefore, A is a bijection and so the Banach theorem 
(see Theorem 5.48) implies that A is an isomorphism. 
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Solution of Problem 5.139 
No. Indeed, suppose that we could find surjection A € £(I?;l'). In- 
voking Theorem 5.124, we can find c > 0 such that 


Ie < |A@ fp Vater 
(since A* € L(I™, 1?) and A* is injective). 


Therefore, a closed vector subspace of /? is isomorphic to J. But 
this cannot happen since I? is separable and J is nonseparable. 


Solution of Problem 5.140 
Let A € D(X;Y). By Theorem 5.125, we can find c > 0 such that 


|A(z)||, = cllallx Vane xX. 
Let S € £L(X;Y) be such that 
||A-Slle < 5. 
Then for all « € X, we have 


IS@ly = |S — A)@) + A@)|ly 


|A@ly — [15 — A)@)]ly 
ellallx — 8 — AllelllLx 
sllellx. 


V WV WV Il 


so S € D(X;Y) (by Theorem 5.125). This proves that D(X;Y) is an 
open subset of £(.X;Y). 


Solution of Problem 5.141 
Let 3: £L(X;Y) — L(Y*; X*) be defined by 


(A) = AX WAEL(X:Y). 
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Evidently 0 is linear and an isometry (see Proposition 5.34). Moreover, 
by Theorem 5.124, we have 


VOY) =a" (oe x*)) 


(see Proposition 5.34). From Problem 5.140, we know that D(Y*; X*) 
is open. Hence Y(.X;Y) is open in L(X;Y). 


Solution of Problem 5.142 
By hypothesis, we have 


(A(x), 2), > Ilell? 


and so by Theorem 5.125, we have that N(A) = {0} and R(A) is 
closed. Also, we have 


(2A (a) > |||? Va ed. 


Invoking Theorem 5.124, we infer that A is surjective, i.e., R(A) = H. 
Therefore, we conclude that A is an isomorphism. 


Solution of Problem 5.143 
Let . 
C = {weEX: (a*,2) < o(2*,C) for all x* € X*}. 


Note that the function «* ++ o(a*,C’) being the supremum of linear, 
w*-continuous functional, is sublinear and w*-upper semicontinuous 
(see Definition 5.136). Therefore the set C is closed, convex and clearly 
C CC, hence tonvC CC. 

Now, suppose that y ¢ conv C’. By the strong separation theorem 
(see Theorem 5.29), we can find #* € X* \ {0} and « > 0 such that 


(Git) Pa) 8 Vuecdcd, 


sO 
o(x",C) < (x,y), 
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ie, yE C. Therefore, we infer that 
X\covre Cc XC, 


hence C C conv C’. We conclude that C = convC. 


Solution of Problem 5.144 
Let c,u€ X,x #u. From the strong separation theorem (see Theo- 
rem 5.29), we can find v* € Bj, v* £0 and e > 0 such that 


|(v*, 2 —u)| > e. 


From Corollary 5.130, we know that v* € conv” ext Bi. So, for a 
given 6 € (0, ), we can find {wi }7_, C ext B, such that 


[(o* — So Agwy, 2) | < 0 and |(u* — So Agwy, u)| < 6, 
k=1 k=1 


k 
with Ay, A2,.-.,Ax =O and >> A, =1. Then 


n=1 


and so for some kg € {1,...,n}, we have 


(eo. =) # 0, 


: * * 
with e* = ko Whe: 


Solution of Problem 5.145 

Arguing by contradiction, suppose that A is surjective. Then by the 
open mapping theorem (see Theorem 5.47), we can find e« > 0 such 
that 


eB C A(BS) © A(BS) 
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and A(Bx) is a compact subset of X (since A € £-(X)), where BS = 
{x EX: ||z||x <1}. So, the set By is compact, hence X is finite 
dimensional (see Proposition 5.9(a)), a contradiction to our hypothesis 
that X is infinite dimensional. 


Solution of Problem 5.146 

From Proposition 5.61, we have A € LOG): If B* = {x Ex: 
\|z||x < 1}, then since X is reflexive, By is w-compact (see Theo- 
rem 5.73). Hence A(By) is w-compact in I’. Let {tn}ys1 © A(BY). 
Then, by passing to a suitable subsequence if necessary, we may as- 
sume that a, —> @ € A(BY) in ['. By the Schur property (see 
Remark 5.57), we have that %, —> @, hence A(B ) is norm compact 
in [' and so A € £,(X;1). 


Solution of Problem 5.147 
Since A € £.(X;Y), the set A(By) C Y is compact, hence separable. 
Note that 


Solution of Problem 5.148 
Suppose that x, —> x in X. Then we can find r > 0 such that 


W 
KH 


lltnllx <r Wan 


Since A € £L.(X : Y), we have that the set A(B,) = C is compact 
(with B, = {x € X: ||z|| <r}). Let C denote the set with norm 
topology and let (C, w) be the set with the weak topology. We consider 
the identity operator id: C —> (C,w). Evidently id is a continuous 
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bijection and because C' is compact, it is a homeomorphism. Hence on 
C’, the norm and the weak topologies coincide. From Proposition 5.61, 
we have that A(ap,) >» A(a) in Y, {A(tn)} ast CC and A(x) €C. 
Therefore, A(z,) —> A(x) in Y. Thus A is completely continuous. 


Solution of Problem 5.149 


“s+”: This was established in Problem 5.148. 
“e—": Let BE = {x €X: |lzllx < 1} and let {yn},5, C AB?) 


be a sequence. Then y, = A(z), with {tn}n51 C Be. Since X is 


reflexive, we may assume (at least for a subsequence) that 
ax. 
fn, —> 2€B, inX, 
so 
Yn = A(tn) 4 A(z)=y in Y 


(since A € L(Xw;Yw)). Invoking the Eberlein—Smulian theorem (see 


Theorem 5.78), we conclude that the set A(BY) is w-compact, hence 
AEL(X;Y). 


Solution of Problem 5.150 
“==”: Let X,, be the Banach space X furnished with the weak topol- 
ogy and let us consider the function y: X, —> R, defined by 


gay = || A(z)|l) Vue X. 


From Problem 5.148, we know that y is sequentially continuous. Also 
due to the reflexivity of X (see Theorem 5.73) and the Eberline- 


Smulian theorem (see Theorem 5.78), the closed unit ball By ={xre 


; : 5X 
X: |[z||x <1} is sequentially w-compact. So, we can find zp € By 
such that 


||A(@o)||y = sup {||A(@)]]y = llellx <1} = [lAlle. 


“<=”: Let a* € X*\ {0} andy € Y, |lylly =1. Let A € L(X;Y) be 
defined by 
A(z) = (a*,z)y VueXx. 
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Then A € £y(X;Y) (ie., A is of rank 1), hence A € £,(X;Y) (see 
Remark 5.139). Then by hypothesis, we can find x € Bs such that 
|Allc = | A(z)||,- Hence ||z* ||, = | ae | and so z* is norm attain- 
ing which, by Theorem 5.76, implies that X is reflexive. 


Solution of Problem 5.151 

Yes. According to the Mazur theorem (see Theorem 5.58), it suffices 
to show that the set C is norm closed. So, let {un},5, © L'(0,1) 
be a sequence such that u, —> u in L'(0,1). By Propositions 3.132 
and 3.131 and by passing to a suitable subsequence if necessary, we may 
assume that u,(t) —> u(t) for almost all t € [0,1]. Since u,(t) > 1 for 
almost all ¢ € [0,1], we infer that u(t) > 1 for almost all ¢ € [0,1] and 
so u € C. This proves that the set C is w-closed in L'(0, 1). 


Solution of Problem 5.152 
We argue by contradiction. So, suppose that we can find « > 0 anda 
sequence {n},5, C X such that 


Itnllx = 1 and e+n|trlx < ||A(tn)||) Vn21. (8.17) 


Since X is reflexive, the set Bix ={xeX: |lallx < 1} is w- 
compact (see Theorem 5.73) and by the Eberlein—-Smulian theorem 
(see Theorem 5.78), it is sequentially w-compact. So, by passing to a 
suitable subsequence if necessary, we may assume that 


tn, —> x in (X,||- |x). (5.18) 
Because the norm || - ||x is stronger than | - |x, the identity map 


i: (XM) lx) > GI Ix) 


is continuous, hence weakly continuous too (see Proposition 5.61). 
Therefore, we have 


In —> xz in (X,|-|x) (5.19) 
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(see (5.18)). Moreover, since A € L,(X;Y), from Problem 5.148 
and (5.18), we have 
A(tn) — A(z) mY. (5.20) 


Returning to (5.17) and using (5.19) and (5.20), we infer that 
\en|x —> 0. Hence z = 0 (see (5.19)) and so A(z,) —> 0in Y 
(see (5.20)). On the other hand, from (5.17), we have 


e< || A(@n) || YVn>1 


a contradiction. 


Solution of Problem 5.153 
Arguing by contradiction, suppose that 0 ¢ A(0B,). Then 


inf {|/A(z)|] : [lz] =1} = ¢ > 0, 


so 
| A(x)|| > elle Vae X. 


By Theorem 5.125, the last inequality implies that R(A) is closed. 
Let Y = R(A). Then Y is an infinite dimensional Banach space and 
A € L.(X;Y) is bijective, hence an isomorphism (see the Banach 
theorem; Theorem 5.48), a contradiction to the compactness of A (see 
Remark 5.139). 


Solution of Problem 5.154 

Since A € £.(X;Y), we have that the set A(BY) is compact in Y 
(where By ={xeX: |zl_x < 1}). Hence the set A(BY) is 
separable. Note that 


nar) = UAlnBy) = A( UJ nBY) = A(X) = RA). 


n>1 n>1 n>1 


Therefore 


is separable. 
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Solution of Problem 5.155 
Let Be ={xeEX: |x| <1} and K = A(B*). Since A € £,(X; H), 
K C FH is compact. So, for a given ¢ > 0, we can find a finite set 
{ha, done , hyve} C HA such that 


Ne) 
KC td Bz(hg) 
k=1 


(where B.(h) = {ye€H: |ly—Allw <¢} for all he HA). Let 


a span {h1,..., hye} C H 


and let proj,.: H —+ Y be the orthogonal projection onto Y (it exists 
since Y is finite dimensional). Then proj, o A € Ly(X; A). 


Let x € By: Then, we can find ko € {1,..., N(e)} such that 
|| A(z) — Proll < € 
We have 


|[proi, (A(@)) — Aeolly = |lproi, (A(@)) — proj, (Pio) Il 
IIproj,, IIc || A(x) — hig lly 


|| A(z) — Peo || <€E 


I “A ll 


(recall that ||proj, ||c = 1), so 
||proj, (A(x)) — A@)||, < 22 Vee By, 
thus 


||proj, 0 A— All, < 2¢ and proj,oA € Ly(X;Y). 


Solution of Problem 5.156 
Consider the bilinear form @: X x X —> R, defined by 


a(x, y) = a(x, y) + e (2, Y) x Va,yex. 
Clearly @ is continuous and from hypothesis, we have 


f(a, 2) > exlell%. 
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Also, the map x +> (uo, 2), is a continuous linear functional on X. 
Then by the Lax—Milgram theorem (see Theorem 5.114), there exists 
a unique v € X such that 
G(0,2) =. (tp. 2) 5 Vane X. 
Let A: H —> X be defined by 
A(uo) = v V uo € A. 

Then clearly A € £(H; X) and exploiting the fact that X is embedded 
compactly into H, we have A € £,(H). 

Note that zo € X is a solution of our problem (i.e., a(xzo,x) = 
(uo, £) 7 for all « € X) if and only if 


a(xo,z) = a(xo, x) +c2(%0,2) 5 = (uot coro, 2) VaeE Xx. 


Therefore, x9 € X solves our problem if and only if zo = A(ug + c22). 
It follows that 


w—c@A(w) = up with w=uot+ conto. (5.21) 


So, our problem is uniquely solvable if and only if (5.21) is unique 
solvable. By the Fredholm alternative theorem (see Theorem 5.147): 


id — c2A is injective if and only if id — cA is surjective. (5.22) 
Suppose that (id —c2A)(w) = 0. Then w = A(cow) and so w € X and 
a(w,z)+c2(w, x2) = (cow, x) py Va eH. 


Thus 
alw,2) = 0 Va eH, 


sO 


a(w,w) = 0, 


hence by hypothesis w = 0. So id — c2A is injective, hence surjective 
too (see (5.22)). 
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Therefore problem (5.21) is solvable and by (5.22) the solution is 
unique. Thus we conclude that our problem is uniquely solvable. 


Solution of Problem 5.157 

Let {ex},5, be the Schauder basis and let py be the corresponding 
projections on span {e,}7_,. For every x € X, we have p,(x) —> x in 
X asn—-+oo. Let AE £,(X). Then 


|—Pn OA — Alle = ‘ne || (pn — id) (A(z) || — 0 asn— +00 
ax||<1 


(see Problem 5.51 and recall that A(B,) is compact since A € 


£(X)). 


Solution of Problem 5.158 

Let A € Lf(X). Since R(A) is finite dimensional and by hypothesis 
X is infinite dimensional, A is not injective (see the Banach theorem; 
Theorem 5.48) and so we can find z € N(A) with ||z|| = 1. We have 


|G — A)(z)|| = 1, 


sO 
lid — Alle > 1 VAEL;(X) 


and thus dist(id,£,(X)) > 1. On the other hand dist (id, £/(X)) < 
lid ||c = 1, hence 


dist(id,£¢(X)) = 1. 


Solution of Problem 5.159 
No. To see that, let us take any K € £,(H) such that AK = KA. 
Then 

AK(en) = KA(en) = K(en41) Vue, 


I(en)|] = [K(enai)|] Yn > 1 
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(since A is an isomorphism), so 
|Kten)ll = [len] Vn 31. 


From Problem 5.120, we know that e, > 0 in H. Since K € L,(H), 
from Problem 5.148, we have that K(e,) —> 0 in H. Therefore from 
the last equality, we infer that 


Kle,) =: Var 


so K =0. Since A commutes with itself, if A is compact, then by the 
above argument we would have that A = 0, a contradiction. 


Solution of Problem 5.160 

Let A € £,(X) and let By = {ue X: |lulloo < 1}. We know that 
A(B;) is relatively compact in X. By the Arzela—Ascoli theorem (see 
Theorem 2.181), A(B1) is equicontinuous. So, for a given ¢ > 0, we 
can find 6 = d(e) > 0 such that 


jé-—s|] < 6 = > |vo(t)-v(s)| < « Vue A(B)). 


Let m > 1 and let {t;}”, C (0,1) be such that {(t; — 6,¢; + a 
is an open cover of [0,1]. We can find a continuous partition of unity 
{vi }2, subordinate to this cover (see Theorem 2.147). Let Ae € £(X) 
be defined by 
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|| A(u) — Ae(w)]| Ke Vue Bi, 


thus 


Solution of Problem 5.161 
Let Un = {Okn}gs1- Then {tn}ys, C I? and ||u,||~ = 1. We may 
assume (at least for a subsequence) that 


nN WwW nN 
Un —> U. 


For every ai* € I? = (IP)* (with 5 + rd = 1), we have 
(U*,Un)jp = Un —?> 0 asn-— +00, 

so 

ie., u=0. 


If the embedding was compact, then from Problem 5.148, we would 
have U, —> 0 in 14, a contradiction, since ||tp||j¢ = 1 for all n > 1. 


Solution of Problem 5.162 . 
“>”: We know that X/N(A) is a Banach space and A 
£(X/n4)i¥)- Let B be a bounded set in X/N(A) and let [x] € 
Choose u € [2] such that ||ul] < 2|[z]|. We denote it by u((z]). 
B= {u([z]) : [z] € B}. We have 


E 
B. 
Let 


A(B) = A(B) and B is bounded. 


Since A € £,(X;Y), A(B) = A(B) C Y is relatively compact, hence 


5.3. Solutions 989 


“<—": Let p: X —> X/N(A) be the canonical “projection” p(x) = 
[x]. Then . 
A = Aop, 


so A € £,(X;Y) since Ae L£e(X/n(ayi¥) and p € £(X;X/n4)): 


Solution of Problem 5.163 
For every integer m > 1, we consider the finite rank operator Ky, 
defined by 


Ke {Patesd ) = (A121, per »Am&m, 9, oud aye 


Evidently, for every m > 1, Kym is linear and continuous. Since 
An —> 0, for a given € > 0, we can find an integer no > 1 such that 


lAn| < € VYn>no. 


Then for m > no, we have 
1 
IA —Km)(fenasvlhe = (3 lePlaa)? < © 0 lew? 
k>m+1 k>m+1 


sO 
|A — Kmllz Ke Vme2 no. 


Thus, A is the limit of finite rank operators, hence it is compact (see 
Proposition 5.141). 


Solution of Problem 5.164 

From Theorem 5.144, we know that (id — A)(X) C X is closed, hence 
a Banach space. Suppose that id — A does not have a continuous 
inverse. Then for every n > 1, we can find xr, € X such that 


||(@d — A)(@n)|| < Flleall: 
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Let yn = Ter for all n > 1 and since A is compact, we can find a 
subsequence {Yn,}p51 Of {Yn}nsi Such that y,, —> y in X. We have 


(id — A)(yn,)|| < + Wk>1 


Nk 


SO 
Aly) = y,— |lyll 


and thus id — A is not injective, a contradiction. 


Solution of Problem 5.165 

(a) First suppose that p € [1,+00) and let en = {Okn}gs1 € PP 
for n>1 (with dg, being the Kronecker symbol). Then {en},51 
is a Schauder basis for J? (see Remark 5.107). So, for every 
Z={In}ys1 € ?, we have 


= lim y Inen inl. 


m—- +00 


Note that A(e;) = 0 and A(e,) = en_1 for all n > 2 
For % = ne € IP, we have 


Aa = Solel? << } lel? = leis 


n>2 n>1 


sO 
Ae L(lP) and |\Alle <1 


On the other hand 
1 = leille = ||Al2)llep < [Alle 


and so finally ||Al|c = 1. 


If p = oc, then 
||A@]|],..0 = sup|enl < sup|tn| = [|Zlle 
n>2 >1 
and so ||Al|c < 1. But 
= ler = []A(e2)|I,. < lAlle 


and so, again ||Al|c = 1. 
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(b) From Proposition 5.151, we know that 
o(A) © {AEC: |A <[Alle} = fAEC: A) <1}. 
If |A| <1, then %) = Caan € 1? and 
(A—Xid)B, = A} —AVA™ "Bs, = 0, 
so 
{AEC: |A| <1} C o,(A) € ofA) C {AEC: A] <1} 


(see Definition 5.153). Since a(A) is closed (see Proposition 5.151), 
from the last inclusions, we infer that 


o(A) = {rAEC: |A| <1}. 
If 1 <p <+oo and 4 € o,(A), then 
(A—Aid)(#) = 0 with®el?, TA. 


Hence 


op(A) = {AEC: |A| <1} 


(since 1 < p < +00). 

Note that for every A € C, with |A| < 1, the eigenspace correspond- 
ing to \ € C is one dimensional (i.e., A is simple) and it is generated 
by Ty. 

If p = +00, then it is clear from the above argument that 
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Solution of Problem 5.166 
Let AX =a+i with 6 #0. For every x € H, we have 


(A(z) — Ot) 2 — (x, A(x) — AB) a 
= (A(e),2 ae — Aljx||? + Alla||? — (2, A(z) y 
= (A-A)|lall? = —26lla\|? 


(since A is self-adjoint). 
So, for every x € H, we have 


2|6||a|I? (A a — (2, A(2) — Az) 
(A(z) _ NGS) + | (x, A(x) = Az) sy 
| A(z) — Az|| [ll] + [lll || A@) — Aa 


2|| A(x) — Ax[[ III], 


Il A WA Il 


thus 
26||z|| < || A(z) — Az||. 


Then, from Proposition 5.159, we conclude that \ ¢ o(A). Therefore, 
o(A) CR. 


Solution of Problem 5.167 
Clearly A 4 0. For every x € X, we have 


A*(x) = (29,2) A(xo) = (29,2) (29,20) 20 = (29,20) A(z), 
A* = (x4, a0) A. 


Therefore A is a projection (i.e., A? = A) if and only if (a, zo) = 1. 
Evidently A € Ly(X) (in fact it is of rank 1). So, by Theo- 
rem 5.155, we have 


o(A) = {0}Ua,(A). 


An eigenvalue  € o,(A) has an eigenspace E(A) C R(A) = Rao. 
Therefore \ = (#9, 20) and so finally o(A) = {0, (79, x0) }. 
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Solution of Problem 5.168 
We have 


|Alz = sup {(A(z), A(@)) : lel] < 1} 
= sup{(APAle),a) + lll <1} 
= sup {(A*(x),z) = [lal] <1} = ||A?lle 
(since A and A? are self-adjoint and using Remark 5.158). 
For every m > 1, A™ € L(H) is self-adjoint. So, from the previous 


part, we have 
Ar Iic = IAlZ- 
Now, let 1 <n < 2™. Then 
|Alz° = AP" Ile =e ee "lle < < ||A"cllAlie 
—n 
< Alize = IAlz", 


sO 
JA cllAlle —” = IAM? 


and thus ||A"||¢ = || All. 


Solution of Problem 5.169 
First we show that A is well defined. So, let u € X and let t,s € {0, 1], 
s<t. Then 


< lull f |R(t,7) — k(s,7)| dr + Mlullolt — 3 


(A(u)(t) — A(u)(s)) + 0 ats, 
ie., A(u)(-) © X. 
We have 
|A(u)()] < Mlfullect, (5.23) 
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so 
AMI]. < Mllulloc 


and thus 
|Allc < M. 


Next, using induction, we will show that 
|A’(u)(t)| < “Fllulloot™ Vn. (5.24) 


For n = 1, (5.24) is true (see (5.23)). Suppose that (5.23) is true for 
n> 1. We have 


t 
JA" (u)()| = | f k(t.) s)A”(u)(s)ds| < u fisreo (s)| ds 
0 
t 
< s caieucincns? 


0 


(by the induction hypothesis), which proves (5.24). From (5.24), it 
follows that 
A") 


loo < Tar lleelloo, 


so 
IA"IE < ae 
Recall that (n!)z —> +00. So, 


i 
n 


im | A” |Z 


Then from Remark 5.150, we infer that o(A) = {0}. 


Solution of Problem 5.170 
Suppose that \ ¢ a(A). Then (A— did)~! € L(X) and so we can find 
c > 0 such that 


(A — Aid)(a)|| > ella] Wee X. 
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Let x =z. Then 
||(A — Aid) (an)]| 2s Vo2 


a contradiction to the hypothesis that A(a,) — Av, —> 0 in X. 


Solution of Problem 5.171 
Let {@n}ns1 GC X be a sequence such that 


len] = 1 Vne1 and |(A(en),¢n)| — |lAlle- 


By passing to a subsequence if necessary, we have (Alay yen) — x 
with A = £||Al|c. Then 


\|A(@n) — Atnl|? = |[A(@en)||? — 2A(Alen), an) + A? Ileal? 
= 2A(A(tn),2n) —> 0 as n— +00, 


so A € a(A) (see Problem 5.170). 


Solution of Problem 5.172 

“(a) ==> (b)”: Let z,u € X \ {0} and suppose that ||xz + ul] = |/2|| + 
||u||. Without any loss of generality, we may assume that 0 < ||z|| < 
||u||. We have 


ler + earll 2 Wer + perl — ner — ral 
= pyle + ull = lal y - Ge) 
= py (ell + llell) — Well Gay — ag) = 
so 
lar + pall = 2 
This by the strict convexity of || ||, implies that 72- = 7p, hence 


|x 


x=aAu, with \= 2 > 0. 


~ [ull 
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“(b) — > (c)”: Let z,u € X and suppose that 2\|a|/? + 2||ul|? = 
|z + ull?. Evidently x = 0 if and only if u = 0. So, we may assume 
that z,u € X \ {0}. Then 


2 
0 = lal? + 2? = lla + ull? > lal? + 2Ilel|? — ([l2l] + llell) 
(Ilel| — [lull 


so 
Ilzl| = lull and |la+ul[ = |lall + llyll, 
thus x = y. 
“(c) => (a)”: Let z,u € X with |x|] = ||u|| = 1 and |lx + ul] = 2. 
Then 
2\la|? + 2llul? = |e + ull?, 
so x =u and so || - || is strictly convex (see Remark 5.169). 


Solution of Problem 5.173 
First, we check the Gateaux differentiability. Let © = {an},51 € l' be 
such that x, = 0 for some n > 1 and let en = {gn} x51. Then 


|Z + Aen|la — [ella = JAI, 
so _ 7 
@+Aenlla—lella _ JAI 
x = 
But lim bal does not exist. So, || - ||;1 is not Gateaux differentiable at 
= 


G={e,\ oy el tty —0 for some n> 1. 
Next, let © = {In}nsi € I’ with z, 4~ 0 for alln > 1. Let 
h= {hntnsi © I’. For a given ¢ > 0, we can find m > 1 such that 


So lanl < §- 


n>m 


If 6 > 0 is small and |A| < 6, then 


sen (tp, + Ahn) = sgnwry Vne {1,...,m}. 
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We have 


[5 (IF + MAllan — [lln) — D7 bnsen en 
n21 
m 


< be 5 (lan + Ahn| — |en| - Ahnsgn zn) | +2 S |hn| < € VY |AL <6, 


n=1 n>m 


so || - ||j1 is Gateaux differentiable at 7. 

Now we check the Fréchet differentiability of the /'-norm. Since 
Fréchet differentiability at a point implies Gateaux differentiability at 
that point, from the first part of the solution, we see that it suffices 
to consider the points 7 = {%n},51 € I’ such that x, 4# 0 for all 

n>1. Let h™ = {A Fno1 = (0,-++,0,-2tm, —2tm+1, —2tm+2)---) 
for m > 1. Then |/h"||;, —> 0 as n > +00. From the first part of the 
solution, we know that the Gateaux derivative at Z is {sgn Enbast: So, 


this is the only candidate for Fréchet derivative (see Remark 5.164). 
Then 


[E+ A" [In — Zlln — So Amsgnzn| = | >> (-2leal)| = 2iA™ ln, 
n>1 n>m 
so || - ||j1 is not Fréchet differentiable at 2. 


Solution of Problem 5.174 
oy we can assume that Tn # 0 for alln > 1 anda +0. Then 
Yn = Ix I forn >1andy= Tel: Then 


lynll = lly] = 1 Vne2l. 


Evidently y, —> y in X and we have 


2 = 2llyl| lim inf ||yn + yl] < limsup ||yn + y|| 
n—-+00 


ull + tin llynll = 2, 


IN IX 


so ||Yn + y|| —> 2. Since X is locally uniformly convex, we have 
\|un — y|| —> 0 (see Definition 5.168(b)). 
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Solution of Problem 5.175 
Let {tn}ns1 G OB: be such that (z*, un) — ||z*||4. Then 


2 > |lun+um|| > | z (x*,Un +Um) —> 2 asn,m— +00, 


|a* ||» 


so 
||un — Um|| —> 0 asn,m— +00 


(due to uniform convexity). Hence {un},5; C OB is a Cauchy se- 
quence and so 
Un —> u€ OB. 


Then 
(x*,u) = |la*||. and |jul] = 1. 


Due to the uniform convexity of X, this u is unique. 


Solution of Problem 5.176 
“(a) ==> (b)”: For A > 0, we have 


ro+Ah)—-y(x xo—Ah)—yp(x£ xo+Ah)+y(x0—-Ah)—-2y(x 
eleot Ah) e(eo) _ plwo~Ah)—e(70) _ e(wot Ah) + e(to~ Ah) Pleo) (5, 95) 
Let 
: xrot+Ah)—y(x 
e(ao)(h) = lim, ee elo), 
. xo—Ah)—y(x 
y!_(xo)(h) _ lim, p(xo sh) (zo) 


Since y is Fréchet differentiable at x9., we have 


G4 (w0)(-) = vi (x0)(-) 


and the two limits are uniform in h € OB,. So, if in (5.25) we let 
A \, 0, then we have (b). 


“(b) ==> (a)”: If (b) is true, then from (5.25), we have 


G4 (xo)(-) = ¢_(x0)(-). 


Hence 
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is a linear functional. We need to show that it is bounded (i.e., y’(xo) € 
X*). Since by hypothesis y is continuous at x, then we can find M > 0 
and 6 > 0 such that 


y(t) < MV ae B5(x0) 
(where Bs(ao) = {x € X : ||x—zol| < 6}). The convexity of y implies 


that. 
elaotAh)—e(#o) < Mem) — ¥ [A] <6, hE OB, 


sO 


Solution of Problem 5.177 
“(a) ==> (b)”: Since || - || is Fréchet differentiable at x € OB,, by 
Problem 5.176, for a given ¢ > 0, there exists 6 = 6(€) > 0 such that 


lla + hil + lle—hll < 2+elAl| VAI <4. 
Let {Ui }nsi>{Untnsi G ABT be two sequences such that 


: * = : x _ 


We can find no > 1 such that 
| (xe, 2) — 1| < 6d, |(up,z)—1| < €6 Yn > no. 

Then for all n > no and for ||h|| < 6, we have 

(2p, — Uns h) (tp @ +h) + (uz, —h) — (ey, 2) — (up, 2) 
Ila + Al] + lla — hl] — (pn, @) — (uns a) 
2+ ellh|| — (a, 2) — (Uy, @) 
[1 — (ay, 2) | + [1 — (un, x) | + ellAll 
36, 


IN IN IN IN. \| 


sO 


sup { (2, — Unf) : ||Al| =1} 
ax —u* oh 

sup { a-ak) : [Al] = 1} 

3€ Vn2no 


* * 
IIZn ~— Unlls 


IN || 
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and thus 
2 = alle 0. 


“(b) ==> (a)”: Suppose that || - || is not Fréchet differentiable at x. 
By Problem 5.176, we can find « > 0 and a sequence hy, —> 0 in X 
such that 


|e + An|| + lz — hall S 2+ el||Anll. (5.26) 


For every n > 1, we choose two sequences {7 },51,{Un}ns1 © OB; 
such that 


(or, t@+hn) = |lethnll and (ur,c2—hn) = |lz—hnll VYn>1 


(see Corollary 5.26). We have 


| (wf, An) | < ||Anl| and ||la+Anl| —|lall| < Wrnll Vne1, 
so 
(fr ,hn) —> 0 and |lx+hnll — |lzl| = 1 
and thus 
= lim (lle + hall —(ehshn)) = 1 


Similarly, we show that 


(2 + hn) + (uy) = hn) ~~ (rp ca i, vit) 
€||hn|| 


(see (5.26)), so 


nile 2 € Vn21, 


a contradiction. 
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Solution of Problem 5.178 

Let x € OB, and choose x* € OB; such that (x*,x) = 1 (see Corol- 
lary 5.26). Suppose that {27},51,{Untns1 G OBY are two sequences 
satisfying 


(a*¥,2) —+1 and (ur,r) — 1 
Then 


2 > |laitur|, > (o* +ur,c) —> 2 asn—>-+00, 
n n n n 


so 
lim (2lfes|2 + 2llut 2 — lla + ug I2) = 0 
and thus 
|Z, — Unlle —> 0 
due to the fact that || - ||, is locally uniformly convex (see Defini- 
tion 5.168(b)). By Problem 5.177, || - || is Fréchet differentiable. 


Solution of Problem 5.179 

By Theorem 5.190, we can find a countable set D C E such that 
z €D’. Let V =3panD. Then V is a separable Banach space and 
D” CVNC, hence D” is w-compact. Invoking Theorem 5.85(c), we 
have that (D",w) is compact metrizable. So, we can find a sequence 
{tn}as1 G D such that x, ee ae, @ 


Solution of Problem 5.180 

From Theorem 5.85(a), we know that B, = ta" ExX*: |la*ll, < 1} 
furnished with the w*-topology is metrizable. The set C* B; is 
sequentially w*-closed and metrizable for the w*-topology. So, the set 
C* B; is w*-closed. Invoking the Banach—Diedonné theorem (see 
Theorem 5.189), we have that the set C* is w*-closed. 


1002 Chapter 5. Functional Analysis 


Alternative Solution 

By Theorem 5.85(a), the w*-topology on By = {ote X* > lla*||e< 1} 
is metrizable. In metric spaces closedness is sequentially determined. 
Hence, since the set CM (nB}) is sequentially w*-closed (in nB,), it 
is w*-closed in nB}. But the latter is w*-closed in X*. Therefore, we 
conclude that the set C' is w*-closed. 
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Fredholm 
alternative theorem, 867 
operator, 866 
Fubini theorem on series of 
monotone functions, 659 
Fubini—Tonelli theorem, 437 
function 
p-integrable, 428 
p-quasi integrable, 428 
inf-compact, 692 
o-additive, 407, 408 
o-subadditive, 408 
k-contraction, 13 
absolutely continuous, 649, 
664 
additive, 407 
approximately continuous, 
703 
asymptotically nonexpansive, 
40 
Baire, 634 
measurable, 634 
Borel, 634, 641 
measurable, 420 
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Borel measurable, 634 
Cantor, 425 
Carathéodory, 675 
closed, 11, 208 
coercive, 217 
composition, 231 
continuous, 9, 202 
at a point, 202 
contraction, 13 
convex, 433 
countably additive, 408 
covering, 242 
discontinuous, 202 
epigraph, 31 
evaluation, 231 
exponential, 240 
finitely additive, 407 
Fréchet differentiable, 870 
Gateaux differentiable, 870 
graph, 31 
Hardy—Littlewood, 450 
identification, 212 
integrable, 428 
Lipschitz continuous, 13 
locally 
absolutely continuous, 664 
integrable, 450 
Lipschitz, 13 
of bounded variation, 660 
lower semicontinuous, 43, 204 
measurable, 418 
monotone, 407 
nonexpansive, 13 
of bounded variation, 660, 
668 
of local bounded variation, 
668 
open, 11, 208 
oscillation, 11, 203 
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proper, 19 
quasi integrable, 428 
relaxed, 207 
saltus, 667 
sequentially 
coercive, 217 
continuous, 205 
lower semicontinuous, 205 
upper semicontinuous, 205 
simplicial, 246 
singular, 649, 667 
strictly convex, 433 
subadditive, 408 
superadditive, 408 
uniformly continuous, 13 
universally measurable, 642 
upper semicontinuous, 204 
Vitali continuous, 650 
functional 
gauge, 837 
locally bounded, 277 
Minkowski, 837 
sublinear, 840 
functions 
equicoercive, 272 
equicontinuous, 232 
equimeasurable, 687 
uniformly v-absolutely 
continuous, 650 
Vitali equicontinuous, 650 
fundamental group, 238 


Gateaux differentiable 
function, 870 
norm, 871 
gauge functional, 837 
generated topology, 198 
geometric simplicial complex, 246 
dimension, 246 
Goldstine theorem, 849 
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graph, 861 

measurable multifunction, 

643 

of function, 31 

of multifunction, 230 
group 

fundamental, 238 

of relative chains, 251 


Holder 

continuous function, 439 

inequality, 434 
Hahn 

decomposition, 447 

decomposition theorem, 447 
Hahn-—Banach theorem, 840 
Hanner inequality, 436 
Hardy—Littlewood function, 450 
Hardy—Littlewood—Wiener 

maximal theorem, 451 

Hausdorff 

dimension, 674 

measure, 673 

metric space, 32 

space, 194 
Heine—Borel theorem, 214 
Helly 

first theorem, 663 

selection theorem, 663 
Hilbert space, 855 
homeomorphic 

metric spaces, 15 

spaces, 11, 208 
homeomorphism, 11, 208 

local, 208 
homology 

group 

reduced, 250 
sequence 
reduced exact, 258 
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singular, 253 

theory, 259 
homotopic loops, 237 
homotopy 

axiom, 260 

class, 234 

equivalent pairs, 235 

relative, 234 

relevance, 234 

types, 235 


identification 
function, 212 
points, 291 
space, 212 
topology, 212 
identity 
polarization, 854 
image measure, 419 
indefinite variation, 661 
index, 866 
indicator function, 421 
indicatrix, 663 
indiscrete topology, 193 
induced topology, 197 
inequality 
Basel, 858 
Cauchy—Schwarz, 854 
Cauchy—Schwarz-— 
Bunyakowski, 
434 
Chebyshev, 430, 435 
Clarkson, 435, 854 
Doob 
L” martingale, 456 
first martingale, 456 
upcrossing, 457 
Holder, 434 
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Hanner, 436 
interpolation, 435 
isodiametric, 675 
Jensen, 434, 453 
Markov, 429, 435 
Minkowski, 434 
initial 
point, 220 
topology, 209 
inner 
product, 854 
regular measure, 635 
with respect to compact 
sets, 635 
regular set, 679 
with respect to compact 
sets, 679 
integrable function, 428 
integral, 426, 428 
integration by parts formula, 667 
interior, 6, 195 
point, 6, 195 
intermediate value theorem, 22 
interpolation inequality, 435 
intersection property, 18 
isodiametric inequality, 675 
isolated point, 6, 196 
isometric spaces, 12, 839 
isometry, 12, 839 
isomorphic 
sets, 641 
spaces, 641, 839 
isomorphism, 641, 839 


Jacobi transformation theorem, 
440 

James theorem, 850 

Jensen inequality, 434, 453 


1024 


Jordan decomposition, 448 
theorem, 448 


Kadec—Klee property, 853, 901 
kernel, 838 
Kolmogorov space, 194 
Krein—Milman theorem, 863 
Krein-Rutman theorem, 870 
Kuratowski 
limit 
lower, 31 
upper, 32 
measure of noncompactness, 
55 
theorem, 642 
Kuratowski-Ryll Nardzewski 
selection theorem, 644 
Kuratowski-Ulam theorem, 270 


lattice property, 429 
Lax—Milgram theorem, 860 
Lebesgue 
decomposition, 450 
theorem, 450 
differentiation theorem, 655 
dominated convergence 
theorem, 431 
measurable set, 412 
measure, 412 
monotone convergence 
theorem, 430 
number, 55 
point, 656 
set, 656 
theorem on monotone 
functions, 658 
Lebesgue—Stieltjes measure, 418 
lemma 
Borel—Cantelli lemma, 462 
Brezis—Lieb lemma, 433 
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Fatou lemma, 427, 431, 452 
Riesz lemma, 840 
shrinking lemma, 27 
Urysohn lemma, 12, 223 
lift, 242 
limit, 4, 195 
point, 6, 196 
Lindelof 
metric space, 8 
space, 199 
linear operator 
weakly continuous, 848 
link, 247 
Lipschitz 
continuous function, 13 
equivalent metric spaces, 
15 
local 
base, 7 
basis, 198, 846 
bounded variation, 668 
homeomorphism, 208 
maximum, 32 
minimum, 32 
strict 
maximum, 32 
minimum, 32 
localizable space, 415 
locally 
absolutely continuous 
function, 664 
bounded functional, 277 
compact 
metric space, 20 
space, 215 
connected 
metric space, 23 
space, 219 
convex space, 836 
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finite 
cover, 26 
family, 203 


perimeter, 668 
integrable function, 450 
Lipschitz function, 13 
path-connected 

metric space, 25 

space, 221 
uniformly convex 

norm, 871 

space, 871 

loop 
based at a point, 237 
loops 
homotopic, 237 
lower 
density, 703 
Kuratowski limit, 31 
semicontinuous 
function, 43, 204 
multifunction, 229 
Isc multifunction, 229 
Lusin 
N-property, 665 
space, 229 
theorem, 423 
Lyapunov convexity theorem, 
4h] 


map 
duality, 841 
Markov inequality, 429, 435 
martingale, 453 
inequality, 456 
regular, 459 
maximum 
local, 32 
Mayer-—Vietoris sequence, 258 
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Mazur theorem, 847 
meager set, 8 
measurable 
function, 418 
multifunction, 643 
space, 407 
countably separated, 686 
measure, 407 
Borel, 417 
doubling, 685 
induced by a function, 419 
inner regular, 635 
with respect to compact 
sets, 635 
Lebesgue, 412 
Lebesgue-Stieltjes, 418 
mutually singular, 449 
nonatomic, 414 
of noncompactness, 55 
outer regular, 635 
purely atomic, 414 
Radon, 635 
regular, 635 
separable, 446 
signed, 407 
singular, 449 
support, 636 
tight, 635 
uniformly distributed, 682 
measure space, 408 
o-finite, 408 
complete, 410 
finite, 408 
localizable, 415 
probability, 408 
semifinite, 408 
measure-theoretic 
boundary, 672 
outer normal, 671 
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measures 
absolutely continuous, 449 
equivalent, 450 
metric, 1 
Ls 
discrete, 2 
Euklidian, 2 
Hausdorff, 32 
projection, 855, 874 
supremum, 3 
topology, 5 
uniform, 3 
metric space, | 
o-compact, 20 
Baire, 20 
compact, 17 
complete, 4 
Lindel6of, 8 
locally 
compact, 20 
connected, 23 
path-connected, 25 
of property S, 56 
path-connected, 24 
separable, 8 
topologically complete, 15 
totally disconnected, 23 
well-chained, 26 
metric spaces 
equivalent, 14 
homeomorphic, 15 
Lipschitz equivalent, 15 
topologically 
equivalent, 14 
homeomorphic, 15 
uniformly equivalent, 15 
metrically separated sets, 682 
metrics 
equivalent, 14 
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topologically equivalent, 14 
metrizable topological space, 
194 
Michael selection theorem, 229 
Milman—Pettis theorem, 853 
minimum 
local, 32 
Minkowski 
functional, 837 
inequality, 434 
monotone 
class, 406 
theorem, 406 
convergence theorem, 427, 
430, 452 
sequence, 892 
set function, 407 
multifunction 
continuous, 229 
graph, 230 
measurable, 643 
lower semicontinuous, 229 
Isc, 229 
measurable, 643 
upper semicontinuous, 229 
usc, 229 
Vietoris continuous, 229 
mutually singular 
measure, 449 
signed measure, 449 


negative 
part of signed measure, 448 
set, 447 
neighbourhood, 5 
basis, 198 
deleted, 194 
finite family, 203 
of €-continuity, 232 
of a point, 194 
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of a set, 194 
simplicial, 247 
net, 200 
convergence, 200 
frequently in a set, 200 
Nikodym theorem, 650 
nilpotent operator, 880 
nonatomic measure, 414 
nonexpansive function, 13 
norm, 836 
Fréchet differentiable, 871 
Gateaux differentiable, 871 
locally uniformly convex, 871 
quotient, 839 
rotund, 871 
strictly convex, 871 
normable space, 836 
normal 
operator, 859 
space, 194 
normed space, 836 
nowhere dense set, 196 
null set, 409 
nullhomotopic, 234 
nullspace, 838 
number 
Lebesgue, 55 


open 
ball, 3 
cover, 8, 199 
function, 11, 208 
mapping theorem, 845 
relation, 271 
set, 5, 193 
subcover, 8 

operator 
adjoint, 842, 859, 861 
backward shift operator, 
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boundary, 253, 255 
closed, 861 
coboundary, 262 
compact, 865 
completely continuous, 865 
densely defined, 861 
eigenvalue, 868 
finite rank, 865 
Fredholm, 866 
index, 866 
nilpotent, 880 
normal, 859 
positive, 892 
resolvent, 867 
self-adjoint, 859 
spectrum, 867 
unbounded, 861 
unitary, 859 
weakly 
compact, 886 
continuous, 848 
opposite orientation, 248 
ordering 
partial, 200 
orientation, 248 
opposite, 248 
oriented simplex, 248 
orthogonal 
projection, 855 
spaces, 857 
orthonormal 
basis, 857 
set, 857 
oscillation function, 11, 203 
outer 
measure, 410 
normal measure-theoretic, 
671 
regular measure, 635 
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pair 
excisive, 258 
triangulated, 247 
pairs 
homotopy equivalent, 235 
paracompact space, 224 
parallelogram law, 854 
Parseval equality, 858 
partial ordering, 200 
partition, 660 
of unity, 26 
partition of unity, 225 
subordinated to a covering, 
225 
path, 220 
homotopic paths, 234 
homotopy, 234 
path-connected 
component, 25, 222 
metric space, 24 
space, 221 
path-connectivity relation, 26 
paths path homotopic, 234 
perfect set, 6 
perfectly normal space, 223 
pivot space, 857 
point 
extreme, 863 
isolated, 196 
of best approximation, 874 
of density, 656 
spectrum, 868 
pointed topological space, 233 
pointwise 
bounded family, 21 
convergence, 16 
polarization identity, 854 
Polish space, 226 
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polyhedron, 246 
Portmanteau theorem, 639 
positive 
operator, 892 
part of signed measure, 448 
set, 447 
precise refinement, 224 
principle 
uniform boundedness, 
843 
probability 
distribution, 419 
measure space, 408 
product 
o-algebra, 416 
measure, 416 
space, 211 
topology, 211 
Prohorov theorem, 640 
projection, 29, 855 
metric, 874 
orthogonal, 855 
proper 
differences, 461 
function, 19 
property 
S, 56 
Bolzano-Weierstrass, 215 
Darboux, 59 
definiteness, 854 
excision, 258 
finite intersection, 18, 213 
Kadec—Klee, 853, 901 
lattice, 429 
Lusin, 665 
Schur, 847 
separation, 640 
proximinal set, 887 
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pseudometric, 1 
space, 1 

purely 
H'-rectifiable set, 674 
atomic measure, 414 


quasi integrable function, 428 
quotient 

norm, 839 

normed space, 839 

space, 213 

topology, 213 


Radon measure, 635 
Radon—Nikodym 
derivative, 449 
theorem, 449 
random variable, 419 
range, 861 
reduced 
boundary, 670 
exact homology sequence, 
258 
homology group, 250 
singular cohomology groups, 
263 
refinement, 27, 224 
precise, 224 
reflexive space, 850 
regular 
family, 657 
martingale, 459 
measure, 635 
space, 194 
relation 
closed, 271 
open, 271 
relative 
o-algebra, 406 
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n-singular chain group of 
X mod A, 255 
nth singular cohomology 
group, 262 
boundary, 773 
closure, 773 
homotopy, 234 
singular 
n-boundaries of X mod A, 
205 
n-cycles of X mod A, 255 
topology, 197 
relatively compact set, 216 
relaxed function, 207 
renorming theorem, 875 
representation theorem, 856 
resolvent, 867 
restriction, 10 
retract, 236 
deformation, 236 
strong deformation, 237 
retraction, 236 
deformation, 236 
strong deformation, 237 
reverse 
martingale, 458 
submartingale, 458 
supermartingale, 458 
Riesz 
lemma, 840 
representation theorem, 638, 
648 
Riesz—Fréchet representation 
theorem, 856 
ring, 403 
rotund norm, 871 


saltus function, 667 
saturated set, 212 
scalar product, 854 
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Schauder basis, 858 
Schur property, 847 
Scorza—Dragoni theorem, 676 
second 
category 
set, 8 
countable set, 7 
countable space, 198 
selection theorem, 663 
selector, 230 
self-adjoint operator, 859 
semifinite measure space, 408 
semiinner product, 854 
semimetric, 1 
space, 1 
seminorm, 837 
semiring, 403 
separable 
o-algebra, 407 
measure, 446 
metric space, 8 
space, 196, 852 
separate points, 407, 885, 890 
separated space, 194 
separating family, 209 
separation, 22 
property, 640 
theorem, 842 
sequence 
Cauchy, 4 
Cauchy in measure, 442 
convergent 
in measure, 443 
in probability, 443 
vaguely, 692 
limit, 4 
Mayer-Vietoris, 258 
monotone, 892 
weak Cauchy, 888 
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sequence of measures 


weakly convergent, 651 


sequentially 


closed set, 206 

coercive function, 217 

compact set, 18, 215 

continuous function, 205 

lower semicontinuous 
function, 205 

open set, 206 

upper semicontinuous 
function, 205 


series 


set 


absolutely convergent, 877 
convergent, 877 


Fy, 16, 197 

G5, 16, 197 
H'-rectifiable, 674 
f-saturated, 212 
absorbing, 836 
almost convex, 874 
analytic, 227 
balanced, 836 
Borel, 405 
bounded, 3, 691, 837 
Cantor, 413 
Chebyshev, 874 
clopen, 22, 194 
closed, 5, 193 
cocountable, 405 
cofinite, 404 
compact, 213 
connected, 22, 217 
convex, 229 
countably compact, 215 
dense, 7, 196, 852 
directed, 200 
disconnected, 22 


Index 


equibounded, 882 
equicontinuous, 232 
evenly covered by p, 241 
everywhere dense, 7 
extreme, 864 
Fréchet compact, 215 
inner regular, 679 
with respect to compact 
sets, 679 
Lebesgue measurable, 412 
meager, 8 
negative, 447 
nowhere dense, 8, 196 
of finite perimeter, 668 
of first category, 8 
of locally finite perimeter, 
668 
of second category, 8 
open, 5, 193 
orthonormal, 857 
perfect, 6 
positive, 447 
proximinal, 887 
purely H'-rectifiable, 674 
relatively compact, 216 
second countable, 7 
sequentially 
closed, 206 
compact, 18, 215 
open, 206 
totally bounded, 18, 837 
set function 
Vitali continuous, 650 
set functions 
uniformly v-absolutely 
continuous, 650 
Vitali equicontinuous, 650 
sets 
isomorphic, 641 
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metrically separated, 682 
shrinking lemma, 27 
signed measure, 407, 447 

o-finite, 448 

finite, 448 

mutually singular, 449 
simple 

curve, 706 

function, 421 
simplex 

dimension, 245 

oriented, 248 

vertices, 245 
simplicial 

approximation, 247 

function, 246 

of simplicial pairs, 246 

neighbourhood, 247 
simply connected space, 239 
singular 

(n)-boundaries, 253 

(n)-cycles, 253 

n-chain, 252 

n-cochain, 262 

n-simplex, 252 

function, 649, 667 

homology, 253 

measure, 449 
slice of a set, 864 
Souslin space, 227 
space 

To, 194 

T,, 194 

To, 194 

T3, 194 

Ty, 194 

o-compact, 20, 216 

simply connected, 239 

arcwise-connected, 221 
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Asplund, 872 
Banach, 836 
Borel, 641 
compact, 17, 213 
complete, 4 
completely regular, 271 
connected, 217 
contractible, 235 
covering, 242 
disconnected, 217 
discrete, 194 
dispersed, 228 
dispersible, 228 
dual, 838 
first countable, 198 
Fréchet, 836 
Hausdorff, 194 
Hilbert, 855 
identification, 212 
Kolmogorov, 194 
Lindel6of, 8, 199 
localizable, 415 
locally 
compact, 20, 215 
connected, 23, 219 
convex, 836 
path-connected, 25, 221 
uniformly convex, 871 
Lusin, 229 
metric, 1 
metrizable, 194 
normable, 836 
normal, 194 
normed, 836 
paracompact, 224 
path-connected, 24, 221 
perfectly normal, 223 
pivot, 857 
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pointed, 233 
Polish, 226 
product, 211 
pseudometric, 1 
quotient, 213 
normed, 839 
reflexive, 850 
regular, 194 
second countable, 198 
semimetric, 1 
separable, 8, 196, 852 
separated, 194 
Souslin, 227 
strictly convex, 871 
strongly Lindel6f, 228 
Tietze, 194 
topological, 193 
topologically complete, 15 
totally disconnected, 23, 219 
triangulated, 247 
uniformly 
convex, 853 
tight, 640 
Vietoris, 194 
WCG, 873 
weak Asplund, 872 
weakly 
compactly generated, 873 
sequentially complete, 888 
well-chained, 26 


spaces 


Borel isomorphic, 641 
equivalent, 14 
homeomorphic, 11, 15, 208 
isometric, 12, 839 
isomorphic, 641, 839 
Lipschitz equivalent, 15 
orthogonal, 857 
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topologically homeomorphic, 
15 
uniformly equivalent, 15 
spectrum, 867 
Stampacchia theorem, 860 
standard 
n-simplex, 252 
representation, 421 
star, 247 
stopping time, 454 
theorem, 455 
strict 
local maximum, 32 
local minimum, 32 
strictly convex 
function, 433 
norm, 871 
space, 871 
strong 
deformation 
retract, 237 
retraction, 237 
separation theorem, 842 
topology, 212 
stronger topology, 194 
strongly Lindelof space, 228 
subadditive set function, 408 
subbasis, 198 
subcomplex, 246 
subcover, 199 
open, 8 
subgroup 
conjugate, 289 
sublinear functional, 840 
submartingale, 453 
convergence theorem, 457 
subnet, 201 
subpair, 233 
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subpolyhedron, 246 
subspace topology, 6, 197 
superadditive set function, 408 
supermartingale, 453 
support, 26, 225 

of a measure, 636 
supremum metric, 3 
suspension space, 291 
symmetric 

form, 859 


theorem 

a-X theorem, 406 

Alaoglu theorem, 849 

Alexander duality theorem, 
263 

Alexandrov theorem, 16 

area formula, 667, 675 

Arzela—Ascoli theorem, 21, 
202 

Baire category theorem, 9 

Banach 

fixed point theorem, 14 
theorem, 845 

Banach—Dieudnné theorem, 
875 

Banach-Steinhaus theorem, 
843 

Banach—Zaretsky theorem, 
665 

Besicovitch covering 
theorem, 653 

Bolzano theorem, 22 

Borel—Cantelli lemma, 462 

Brezis—Lieb lemma, 433 

Cantor intersection theorem, 
9 

Cantor—Bendixson, 35 
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Carathéodory theorem, 411 
Cauchy—Schwarz-— 
Bunyakowski inequality, 
434 
chain rule, 666 
change 
of variable formula, 439, 
440, 675 
of variables, 667 
Chebyshev inequality, 435 
Clarkson inequality, 435 
closed graph theorem, 845 
coarea formula, 675 
convexity theorem, 451 
covering theorem, 653 
differentiation theorem, 655 
Dini theorem, 49, 274 
dominated convergence 
theorem, 452 
Doob 
L” martingale inequality, 
456 
decomposition theorem, 
454 
first martingale inequality, 
456 
upcrossing inequality, 457 
Dunford—Pettis theorem, 651 
Dynkin theorem, 406 
Eberlein—Smulian theorem, 
851 
Egorov theorem, 423 
excision property, 258 
Fatou lemma, 431, 452 
Fréchet—Jordan—von 
Neumann, 854 
Fredholm alternative 
theorem, 867 
Fubini theorem on series of 
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monotone functions, 659 
Fubini—Tonelli theorem, 437 
Goldstine theorem, 849 
Holder inequality, 434 
Hahn decomposition 

theorem, 447 
Hahn-—Banach theorem, 840 
Hanner inequality, 436 
Hardy—Littlewood—Wiener 

maximal theorem, 451 
Heine—Borel theorem, 214 
Helly 

first theorem, 663 
selection theorem, 663 
integration by parts formula, 

667 
intermediate value theorem, 

22 
interpolation inequality, 435 
isodiametric inequality, 675 
Jacobi transformation 

theorem, 440 
James theorem, 850 
Jensen inequality, 434, 453 
Jordan decomposition 

theorem, 448 
Krein—Milman theorem, 863 
Krein-Rutman theorem, 870 
Kuratowski theorem, 642 
Kuratowski-Ryll Nardzewski 

selection theorem, 644 
Kuratowski-Ulam theorem, 

270 
Lax—Milgram theorem, 860 
Lebesgue 

decomposition theorem, 
450 

differentiation theorem, 
655 
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dominated convergence 
theorem, 431 
monotone convergence 
theorem, 430 
theorem on monotone 
functions, 658 
Lusin theorem, 423 
Lyapunov convexity theorem, 
451 
Mazur theorem, 847 
Michael selection theorem, 
229 
Milman—Pettis theorem, 853 
Minkowski inequality, 434 
monotone 
class theorem, 406 
convergence theorem, 452 
Nikodym theorem, 650 
on monotone functions, 658 
open mapping theorem, 845 
Portmanteau theorem, 639 
Prohorov theorem, 640 
Radon—Nikodym theorem, 
449 
Riesz 
lemma, 840 
representation theorem, 
638, 648 
Riesz—Fréchet representation 
theorem, 856 
Scorza—Dragoni theorem, 
676 
selection theorem, 663 
separation property, 640 
shrinking lemma, 27 
Stampacchia theorem, 860 
stopping time theorem, 455 
strong separation theorem, 
842 
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submartingale convergence 
theorem, 457 
Tichonov theorem, 215 
Tietze extension theorem, 12, 
oo 
Troyanski renorming 
theorem, 875 
uniform boundedness 
principle, 843 
Urysohn 
lemma, 12, 223 
metrization theorem, 224 
Van Kampen theorem, 245 
Vitali 
covering theorem, 653 
theorem, 443 
Vitali-Hahn-Saks theorem, 
449 
weak separation theorem, 
842 
Weierstrass theorem, 19 
Yankov—von 
Neumann—Aumann 
projection theorem, 648 
selection theorem, 646 
Yosida—Hewitt theorem, 
649 


theory 


cohomology, 261 
homology, 259 


Tichonov theorem, 215 
Tietze 


extension theorem, 12, 223 
space, 194 


tight measure, 635 
topological 


complement, 845 
pair, 233 
space, 193 
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metrizable, 194 
vector space, 835 
topologically 
complete metric space, 15 
equivalent metric spaces, 14 
equivalent metrics, 14 


homeomorphic metric spaces, 


15 
topology, 5 
box, 211 
compact-open, 230 
discrete, 194 
final, 212 
identification, 212 
indiscrete, 193 
induced by metric, 194 
initial, 209 
product, 211 
quotient, 213 
strong, 212 
stronger, 194 
upper limit, 199 
Vietoris, 286 
weak, 209, 638, 846 
weaker, 194 
total 
family, 209 
variation, 448, 660 
totally 
bounded set, 18, 837 
disconnected 
metric space, 23 
space, 219 
trace, 406 
translation operator, 835 
triangle inequality, 1, 429 
triangulated 
pair, 247 
space, 247 
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triangulation, 247 
Troyanski renorming theorem, 
875 


unbounded linear operator, 861 
uniform 
boundedness principle, 843 
convergence, 16 
metric, 3 
uniformly 
v-absolutely continuous 
functions, 650 
bounded family, 21 
continuous function, 13 
convex space, 853 
distributed measure, 682 
equicontinuous family, 21 
equivalent metric spaces, 15 
integrable family, 441 
tight space, 640 
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